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Notations

Traditional name

Welerstrass zeta function values at half periods

Traditional notation

{171, 12, M3} == {71(G2s Ga)s 12(T2, U3), N3(G2, G3)}

Mathematica StandardForm notation

Wei er strassZet aHal f Peri odVal ues|{g,, gs}]

Primary definition

09.21.02.0001.01
{71, M2, M3} == (N1(G2, Ga)s 112(T2, 93), M3(Q2, Y3)} /;
{111, 12, 13} = {{(w1; G2y B3), {(w2; Gy B3), {(w3; G2y U3)} A\ {w1, w3} == {w1(G2, G3), W3(T2, Ga)} A\ wp == —w1 — w3

Specia notations for thisfile:
09.21.02.0002.01
{w1, w2, w3} = {w1(G2, 93), W2(2, T3), W3(G2, U3)} /; W2 == W(Q2, G3) == —w1(F2, U3) — W3(d2, G3)
09.21.02.0003.01
{w1, w3} == {w1(d2, U3), W3(G2, G3)}
09.21.02.0004.01
{w1, Wy, w3} == {wW1(F2, G3), —W1(d2, U3) — W3(Q2, U3), W3(G2, G3)}
09.21.02.0008.01
(€1, &, &3} == {€1(T2, U3); €2(02s Ga)s €3(Q2, G3)}
09.21.02.0009.01

(€1, &, &) = (€10, G3). &(92. Ba), €(T2, T3)}

09.21.02.0005.01

& = P(wn; G2, I3) ANne{l, 2, 3}
09.21.02.0010.01

€ =9 (wn &, G3) Aneil, 2,3

09.21.02.0006.01
= {(wn; 92, G3) Ane{l, 2, 3}
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09.21.02.0007.01
mi w3 )

q:w%

w1

Specific values

Values at fixed points

Equianharmonic case {g, g3} == {0, 1}

09.21.03.0001.01
Vs Vs . T .
(0, 1, 720, 1), 10, 1)} = { 2" "2} /; (2, G5} = (0, 1)

2(1)1\/? Zwl\/g 2(1)1\/3

Lemniscatic case {g,, g3} == {1, 0}

09.21.03.0002.01
m by mi
(1, 0 721, 0, 75(L O = { =, —— (A=), =} /162, G5} = (1, 0)

w1 4(1)1 w1
Values at infinities

09.21.03.0003.01
2

T
w y X y w , X ==
N1(Go(w1, %), g3(w1, %)) o
09.21.03.0004.01
n3(92(S0, ws3), ga(c0, w3)) =
w3

General characteristics

Domain and analyticity
{n1(92, 93), 12(92, 93), n3(02, ¥3)} is an vector-valued function of g, and gz that is analytic in each component, and
it is defined over C?2.

09.21.04.0001.01
{G2 %03} — {171(2, 93), M2(F2, 3), N3(02, Ga)} 11 {CRC}—{CRCRC}

Symmetries and periodicities

Mirror symmetry
09.21.04.0002.01

1@z, ) == 11(G2, Ga)
09.21.04.0003.01

130z, T3) = ~113(02, G3)

Transfor mation of half-periods
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09.21.04.0005.01
{{n1(g(@w; + bws, Cwi +dws), Gz(@ws + bws, Cwy +dwa)), N(Ga(@ws + bws, Cwy +dws), gs(@w; +bws, Cwy +dw,)),
N3(G2(awy +bws, Cwy +dwy), Ga(@wy +bws, cwy +dwa))}} ==
{n1(Q2(w1, w3), G3(w1, W3)), Ma(Go(W1, W3), G3(W1, W3)), N3(Go(w1, wa), G3(w1, WD} /;{a, b, ¢, dfe ZAad-bc==1

Series representations

g-series

09.21.06.0001.01
7T2 2 7T2 © Kk q2 k

12(1)1 w1 k=1 1_q2k

T]l ==

09.21.06.0002.01

e SR 1
n=—"114 72#-— —€wy
201 | o (q2k+1)

09.21.06.0003.01
272 & gkl
m=——) ), — S~ &uwu
w1 15 (qzk—l +1)

09.21.06.0004.01
272 !
m=-8w - — —
w1 (1 _ q2k—1)

09.21.06.0005.01

ﬂ.2 1 0o q2k
SR i) o
2w1 (6 (S (1 _ q2k)2

Other series representations

09.21.06.0006.01

7.(2

- >, i P YN EY
M=o e T 2 | E L2 3AT#
2w |6 n:lSinz(nk)

@

o

09.21.06.0007.01

2 0 TNw;
N+ w=— 1+22$c2( i 1 efl, 2, 3 AT # ]
4(1Ji n=1 Wi
09.21.06.0008.01
7r2 ki 2n-1 wyg
ni+ejwi::—23302[ﬂ' - /y{|,],k}€{1,2,3}/\|¢J¢k
2(I.)i =1 Wi
09.21.06.0009.01
& 2n-1 w;j
ni+ejwi::—ZCSCZ[7r — /y{|:]}€{11213}/\|¢J
2a)i =1 2 Wi
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Differential equations

Partial differential equations

09.21.13.0001.01

0(w1; 92, O3) , 9¢(w1; %, G3)
O3 +40; -—w1Q=0
00 003

09.21.13.0002.01
0(wy; 9z, 93) A 0{(w2; Y2, 93)
+

O3 95 —wy0r==0
00 003

Identities

Functional identities

09.21.17.0001.01
m+n2+n3=0

Legendre's relation:
09.21.17.0002.01
i
Mmws—T3wW1 == —~
2

Legendre's relation:

09.21.17.0003.01

Wi\\mi | o
niwj—r]jwi::Sgn[Re[—i—_]]?/i{lyJ}€{112-3}/\|¢l

Wi

Differentiation

Low-order differentiation

With respect to g,

09.21.20.0001.01
0 {7711 12, 7]3}

00

o (1803 {€), &, &} -0 Bz + 202 (€1, &, &) (w1, Wy, w3} +2(05 + 1803 {€1, &, €3}) (1, N2, 1))
2
8(g; - 27¢)

With respect to gs

09.21.20.0002.01
o{n1, n2, 13} 1

= (05 + 1803 {e1, &, €3}) {wr, wp, w3} — 602 {€], &, &} — 6(303 + 20, (€1, &, &)) {11, 72, N3})
903 4(g3 - 2743)

With respect to w,
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09.21.20.0003.01

on  w w3 1
— = [2'71773——92‘01603)
(90.)1 T W3 w% 6

09.21.20.0004.01
on3 w1 “’% 5 1 5
—=—_-— 2'73_6920)3

(9(4)1 T W3 w%

With respect to ws

09.21.20.0005.01

o w1 w3 1
m o [
6(1)3 T W3 w% 6

09.21.20.0006.01

ans W w3 (2 1 ]
— = = [2mm--gww
don s 2 173~ = G213

Representations through more general functions

Through other functions

09.21.26.0001.01
{171(92, 93), 1292, 93), N3(92, G3)} == {{(w1; G2, G3), {(w2; G2, Ga), {(ws; G2, Y3)} /;

{w1, w3} = {W1(Qy, G3), W3(Gp, T3)} A\ Wy = —w1 — w3

Representations through equivalent functions

With related functions

Involving theta functions

09.21.27.0001.01
3
72 920, 0

)’] ]
YT 120, 900, )
09.21.27.0002.01
n ¢40,9
m=-guw - —— iefl,2, 3}

4w 8,100, 9)

09.21.27.0003.01
7 .10, 0) P 0?1)1(0, Q)

(0]
2 2 .
n ==[——q2)w -e- - i€l 2 3}
" e 7 201 040,00 4842 31a(0, Q)

Involving elliptic integrals and modular functions
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09.21.27.0004.01

{11(92, 93), M2(92, 93), N3(Q2, Ga)} == {\/ € —€3 (E(m) -

)
€ -6

K(m ey ~ (e, &) (E(m) — £ EL—m) + i K(L—m)
& 1m% ' ' e3,—i\[el—93 [E(l—m)+

VeL—6s
09.21.27.0005.01

K(m) (3E(M) + (M- 2) K(m)) p /\( w3)

K(1- m)]} /i m== A(ﬁ)

w1

m == ;M=
! 30)1

History

—K. Weierstrass (1862)
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01
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comments@functions.wolfram.com.
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