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Notations

Traditional name

Stirling number of the second kind

Traditional notation

Sy

Mathematica StandardForm notation

StirlingS2[n, m

Primary definition

04.15.02.0001.01

S - Z( 1)"Fk( )k”/neN*/\meN

m!is

04.15.02.0002.01
8§ =6 /; meN

S is the number of ways of partitioning a set of n elementsinto m nonempty subsets.

Examples: 1) The set {a, b, ¢} can be partitioned into three subsets in one way: {{a}, {b}, {c}}; into two subsets in
three ways:{{a, b}, {c}}, {{a, c}, {b}}, {{b, ¢}, {a}}; and into one subset in one way:{{a, b, c}}. By these rea-
sonsSY =1, 87 =3, and S§’ = 1.

2) Theset {a, b, ¢, d} can be partitioned into four subsetsin one way:{{a}, {b}, {c}, {d}};

into three subsets in Six ways:

{{a, b}, {c}, {d}}, {{a, c}, {b}, {d}}, {{a, d}, {b}, {c}}, {{b, c}, {a}, {d}}, {{b, d}, {a}, {c}}, {{c, d}, {a}, {b}};
into two subsets in seven ways:

{{a, b}, {c, d}}, {{a, c}, {b, d}}, {{a, d}, {b, c}}, {{a, b, c}, {d}, {{a, b, d}, {c}}, {{a, c, d}, {b}}, {{b, c, d}, {a}};
and into one subset in one way: {{a, b, ¢, d}}. By these reasonsS}” == 1, S == 6, SP == 7, and S == 1.

Specific values

Specialized values

For fixed n
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04.15.03.0001.01
SO =5,/ineN

04.15.03.0002.02
SV =1-6,/ineN

04.15.03.0003.02

o
Sﬁz)==5n+2”‘l—1/;neN

04.15.03.0028.01

@_ 1
Sy = 8(3—6n—32”+3")/;neN

04.15.03.0029.01

1
SW == Z(5n—43“+4"+32“+1-4)/; neN

04.15.03.0030.01
5-0,+103"- 54"+ 5" - 52Mm1

S = ineN
120

04.15.03.0031.01
© oh+152"-203"+154"-65"+6"-6
Sy = =0 /ineN

04.15.03.0032.01
@ 7-6,—-212"+353"-354"+215"-76"+ 7"
S, = — /ineN

04.15.03.0033.01

1
SP = m(5n+72"+23”—563“—565“—87”+8“+72”+2+3522"+1—8) /ineN

04.15.03.0034.01

1
SY = 2550 (9-6n+1265"+367"— 98"+ 9" - 72M2 3™ 4 283" 9272 _6322™1) ineN

04.15.03.0035.01

1
8P = S6255% (60 +452" - 2525" ~ 120 7" + 458" — 109" + 10" - 403™ + 356™* + 10522™1 - 10) /; ne N

04.15.03.0004.01
~ n
Sﬁn 1)==( )/;neN+
2
04.15.03.0005.01
SV=1/neN
04.15.03.0006.01

S =0/ineNAmeN* Am>n

For fixed m

04.15.03.0036.01
S =0/;meN*
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04.15.03.0007.01
S =6m/;meN

04.15.03.0037.01

(_1)r'm1
™ - Smet /i meN
(m-1)!
04.15.03.0038.01
(_ m
(m) __ .
S, = (M=) 0m2~06m1) s meN
(m-1)!
04.15.03.0039.01
(_ m-1
SV == ——— (M=2)(M=1) 63+ 3(L—M) Sz +6m1) ; MEN
(m-1)!
04.15.03.0040.01
™ (_1)m—1
Sy = P (Om-1 — (M=) (M-2) (M= 3) -4 —6m3) + T0m-2)) /; me N
04.15.03.0041.01
(m ™
StV == ——— (15(1— M) 6ppp + Oy +
(m-1)!
M-4(M-3)(Mm-2)(M-1)6,.5 —10(M-3)(M-2)(M—-1) 6,4 + 25(M-2) (M- 1) 6,-3) /; me N
04.15.03.0042.01
(_1 m-1
(m) __
Ss - (31 (1 -m) 5m—2 + 6m—1 - (m- 5)5 5m—6 -
(m=-1)!
65(M-3)(M-2)(M=1)6.a + 90(M-2)(M=1) 6.3 + 1565 (M— 4)4) /imeN
04.15.03.0043.01
(_ )m—l
S = (63(1—M) 6 + 61— 21(M—5)5 66 —
7 m-2 m-1 50m-6
(m-1)!
3B0(M-3)(M-2)(M—-1)0m4+30L(M-2) (M- 1) 63 + o7 (M= 6)g + 140 61,5 (M — 4)4) /imeN
04.15.03.0044.01
(_ )I’TFl
S = — (127 (1 = M) 65 + 61 — (M= 7)7 6mg — 266 (M~ 5)5 Sy —
(m-1)!
1701 (M- 3) (M= 2) (M= 1) 64 + 966 (M—2) (M— 1) 63 + 2867 (M= 6)g + 1050 55 (M—4),) /; me N
04.15.03.0045.01
(_ )m—l
8§ == o (255 (1~ M) Sy + 01 — 36 (M= 7)7 Sy g — 2646 (M = 5)5 6 — 7770 (M= 3) (M= 2) (M~ 1) Gy 4 +
(m-1)!
3025 (M= 2) (M= 1) 63 + 6mg (M= B)g + 462 57 (M— 6) + 6951 55 (M—4),) ; me N
04.15.03.0046.01
_ )m—l
S p— (511(1 = M) Sz + Gm-1 — (M= g 610 — 750 (M= 7); Gy_g — 22827 (M — 5)5 66 — 34105 (M- 3) (M- 2)
m-1)!

(M= 1) 64 + 9330 (M= 2) (M= 1) Sy 3 + 45 Gy_o (M— 8)g + 588057 (M— B)g + 4252561, 5 (M—4)4) /; M N
04.15.03.0047.01

1
S, = Smm+ D /imen
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(m __
SrmZ -

(m __
m+9 ~~

(m
m+10 =~

Values
S =1
Sy =0
S =0
SP=1

(2)
SP=0

1393459200

04.15.03.0048.01

1
am(m+ H(mM+2)Bm+1)/;meN

04.15.03.0049.01

1
@mz(m+1)2(m+2)(m+3)/: meN

04.15.03.0050.01

1
%(m(m+ D (M+2)(m+3)(M+4) (15m° +30n? +5m-2)) /; meN

04.15.03.0051.01

1
——— (P (M+ D (M+2) (M+3) (M+4) (M+5) (3nP + 7m-2)) ; me N
11520

04.15.03.0052.01

m(m(m+ 1) (M+2) (M+ 3) (M+4) (M+5) (M+ 6) (631 + 315 + 315m° — 91 n? — 42m+ 16)) /; me N

04.15.03.0053.01

m(”‘z(”” 12 (m+2) (m+ 3) (M+ 4) (M+ 5) (M+ 6) (m+7) (9 + 54m® + 51.n? - 58m+ 16)) /; me N

04.15.03.0054.01

(m(m+ H(Mm+2)(M+3)(M+4) (M+5) (M+6)(Mm+7)

(M+8) (135 m’ + 1260 m® + 3150 1P + 840 ' — 2345 n7® + 540 P + 404 m — 144)) ; me N
04.15.03.0055.01

————— (M (M+ 1)? (M+ 2) (M+ 3) (M+ 4) (M+5) (M + 6)
2786918400
(M+7) (M+8) (M+9) (15m° + 165 nP + 465 — 17 NP — 648 7 + 548 m— 144)) /; me N

04.15.03.0056.01
1

367873228800
(99m° + 1485 mP + 6930 M’ + 8778 m° — 8085 P — 8195 m* + 11792 m® — 2068 n? — 2288 m+ 768)) /; me N

(m(m+ 1 (M+2)(M+3)(M+4) (M+5)(M+6)(Mm+7) (m+ 8) (Mm+ 9) (m+ 10)
at fixed points

04.15.03.0008.01

04.15.03.0009.01

04.15.03.0010.01

04.15.03.0011.01

04.15.03.0012.01
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04.15.03.0013.01
SY =0
04.15.03.0014.01
SP =1
04.15.03.0015.01
SP =1
04.15.03.0016.01
SP =0
04.15.03.0017.01
SP =0
04.15.03.0018.01
SP =1
04.15.03.0019.01
2
8¢ =3
04.15.03.0020.01
8P =1
04.15.03.0021.01
S =0
04.15.03.0022.01
SY=0

04.15.03.0023.01
1
SP=1

04.15.03.0024.01
8P =7

04.15.03.0025.01
SY =6

04.15.03.0026.01
SP =1

04.15.03.0027.01
$9 =0

General characteristics

Domain and analyticity

S isanonanalytical function which is defined only for nonnegative integers n, m.

04.15.04.0001.01
n+m—38S™:: N@N)—N
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Symmetries and periodicities
Symmetry
No symmetry
Periodicity

No periodicity

Series representations

Generalized power series

04.15.06.0001.01
o= v ()

04.15.06.0002.01

-3 5 T

ri=1 M-m=Tp-m-1 j=1

04.15.06.0003.01

I

rm=1

m
Onsm. 1,
y j=1"]
1r

04.15.06.0004.01

S;m)::z Z 6nmzlljl_ljl

Tm=Tm-1

04.15.06.0005.01

max(m,n) max(m,n) max(m,n) n!
m __ :
S 0L 2 2l T s e i
k=0 k=0 k=0 [Tj—q 17 Kj!
Asymptotic series expansions
04.15.06.0007.01
n+l
(e -1)"u"n! n+1 e ™ (-n-1)
SV o /;(n—>oo)/\u:: +W
m m
NET; (n+1)(1- ) m

Residue representations

04.15.06.0006.01

n!
S = —res((e*- D" 2" (0)
m!

Integral representations



http: //functions.wolfram.com

Contour integral representations

04.15.07.0001.01
!

n!
S = —— f -1)"z"tdz
2rim! Jiz=1

Limit representations

04.15.09.0001.01
m-1

SM™ e lim o Foa—m a1 8+ 1, ., By g+ 1Ay, B, .y By 2) By == g ==

I'm =1

Generating functions
04.15.11.0001.01

n!
S - — ([t"1 (e - 1)m) imeNAneN
m!

04.15.11.0002.01

1 e —1)"
Sn’ = — ([t — /imeNAneN

m!
04.15.11.0003.01

tm
SV = [[t”] ]/;meN/\neN

[T, (L -kt

04.15.11.0004.01
SV =n! (2, WMD) ;meNAneN

Identities

Recurrence identities
04.15.17.0001.01

SM =8 i mSM ;s meNt AneN* Am=n

Functional identities
04.15.17.0002.01
n
S == Z mkSMP /;meN*
k=m
04.15.17.0003.01

(j+m+1)
j+n

k-1
S =S =+ m+ 1S ineNAmeN

=0

Identities involving determinants

c.o=a_1=1AneN*



http: //functions.wolfram.com

04.15.17.0004.01

(xk)! SEF. ”*l)

aEE

O=<l=n

‘neN*
(T+kx)! fine

Complex characteristics

Real part
04.15.19.0001.01
Re(Sy") = Sy
Imaginary part

04.15.19.0002.01
m
Im(Sy”) =0

Absolute value
04.15.19.0003.01
|S(m)| . S(m)
n - n
Argument

04.15.19.0004.01
m)
arg(S,") =0

Conjugate value

04.15.19.0005.01
(m) (m)
Sy =8,

Signum value

04.15.19.0006.01

1 1=m=nVm=n=0
(my _
sn(Sn )_{0 True

Summation

Finite summation
Not involving Stirling numbers of thefirst kind
04.15.23.0001.01

n
D krme SN = ST - S ineNAmMeNAheN
k=0
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04.15.23.0002.01
n

ZS(,(TID m* =S/, me N

k=m
04.15.23.0003.01

n
DD k-1 S =0/n-1eN*
k=1

04.15.23.0004.01

Zn:(k— DISY A= (-1 Lil_n(l + E] /in-1eN*

k=1 4
04.15.23.0005.01

n (~1)kk!SY

k+1

=B,/;neN
k=0

04.15.23.0006.01

. m+1 U
Zk!( )Sﬁk)::Zk”/;neN*/\meN
k=0

k+1 —

04.15.23.0007.01
m

m
Zk!(k)Sﬂ‘)zzn‘P/;neN*/\meN
Py

04.15.23.0008.01
n

Z(z—k+ 1)k3§,k) =7"/ineN

k=0
04.15.23.0023.01
n 0MBmin(2)
>kt Dy S 2= ——" ineNAmMeN
k=0 oz"
04.15.23.0009.01
n (=D (-2) B.(2 - B
$CD gy BEE
=y k n

04.15.23.0010.01
n

K+m+n-1)(m+2n
Z(—l)k( an )( ok )S(k?n:s&“ﬁn/;meN/\neN
k=0

04.15.23.0011.01

C 1
Z(—l)k (-2 oF1(1, z+1; -k+z+1;, -1 S;k) =—-Ey2/;neN
k=0 2
04.15.23.0012.01
. 1 33 ©
Z(‘l)k T(k— _)ZFl[ls —— -k —1) S¥=—2"\Vr E,/;neN
k=0 2 2 2

04.15.23.0013.01

n
n+r m+r
Z( . )S‘” sf('“)::( . )SE,ZT”/;neNAmeNAreN/\msn

n+r—k
k=m
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04.15.23.0014.01

n o f(z 3 d

ZSE,“) P 7@ z— [ (z— (f(z))]] sineN

k=0 oz _oz\ \ 9z

ntimes
04.15.23.0015.01

"y o @ 9 d

> s z-af —— = (z—a)—[...[(z—a) —(f(z))))/; neN
par by 0z 9z

ntimes

Involving Stirling number s of thefirst kind

04.15.23.0016.01
max(m,n)+1
> §™SY =6mn/imeNANEN
1=0

04.15.23.0017.01
max(m,n)+1

> S =6mn/imeNAnEN
1=0

04.15.23.0018.01
n k

>SS eM =S ;meNAneN
k=m j=0
04.15.23.0019.01
n k.
ZZQ” FOSM =g/, meNAneN
k=m j=0
Infinite summation

04.15.23.0020.01

& z" 1

DMK ———fid <~ \men

kem [Te (1-k2 m
04.15.23.0021.01

© 1 (@Z _ 1)I'T1

s pmen

o K! m!

04.15.23.0022.01

i i i Sl(qm) AWM == @W(ez—l)

!
n=0 m=0 nt

Operations

Limit operation

04.15.25.0001.01

AL |
lim = —
N—-oo mn m!
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Representations through equivalent functions

With related functions

04.15.27.0001.01

n-m
k+n-1)( 2n-m
SV = —1k( )( )k> ‘meNAneN
n ;( ) k—-m+n){n-k-m SéminfimeNANE

04.15.27.0002.01
n

k .
S=338"8YS" ;meNAneN
k=m j=0
04.15.27.0003.01

n
S(nm):(m)BE:‘%)/;neN/\meN/\msn

Theorems

Number of surjective functions

n! S isthe number of surjective functions from a set with m elements to a set with n elements.

Derivative of composition with exponential function

a"f(e?)

== Y eS8 T R(e?) ne Nt

Converting finite differences to derivatives

With the finite difference operator A'f(’h defined by A;h f(x) = Af("hl(Ax,h f(X), Axn F(X) = f(x+ 1) — f(x) the kth

finite difference of afunction f(x) can be expressed through derivatives as

) hj+k [)j+kf(x)
AXL () = S .
xn 10 iZ(;(k+ 1), APV

History

=J. Stirling (1730)
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
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To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
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