
SpheroidalQSPrime

Notations

Traditional name

Derivative of the angular spheroidal function of the second kind

Traditional notation

QSΝ,Μ
¢HΓ, zL

Mathematica StandardForm notation

SpheroidalQSPrime@Ν, Μ, Γ, zD

Primary definition
11.13.02.0001.01

QSΝ,Μ
¢HΓ, zL �

¶QSΝ,ΜHΓ, zL
¶z

Specific values

Specialized values

For fixed Ν, Μ, z

11.13.03.0001.01

QSΝ,Μ
¢H0, zL �

H-Μ + Ν + 1L QΝ+1
Μ HzL - z HΝ + 1L QΝ

ΜHzL
z2 - 1

For fixed Ν, Γ, z

11.13.03.0002.01

QS
Ν,

1

2

¢HΓ, zL � -
Π

2 2 Π I1 - z2M5�4  z Se b
Ν+

1

2

Γ2

4
,

Γ2

4
, cos-1HzL - 2 1 - z2 Se¢ b

Ν+
1

2

Γ2

4
,

Γ2

4
, cos-1HzL

For fixed Ν, z

11.13.03.0003.01

QSΝ,0
¢H0, zL �

HΝ + 1L QΝ+1HzL - z HΝ + 1L QΝHzL
z2 - 1



11.13.03.0004.01

QS
Ν,

1

2

¢H0, zL �

Π

2

2 I1 - z2M5�4  1 - z2 H2 Ν + 1L cos Ν +
1

2
cos-1HzL - z sin Ν +

1

2
cos-1HzL

Series representations

Generalized power series

Expansions at Γ � 0

11.13.06.0001.01

QSΝ,Μ
¢HΓ, zL µ

H-Μ + Ν + 1L QΝ+1
Μ HzL - z HΝ + 1L QΝ

ΜHzL
z2 - 1

+
1

2 Iz2 - 1M H2 Ν + 1L  
HΜ + Ν - 1L HΜ + ΝL Iz HΝ - 1L QΝ-2

Μ HzL + HΜ - Ν + 1L QΝ-1
Μ HzLM

H1 - 2 ΝL2
+

H-Μ + Ν + 1L H-Μ + Ν + 2L IH-Μ + Ν + 3L QΝ+3
Μ HzL - z HΝ + 3L QΝ+2

Μ HzLM
H2 Ν + 3L2

Γ2 -

1

8 Iz2 - 1M  
HΜ + Ν - 3L HΜ + Ν - 2L HΜ + Ν - 1L HΜ + ΝL Iz HΝ - 3L QΝ-4

Μ HzL + HΜ - Ν + 3L QΝ-3
Μ HzLM

I4 Ν2 - 8 Ν - 5M I4 Ν2 - 8 Ν + 3M2
+

8 I4 Μ2 - 1M IΜ2 + H2 Ν - 1L Μ + HΝ - 1L ΝM Iz HΝ - 1L QΝ-2
Μ HzL + HΜ - Ν + 1L QΝ-1

Μ HzLM
H1 - 2 ΝL4 I8 Ν3 - 4 Ν2 - 34 Ν - 15M +

1

2 Ν + 1
 

HΜ - ΝL HΜ - Ν + 1L HΜ + Ν - 1L HΜ + ΝL
H1 - 2 ΝL4 H2 Ν - 3L +

H-Μ + Ν + 1L H-Μ + Ν + 2L HΜ + Ν + 1L HΜ + Ν + 2L
H2 Ν + 3L4 H2 Ν + 5LIH-Μ + Ν + 1L QΝ+1

Μ HzL - z HΝ + 1L QΝ
ΜHzLM +

HΜ - Ν - 4L HΜ - Ν - 3L HΜ - Ν - 2L HΜ - Ν - 1L Iz HΝ + 5L QΝ+4
Μ HzL + HΜ - Ν - 5L QΝ+5

Μ HzLM
I4 Ν2 + 16 Ν + 7M I4 Ν2 + 16 Ν + 15M2

-

8 I4 Μ2 - 1M IΜ2 - H2 Ν + 3L Μ + Ν2 + 3 Ν + 2M Iz HΝ + 3L QΝ+2
Μ HzL + HΜ - Ν - 3L QΝ+3

Μ HzLM
H2 Ν + 3L4 I8 Ν3 + 28 Ν2 - 2 Ν - 7M Γ4 + ¼ �; HΓ ® 0L

11.13.06.0002.01

QSΝ,Μ
¢HΓ, zL µ

H-Μ + Ν + 1L QΝ+1
Μ HzL - z HΝ + 1L QΝ

ΜHzL
z2 - 1

 I1 + OIΓ2MM
Expansions at generic point z � z0
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11.13.06.0003.01

QSΝ,Μ
¢HΓ, zL µ QSΝ,Μ

¢HΓ, z0L +
1

1 - z0
2

 2 QSΝ,Μ
¢HΓ, z0L z0 + QSΝ,ΜHΓ, z0L Iz0

2 - 1M Γ2 - ΛΝ,ΜHΓL +
Μ2

1 - z0
2

Hz - z0L +

1

2 Iz0
2 - 1M3

 J2 QSΝ,ΜHΓ, z0L z0 J-3 Μ2 + Γ2 Iz0
2 - 1M2

- 2 ΛΝ,ΜHΓL Iz0
2 - 1MN -

QSΝ,Μ
¢HΓ, z0L Iz0

2 - 1M IΓ2 z0
4 - 2 IΓ2 + 3M z0

2 + Γ2 - Μ2 - ΛΝ,ΜHΓL Iz0
2 - 1M - 2MN Hz - z0L2 +

1

6 Iz0
2 - 1M4

 J4 QSΝ,Μ
¢HΓ, z0L z0 Iz0

2 - 1M IΓ2 z0
4 - 2 IΓ2 + 3M z0

2 + Γ2 - 3 Μ2 - 2 ΛΝ,ΜHΓL Iz0
2 - 1M - 6M +

QSΝ,ΜHΓ, z0L JΓ4 Iz0
2 - 1M4

+ ΛΝ,ΜHΓL2 Iz0
2 - 1M2

- 2 Γ2 IΜ2 + 4 z0
2 + 2M Iz0

2 - 1M2
-

2 ΛΝ,ΜHΓL IΓ2 z0
4 - I2 Γ2 + 9M z0

2 + Γ2 - Μ2 - 3M Iz0
2 - 1M + Μ2 IΜ2 + 36 z0

2 + 8MNN Hz - z0L3 + ¼ �; Hz ® z0L
11.13.06.0004.01

QSΝ,Μ
¢HΓ, zL µ QSΝ,Μ

¢HΓ, z0L H1 + OHz - z0LL
Expansions at z � 0

11.13.06.0005.01

QSΝ,Μ
¢HΓ, zL µ QSΝ,Μ

¢HΓ, 0L - IΓ2 - Μ2 + ΛΝ,ΜHΓLM QSΝ,ΜHΓ, 0L z + -
1

2
IΓ2 - Μ2 + ΛΝ,ΜHΓL - 2M QSΝ,Μ

¢HΓ, 0L
z2 

1

6
IΓ4 - 2 IΜ2 + 2M Γ2 + ΛΝ,ΜHΓL2 + Μ2 IΜ2 + 8M + 2 IΓ2 - Μ2 - 3M ΛΝ,ΜHΓLM QSΝ,ΜHΓ, 0L z3 + ¼ �; Hz ® 0L

11.13.06.0006.01

QSΝ,Μ
¢HΓ, zL µ QSΝ,Μ

¢HΓ, 0L H1 + OHzLL

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

11.13.13.0001.01

I1 - z2M w¢¢HzL - 2 z
I1 - z2M2

Γ2 + Μ2

Μ2 - I1 - z2M II1 - z2M Γ2 + ΛΝ,ΜHΓLM + 2 w¢HzL +

4 JI1 - z2M2
Γ2 + Μ2N z2

I1 - z2M J-I1 - z2M2
Γ2 + Μ2 - I1 - z2M ΛΝ,ΜHΓLN + I1 - z2M Γ2 + ΛΝ,ΜHΓL -

Μ2

1 - z2
- 2 wHzL �

0 �; wHzL � c1 QSΝ,Μ
¢HΓ, zL + c2 PSΝ,Μ

¢HΓ, zL
11.13.13.0002.01

WzIQSΝ,Μ
¢HΓ, zL, PSΝ,Μ

¢HΓ, zLM �
Γ2

1 - z2
-

Μ2

I1 - z2M3
+

ΛΝ,ΜHΓL
I1 - z2M2

IPSΝ,Μ
¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ

¢HΓ, 0LM
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11.13.13.0003.01

I1 - gHzL2M w¢¢HzL + IgHzL2 - 1M g¢¢HzL
g¢HzL - 2 gHzL g¢HzL w¢HzL +

IΓ gHzL2 + Μ - ΓM I-Γ gHzL2 + Μ + ΓM g¢HzL2

gHzL2 - 1
+ ΛΝ,ΜHΓL g¢HzL2 wHzL � 0 �;

wHzL � c1 QSΝ,Μ
¢HΓ, gHzLL + c2 PSΝ,Μ

¢HΓ, gHzLL
11.13.13.0004.01

WzIQSΝ,Μ
¢HΓ, gHzLL, PSΝ,Μ

¢HΓ, gHzLLM �

g¢HzL Γ2

1 - gHzL2
+

ΛΝ,ΜHΓL
I1 - gHzL2M2

-
Μ2

I1 - gHzL2M3
IPSΝ,Μ

¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ
¢HΓ, 0LM

11.13.13.0005.01

I1 - gHzL2M w¢¢HzL + IgHzL2 - 1M 2 h¢HzL
hHzL +

g¢¢HzL
g¢HzL - 2 gHzL g¢HzL w¢HzL +

IΓ gHzL2 + Μ - ΓM I-Γ gHzL2 + Μ + ΓM g¢HzL2

gHzL2 - 1
+ ΛΝ,ΜHΓL g¢HzL2 +

2 gHzL h¢HzL g¢HzL
hHzL +

IgHzL2 - 1M IhHzL h¢¢HzL - 2 h¢HzL2M
hHzL2

-

IgHzL2 - 1M h¢HzL g¢¢HzL
hHzL g¢HzL wHzL � 0 �; wHzL � c1 hHzL QSΝ,Μ

¢HΓ, gHzLL + c2 hHzL PSΝ,Μ
¢HΓ, gHzLL

11.13.13.0006.01

WzIhHzL QSΝ,Μ
¢HΓ, gHzLL, hHzL PSΝ,Μ

¢HΓ, gHzLLM �

hHzL2 g¢HzL Γ2

1 - gHzL2
+

ΛΝ,ΜHΓL
I1 - gHzL2M2

-
Μ2

I1 - gHzL2M3
IPSΝ,Μ

¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ
¢HΓ, 0LM

11.13.13.0007.01

I1 - a2 z2 rM w¢¢HzL -
a2 Hr - 2 s + 1L z2 r + r + 2 s - 1

z
 w¢HzL +

a2 r2 ΛΝ,ΜHΓL z2 r-2 +
-a2 r2 JIa2 z2 r - 1M2

Γ2 - Μ2N z2 r - s2 Ia2 z2 r - 1M2
+ r s Ia4 z4 r - 1M

z2 Ia2 z2 r - 1M wHzL � 0 �;
wHzL � c1 zs QSΝ,Μ

¢HΓ, a zrL + c2 zs PSΝ,Μ
¢HΓ, a zrL

11.13.13.0008.01

WzIzs QSΝ,Μ
¢HΓ, a zrL, zs PSΝ,Μ

¢HΓ, a zrLM �

a r zr+2 s-1
Γ2

1 - a2 z2 r
+

ΛΝ,ΜHΓL
I1 - a2 z2 rM2

-
Μ2

I1 - a2 z2 rM3
IPSΝ,Μ

¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ
¢HΓ, 0LM

11.13.13.0009.01I1 - a2 r2 zM w¢¢HzL + I-a2 logHrL r2 z + 2 a2 logHsL r2 z - logHrL - 2 logHsLM w¢HzL +

a2 log2HrL ΛΝ,ΜHΓL r2 z +
1

a2 r2 z - 1
 J-a2 JIa2 r2 z - 1M2

Γ2 - Μ2N log2HrL r2 z - Ia2 r2 z - 1M2
log2HsL + Ia4 r4 z - 1M logHrL logHsLN

wHzL � 0 �; wHzL � c1 sz QSΝ,Μ
¢HΓ, a rzL + c2 sz PSΝ,Μ

¢HΓ, a rzL
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11.13.13.0010.01

WzIsz QSΝ,Μ
¢HΓ, a rzL, sz PSΝ,Μ

¢HΓ, a rzLM �

a s2 z rz logHrL Γ2

1 - a2 r2 z
-

Μ2

I1 - a2 r2 zM3
+

ΛΝ,ΜHΓL
I1 - a2 r2 zM2

IPSΝ,Μ
¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ

¢HΓ, 0LM

Differentiation

Low-order differentiation

With respect to z

11.13.20.0001.01

¶QSΝ,Μ
¢HΓ, zL

¶z
�

1

1 - z2
 2 z QSΝ,Μ

¢HΓ, zL - I1 - z2M Γ2 + ΛΝ,ΜHΓL -
Μ2

1 - z2
QSΝ,ΜHΓ, zL

11.13.20.0002.01

¶2 QSΝ,Μ
¢HΓ, zL

¶z2
�

1

Iz2 - 1M3
 J2 z JIz2 - 1M2

Γ2 - 3 Μ2 - 2 Iz2 - 1M ΛΝ,ΜHΓLN QSΝ,ΜHΓ, zL -

Iz2 - 1M IΓ2 z4 - 2 IΓ2 + 3M z2 + Γ2 - Μ2 - Iz2 - 1M ΛΝ,ΜHΓL - 2M QSΝ,Μ
¢HΓ, zLN

Integration

Indefinite integration

Involving only one direct function

11.13.21.0001.01

à QSΝ,Μ
¢HΓ, zL â z � QSΝ,ΜHΓ, zL

Operations

Representations through equivalent functions

Theorems

History
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