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Notations

Traditional name

Mobius function

Traditional notation

w(n)

Mathematica StandardForm notation

Moebi usMu[n]

Primary definition

13.07.02.0001.01
p() =1

13.07.02.0002.01

n
un=0/dn — €z
m?

13.07.02.0003.01
k
= 0% in=[Tp; /\ pi-s < p; /\ by = prime(i)
=1
13.07.02.0004.01
u(=n)=pun) /;neN*

13.07.02.0005.01

n
) =0/;Aez —€Z
k2

13.07.02.0006.01

k
#(n)==(—1)k/;n=npj/\pj E[P/\pj P
j=1

For integer n, the Moebius u function w(n) is the function that equals O if n has repeated integer factors. Otherwise,
if nisthe product of k distinct primes, the Moebius u function u(n) equals (— k.

So, the condition u(n) + O indicates that n is squarefree (its prime decomposition contains no repeated factors). It is
evidently that p(n) == —1 for all prime numbers n € P and for n equal to products of an odd humber of different
primes. If n equal to products of two or other even different single primes, u(n) == 1.
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Examples. The numbers 4, 8, 9, 12, contain at least one square (for example, 12==3x2?); s0
u(4) == u(8) == u(9) == u(12) == 0. Thenumbers2, 3,5, 6, 7, are squarefree numbers (for example, 5= Hjlzl pj=5
or 6= [1{_y pj == 2x3); S0 pu(2) = pu(3) = pu(5) = pu(7) = (-1)* = ~1and p(6) = (-1)" = L.

Specific values

Specialized values

13.07.03.0055.01
up) =-1/peP

13.07.03.0001.01
u(mn) == p(n) p(m) /; ged(m, n) =1

13.07.03.0002.01
u(mn)=0/; gcdim, n) > 1

13.07.03.0003.01
[\mJ n n n
) = (1" A-d50) ;5= | | [;—H]/\mzzan MO/\ p; == prime(j)
=2 U L] =1 o o)
Values at fixed points

13.07.03.0004.01
u©0)=0

13.07.03.0005.01

p(d) =
13.07.03.0006.01
u@2)=-1
13.07.03.0007.01
ui3)=-1
13.07.03.0008.01
u@=0
13.07.03.0009.01
u®d=-1
13.07.03.0010.01
u(6) =
13.07.03.0011.01
u(n=-1
13.07.03.0012.01
u® =0

13.07.03.0013.01
1 =0

13.07.03.0014.01
p(10) =1
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13.07.03.0015.01

u(1l) = -1
13.07.03.0016.01
u(12)==0
13.07.03.0017.01
u(13)=-1
13.07.03.0018.01
u(ld) =1
13.07.03.0019.01
u(15) =1
13.07.03.0020.01
u(16)==0
13.07.03.0021.01
u(17) =-1
13.07.03.0022.01
u(18)==0
13.07.03.0023.01
u(19) =-1
13.07.03.0024.01
u(20)==0
13.07.03.0025.01
u(21) ==
13.07.03.0026.01
u(22)==1
13.07.03.0027.01
u23)=-1
13.07.03.0028.01
u24) =0
13.07.03.0029.01
u(25)=0
13.07.03.0030.01
(26) ==
13.07.03.0031.01
u(27 =0
13.07.03.0032.01
1(28)=0
13.07.03.0033.01
u29) = -1

13.07.03.0034.01
p(30) = -1
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13.07.03.0035.01

u3=-1
13.07.03.0036.01
u@32)=0
13.07.03.0037.01
H(33) ==
13.07.03.0038.01
uE4 =1
13.07.03.0039.01
uE5 =1
13.07.03.0040.01
1(36)=0
13.07.03.0041.01
u@7 =-1
13.07.03.0042.01
1(38) =
13.07.03.0043.01
H(39) ==
13.07.03.0044.01
u(40)==0
13.07.03.0045.01
w4y ==-1
13.07.03.0046.01
uAa2)=-1
13.07.03.0047.01
ué43)=-1
13.07.03.0048.01
u44) =0
13.07.03.0049.01
u(45)=0
13.07.03.0050.01
H(46) =
13.07.03.0051.01
w47 =-1
13.07.03.0052.01
1(48) =0
13.07.03.0053.01
u49) =0

13.07.03.0054.01
4(50) == 0
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13.07.03.0056.01
14(100) == 0

13.07.03.0057.01
4(1000) = 0

13.07.03.0058.01
£4(10000) == 0

13.07.03.0059.01
u(5+2040) = -1

13.07.03.0060.01
44(~100) == 0

General characteristics

Domain and analyticity
u(n) isanonanalytical function which is defined only for integers.
13.07.04.0001.01
n—un:: Z—{-1,0, 1}
Symmetries and periodicities
Parity
u(n) isan even function.

13.07.04.0002.01
p=m=pum/ineZ

Periodicity

No periodicity

Series representations

Other series representations

13.07.06.0002.01

n 2nk
u(n) == Z%cd(n,k),l 005( T]

k=1

Transformations

Multiple arguments

13.07.16.0001.01
u(mn) = p(n) u(m) /; ged(m, n) == 1
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13.07.16.0002.01
pu(mn)=0/; gedim, n) > 1

Products, sums, and powers of the direct function

Products of the direct function

13.07.16.0003.01
u(n) p(m) == p(mn) /; ged(m, n) =1

Summation

Finite summation

13.07.23.0001.01
X X
2K H =1/x=1
k=1 k

13.07.23.0002.01
Zu(dj) =601 /;neNA Ad; e divisorsin)
dj|n

13.07.23.0003.01

Zu(dj)z == 2/, factors(n) == {{py, Ny}, ..., {Pk, N}} ANy €NT A p; € P A d; e divisors(n)
dj|n

Infinite summation

13.07.23.0004.01
&\ (k)
k

k=1

13.07.23.0008.01
> uk) 6

13.07.23.0005.01

N7 (9} 1
Y —=—/Ray>1
o K

13.07.23.0006.01

Z#(k n) ks = ers
{(=9)(n~°-1)

13.07.23.0007.01

i uk Iog(k)

k=1

13.07.23.0009.01
lutol 15
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Ed Pegg
13.07.23.0010.01

N Ou-1 21

Ed Pegg
13.07.23.0011.01

2029 249

& Outo-1 () 1

2.

k=1

Ed Pegg

13.07.23.0012.01
N Ouo+1 9

k=1 k2 27T2
Ed Pegg
13.07.23.0013.01
© Opilo+1 {E) 1

K 2029 20

g

k=1

Ed Pegg

Products

Infinite products

13.07.24.0001.01
© ()

Hk_T =e

k=1

13.07.24.0002.01
k

B Zdud’(dj)'q
n(l_qk) kK =1-rq/;reNAd edivisorgk)

k=1

Witt formula

S.-J. Kang, M.-H. Kim: Free Lie Algebras, Generalized Witt Formula, and the Denominator Identity Journal of
Algebra 183, 560-594 (1996)

Representations through equivalent functions

With related functions
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13.07.27.0001.01
un) =6, it (D™ /; factorsn) = {{pa, N1}, (P2, N2}, -y {Pm M} A pmeP AneN*

Zeros

13.07.30.0001.01
u(mn) =0/, gcd(m, n) > 1

Theorems

The Mo6bius inversion theorem

n
F(n) = Z f(d) e f(n) = ZF(d) “(a)

din din
or

F(x) ==Z f(k*x), e €R, @ 0, X R > f(x) ==ZF(ka x) (K).
P kel

Generalized Mertens conjecture

&

1
For & > 0 and sufficiently large n: S, u(k)| < nz**.

History

—C. F. Gaussin his Disguisitiones Arithmeticae (1801)
—A. F. Mdbius (1831)

—F. Mertens (1874) introduced the notation u (n) and the name "M 6bius function”
—P. L. Chebyshev (1851) and R. Dedekind (1857) found the M 6bius inversion theorem
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