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Notations

Traditional name

Odd Mathieu function

Traditional notation

Se(a, q, 2)

Mathematica StandardForm notation

Mat hi euS[a, g, z]

Primary definition

11.02.02.0001.01

Se(a, 0, 2)

Se(a, q, 2) isthe odd Mathieu function with characteristic value a and parameter g. It is defined as the odd in z
solution W(2) == Se(a, g, 2) of the Mathieu differential equation w’(2) + (a— 2 qcos(2 2)) W(z) == 0, which satisfies
for g == O relation Se(a, 0, 2) = sin(v'a 2). It isanalytical function in the variables a, g and z. It isaperiodical only
in z function for special values of parameter a (so called characteristic values a == b,(q) with integer or rational
numbersr, which makes odd solutions of the form e‘"Z f(2) where f (2) is an odd function of z with period 2 ).

Specific values

Specialized values

For fixed a, z

11.02.03.0001.01
Se(a, 0,2 =sin(Va z)
General characteristics

Domain and analyticity

Se(a, q, 2) isan analytical function of a, g, zwhich is defined in C3.
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11.02.04.0001.01
(axg*x2—Sea, q,2:: (CRC®0C)—C
Symmetries and periodicities
Parity
Se(a, g, 2) isan odd function with respect to z.

11.02.04.0002.01

Se(a1 a, _Z) == —%(a, q, Z)

Mirror symmetry

11.02.04.0003.01

wa1 q’ 2) == an q’ Z)
Periodicity

No periodicity

Series representations

Generalized power series

Expansions at generic point z== 7,

For the function itself

11.02.06.0010.01

1
Se(a, g, 2) « Se(@, g, 20) + S€°*P(@, q, 20) (- 2) + 5 (2q00s220) - ) Se(@, 4, 20) (2~ 207 +

1
S (2qcos27y) - a) €%V (a, 0, 20) — 4qsin22) Se(@, 4, 20)) (- 20)° +
1
” (a2 + 4qcos22) (~a+qeos(2 ) - 2)) Se(@, g, 2) — 8qsin2z) S€°*(a, q, 7)) (- 2)* +

1
= (22 + 4qcos279) (~a+qcos2z) - 6)) S€**V(a, g, 29) + 16q(a— 2 cos(220) + 1) SiN(2 ) Se(@, ¢, 2o))

Z-2)°+... [; (2~ Zo)

11.02.06.0011.01
Se(a1 ql Z) o« Se(a, q1 ZO) (l + O(Z_ ZO))

Expansionsat z==0

11.02.06.0001.01

Selboni2(@), 0, 2 = ) B3R Sin(2k+2)2) /;

k=0

(bon(@) ~ 4 B3™ — B = 0 /\ (bpn(@) - 4K) B3R — a (B33 + B3pd) =0 A\ Y Bokii =1 /\nez
k=0
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11.02.06.0002.01

Sebn.1(@), 0, 2 = ) BT Sin(2k+ 1)2) /;
k=0

(B2na(@ - q -1 B! - B3 = 0 /\ (bzn.a(@) - @k + 1%) B3t - q(Bop'1 +B2pia) =0 /\ > Bopii=1/\nez
k=0

Expansionsat q ==

11.02.06.0003.01
&(br(q)! q- Z) o
1 (sin((r -2)2) sn((r+2) z)] 1 [ sn(r-42 2(r*+1)sinr2  sin(r+4)2) J , 1
- q

AR G r+1 2(0-20-1 (-120+12 G+DC+2) 384
sin((r - 6) 2 3(r¥-r?—r-11)sin(r-2)20 3(r3+r2-r+11)sin(r+2)2 sin((r + 6)2) ,
[(r—3)(r—2)(r—1)_ r=2)r-13%(@+1> ' r-1020+13(rr+2 _(r+1)(r+2)(r+3)]Q+
1 sin(r - 8)2) 4(r3-r?-7r-29)sin(r-4)2 6(r®-15r°-185r*+ 67512+ 316)sin(r 2)
6144[(r—4)(r—3)(r—2)(r—1)_ r=3)(r-2)(r—13(r +1)> " r=22r-D*r+1*r+2?2 )
4(r3+r2-7r+29)sin(r +4)2) sn((r +8) 2) ,
r=?r+130r+2)(r+93 +(r+1)(r+2)(r+3)(r+4)]q
1 sin(r - 10)2) 5(r3—r2-17r-55)sin((r - 6) 2)
122880[(f—5)(f—4)(r—3)(r—2)(r—1)_(r—4)(r—3)(r—2)(r—1)3(r+1)2+

(10(r? = r®—31r" - 5r® - 273r° + 2457 r* + 193113 - 633512 — 35721 — 7564) Sin((r — 2) 2)) /
(=3 -270-D°r+D*(r+2?-
(10(r® +r8 =311 + 5r° - 273r° - 2457 % + 19313 + 633512 — 35721 + 7564) sin((r + 2) 2)) / ((r = 2* (r - 1)*

5(r3+r2—17r +55)sin((r + 6) 2) sn((r + 10)2) ]

r+1°(r+2%(r+3)+ - q
=120+ +2+3)(r+4 T+HT+r+3)(T+4)(r+5)
1 sin((r - 12) 2) 6(r3—r?—31r—89)sin((r —8)2)
290120 (r-6)(r -5 -Hr-Jr-2(-1) -5r-4Hr-3)r-2r-3r+1)7?
(15(r'°-3r9 - 53r8 + 691" + 145r° + 8211r° — 16879r* — 3202513 + 3295412 + 16404 + 71528)
SN(r-42)/(r=H -3 =23 -1 +D*r+2?)-
(20(r* - 7212 + 59710 + 7524418 - 718317r° + 1533121 + 488328712 + 1329084) sin(r 2)) /
(=320 =220 -1°(r+1°(r+2%(r+3?)+
(15(r'°+3r9 - 53r8 — 691" + 145r° — 8211r° — 16879r* + 3202513 + 329541 — 16404 + 71528)

6(r®+r?—31r+89)sin((r +8) 2)
SN(r+42) /(=22 -D*r+D°r+2°C+3)(r+4) - +
=220+ +2(r+3)r+4(r+5)

+

sin((r + 12) 2
r+0)r+2)r+3)(r+4)r+5(+6) g

6 +0(q);~(reZA-6<r<6)
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11.02.06.0004.01
4539285691 sin(z) 10304 813sin(52) 48740801 sin(7 2) 7516703sin(92)

125241 246 351 360000 ’ 5844591 496 396 800 " 20456070237 388800 * 61368210712166400 ’
sin(17 2 sin(192) sin(212)
204560702 373888000 i 1534205267804 160000 * 151886 321512611840000 -
1282939901 sin(32) 30773sin(112) 25379sin(132) 2839sin(152) 10
12524124 635136000  61368210712166400 184104632136499200 1104627 792818995 200
( 11221967 sin(2) 506831sin(32) 16013sin(92) 3167sin(112

Se(bl(q)1 ql Z) o (_

3261490790400  104367705292800 ~ 319626007450200  142056043315200
481sin(132) 310133sin(52  5039101sin(72)
852336250891200 3131031158784 547930452787200
sin(152) ~ sin(17 2 ~ sin(192) ]q9 .
767102633902080 4314952315699200 345196 185255936000
1237783sin(2) 940781sin(3z) 322897sin(52) sin(132) sin(152)
[_ 1449551462400 543581798400 815372697600~ 3805072588800 1522029035200
sin(17 2) 2143sin(92) 9413sin(7 2) 1229sin(112) s
958878292377600 845571686400 3261490790400 13317754060 800]
( 481 sin(z) 659sin(52) 12677 sin(7 2) 181sin(92) 102547sin(32)

- + + + - -
226492416 11324620800 67947724800 16986931200 13589544960

sin(112) ~ sin(132) ~ sin(152) ]q7+
26424115200 69363302400 3329438515200
8105sin(2) N 103sin(32) . sin(92) . sin(112) . sin(132) 731sin(5z2) 379sin(7 z)) 5
339738624 56623104 283115520 424673280 14863564800 94371840 471859200

121sin(zg 317sin(3z2) 41sin(52) sin(92) sin(7 2) sin(112) ] 5
- + + - - - +
1769472 2359296 1179648 3686400 5898240 88473600 a
37sin(z  sin(7z  sin9z 49sin(3 z)) . sin(z sin3z sin(5z sin(7 z)] 5
- + + - + + - - g+
294912 49152 737280 73728 512 3072 1152 9216
snz 1

1 1
+ —sinB2+ — sin(Sz)] o - —sinB2 g+ O(g™) +sin(2)
128 64 192 8
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11.02.06.0005.01

1 1 1 sin(4z sin82z
Se(b,(q), q, z)ocsin(22)——sin(4z)q+(—sin(62)——sin(22))q2+( - ) 3
12 384 288

1536 23040
119sin(2z2) 19sin(62 sin(102 ) . [ 1373sin(42) sin(82) sin(12 2 ] s
- + g +|- + - o+
2654208 737280 2211840 159252480 2073600 309657600
~ 1003sin(22) . 8941sin(62) ~ sin(102) . sin(142) ) qﬁ .\
1415577600 25480396800 185794560 59454259200
123379sin(4 2) ~ 1591 sin(82) .\ 67sin(122) ~ sin(162) )q7 .
917294284800 237817036800 1664719257600 14982473318400
21365639sin(22) ~ 1128997 sin(62) . 17sin(102) ~ 89sin(14 2 .\ sin(182) ¢
1761205026816000 205473919795200 224737099776 410947839590400 4794391461888000
335495173sin(42) 9073499sin(82)
T 147941222252544000  86299046313984000
6571sin(12 2 . 19sin(16 2) ~ sin(202) ] ¢
11506539508531200 21574761578496000 1898579018907 648000
13475627293sin(22) 3067835983sin(62) 19755653sin(102)
- 62135313346 068480000 ’ 33138833784 569856 000 - 16569416 892 284 928 000 ’
7327sin(14 2 71sin(182) sin(22 2
2367059556040704000 25314386918 768640000 ’ 911317929 075671040000

] q'°+0O(a™)



http: //functions.wolfram.com

11.02.06.0006.01

sn@ 1 sn@ 5 1
Se(bs(g), g, Z)ocSin(3Z)+( ——sin(52)]q+[— ——sin(32)+—sin(7z)]q2+
8 16 512 640

64
sin(z) 1 11sin(52 sin(92) 21sin(z) 1621sin(32) sin(bz 1l1sin(7z sin(1l2
-~ +—sin(32 + -~ o+ - - - + q*+
4096 512 40960 46080 32768 13107200 16384 2949120 5160960
14061sin(z7 9sin(32z) 12329sin(5z2) 3sin(72 sin(92) sin(132) 5
- - + + + - +
104857600 131072 1887436800 3276800 33030144 825753600 g
699sin(2) 13050583sin(320 533sin(52) 76679sin(7 2) 17sin(92
838860800 543581798400 209715200 528482304000 2123366400

sin(112) .\ sin(152) ) ¢ [ 31826419sin(2) ~ 70123sin(32) ~ 326021051sin(52) ~
6606028800 178362777600 4348654387200 33554432000 304405807104000
1319sin(7 2) . 7831sin(92) . 37sin(112) . sin(132) ~ sin(17 2) )q7 .\
27179089920 4227858432000 832359628800 2283043553280 49941577728000
300245939sin(2) 1193766593741sin(32 10194121sin(52) 55617547 sin(7 2) 30253sin(92)
[_ 173946 175488000 - 1363738015 825920000 i 86973087 744000 ’ 2435246456 832000 * 53271016 243200 -
28361sin(112) ~ 17sin(132) ~ sin(152) . sin(192) ]qg .
1826434842624000 106542032486400 3196260974592000 17579435360256000
64306539779sin(2) 1087026917sin(32) 767116375621 sin(52) 468897223sin(7 2)
[ 10909904 126 607 360 000 ’ 3131031158784 000 ’ 21819808253214 720000 - 170467 251978 240000 -
21665887 sin(92) 7663sin(112) 189053sin(132)
75144747810816 000 - 1704 672519782400 ’ 2045607023 738880000 ’
23sin(152) ~ sin(17 2) ~ sin(212) ]q9 .\
69039237051187200 281270965764096000 7594316075630592000

78221421983189sin(2) 3555989290829sin(32) 1595308088447 sin(5 2)
785513097115729920000 99747694871838720000 98189137 139466240000

16802983705367 sin(7 2) 50000417 sin(92) 44442089sin(112)
23565392913471897 600000 * 1363738015825920000 ’ 18410463213 649920000 ’
113461sin(132) 740695sin(152) sin(172)
4418511171275980800 180013418089021440000 13807847 410237440000 ’
sin(192) sin(232
48603622 884035783800 i 3949044 359327 907 840 000 ¢°+0()
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11.02.06.0007.01

sn@ 1 sn@ 5 1
Se(by(g), g, Z)ocSin(3Z)+( ——sin(52)]q+[— ——sin(32)+—sin(7z)]q2+
8 16 512 640

64
sin(z) 1 11sin(52 sin(92) 21sin(z) 1621sin(32) sin(bz 1l1sin(7z sin(1l2
-~ +—sin(32 + -~ o+ - - - + q*+
4096 512 40960 46080 32768 13107200 16384 2949120 5160960
14061sin(z7 9sin(32z) 12329sin(5z2) 3sin(72 sin(92) sin(132) 5
- - + + + - +
104857600 131072 1887436800 3276800 33030144 825753600 g
699sin(2) 13050583sin(320 533sin(52) 76679sin(7 2) 17sin(92
838860800 543581798400 209715200 528482304000 2123366400

sin(112) .\ sin(152) ) ¢ [ 31826419sin(2) ~ 70123sin(32) ~ 326021051sin(52) ~
6606028800 178362777600 4348654387200 33554432000 304405807104000
1319sin(7 2) . 7831sin(92) . 37sin(112) . sin(132) ~ sin(17 2) )q7 .\
27179089920 4227858432000 832359628800 2283043553280 49941577728000
300245939sin(2) 1193766593741sin(32 10194121sin(52) 55617547 sin(7 2) 30253sin(92)
[_ 173946 175488000 - 1363738015 825920000 i 86973087 744000 ’ 2435246456 832000 * 53271016 243200 -
28361sin(112) ~ 17sin(132) ~ sin(152) . sin(192) ]qg .
1826434842624000 106542032486400 3196260974592000 17579435360256000
64306539779sin(2) 1087026917sin(32) 767116375621 sin(52) 468897223sin(7 2)
[ 10909904 126 607 360 000 ’ 3131031158784 000 ’ 21819808253214 720000 - 170467 251978 240000 -
21665887 sin(92) 7663sin(112) 189053sin(132)
75144747810816 000 - 1704 672519782400 ’ 2045607023 738880000 ’
23sin(152) ~ sin(17 2) ~ sin(212) ]q9 .\
69039237051187200 281270965764096000 7594316075630592000

78221421983189sin(2) 3555989290829sin(32) 1595308088447 sin(5 2)
785513097115729920000 99747694871838720000 98189137 139466240000

16802983705367 sin(7 2) 50000417 sin(92) 44442089sin(112)
23565392913471897 600000 * 1363738015825920000 ’ 18410463213 649920000 ’
113461sin(132) 740695sin(152) sin(172)
4418511171275980800 180013418089021440000 13807847 410237440000 ’
sin(192) sin(232
48603622 884035783800 i 3949044 359327 907 840 000 ¢°+0()
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11.02.06.0008.01

sn@ 1 sn@ 5 1
Se(bs(g), g, Z)ocSin(3Z)+( ——sin(52)]q+[— ——sin(32)+—sin(7z)]q2+
8 16 512 640

64
sin(z) 1 11sin(52 sin(92) 21sin(z) 1621sin(32) sin(bz 1l1sin(7z sin(1l2
-~ +—sin(32 + -~ o+ - - - + q*+
4096 512 40960 46080 32768 13107200 16384 2949120 5160960
14061sin(z7 9sin(32z) 12329sin(5z2) 3sin(72 sin(92) sin(132) 5
- - + + + - +
104857600 131072 1887436800 3276800 33030144 825753600 g
699sin(2) 13050583sin(320 533sin(52) 76679sin(7 2) 17sin(92
838860800 543581798400 209715200 528482304000 2123366400

sin(112) .\ sin(152) ) ¢ [ 31826419sin(2) ~ 70123sin(32) ~ 326021051sin(52) ~
6606028800 178362777600 4348654387200 33554432000 304405807104000
1319sin(7 2) . 7831sin(92) . 37sin(112) . sin(132) ~ sin(17 2) )q7 .\
27179089920 4227858432000 832359628800 2283043553280 49941577728000
300245939sin(2) 1193766593741sin(32 10194121sin(52) 55617547 sin(7 2) 30253sin(92)
[_ 173946 175488000 - 1363738015 825920000 i 86973087 744000 ’ 2435246456 832000 * 53271016 243200 -
28361sin(112) ~ 17sin(132) ~ sin(152) . sin(192) ]qg .
1826434842624000 106542032486400 3196260974592000 17579435360256000
64306539779sin(2) 1087026917sin(32) 767116375621 sin(52) 468897223sin(7 2)
[ 10909904 126 607 360 000 ’ 3131031158784 000 ’ 21819808253214 720000 - 170467 251978 240000 -
21665887 sin(92) 7663sin(112) 189053sin(132)
75144747810816 000 - 1704 672519782400 ’ 2045607023 738880000 ’
23sin(152) ~ sin(17 2) ~ sin(212) ]q9 .\
69039237051187200 281270965764096000 7594316075630592000

78221421983189sin(2) 3555989290829sin(32) 1595308088447 sin(5 2)
785513097115729920000 99747694871838720000 98189137 139466240000

16802983705367 sin(7 2) 50000417 sin(92) 44442089sin(112)
23565392913471897 600000 * 1363738015825920000 ’ 18410463213 649920000 ’
113461sin(132) 740695sin(152) sin(172)
4418511171275980800 180013418089021440000 13807847 410237440000 ’
sin(192) sin(232
48603622 884035783800 i 3949044 359327 907 840 000 ¢°+0()
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11.02.06.0009.01

sn@ 1 sn@ 5 1
Se(bg(g), g, Z)ocSin(3Z)+( ——sin(52)]q+[— ——sin(32)+—sin(7z)]q2+
8 16 512 640

64
sin(z) 1 11sin(52 sin(92) 21sin(z) 1621sin(32) sin(bz 1l1sin(7z sin(1l2
-~ +—sin(32 + -~ o+ - - - + q*+
4096 512 40960 46080 32768 13107200 16384 2949120 5160960
14061sin(z7 9sin(32z) 12329sin(5z2) 3sin(72 sin(92) sin(132) 5
- - + + + - +
104857600 131072 1887436800 3276800 33030144 825753600 g
699sin(2) 13050583sin(320 533sin(52) 76679sin(7 2) 17sin(92
838860800 543581798400 209715200 528482304000 2123366400

sin(112) .\ sin(152) ) ¢ [ 31826419sin(2) ~ 70123sin(32) ~ 326021051sin(52) ~
6606028800 178362777600 4348654387200 33554432000 304405807104000
1319sin(7 2) . 7831sin(92) . 37sin(112) . sin(132) ~ sin(17 2) )q7 .\
27179089920 4227858432000 832359628800 2283043553280 49941577728000
300245939sin(2) 1193766593741sin(32 10194121sin(52) 55617547 sin(7 2) 30253sin(92)
[_ 173946 175488000 - 1363738015 825920000 i 86973087 744000 ’ 2435246456 832000 * 53271016 243200 -
28361sin(112) ~ 17sin(132) ~ sin(152) . sin(192) ]qg .
1826434842624000 106542032486400 3196260974592000 17579435360256000
64306539779sin(2) 1087026917sin(32) 767116375621 sin(52) 468897223sin(7 2)
[ 10909904 126 607 360 000 ’ 3131031158784 000 ’ 21819808253214 720000 - 170467 251978 240000 -
21665887 sin(92) 7663sin(112) 189053sin(132)
75144747810816 000 - 1704 672519782400 ’ 2045607023 738880000 ’
23sin(152) ~ sin(17 2) ~ sin(212) ]q9 .\
69039237051187200 281270965764096000 7594316075630592000

78221421983189sin(2) 3555989290829sin(32) 1595308088447 sin(5 2)
785513097115729920000 99747694871838720000 98189137 139466240000

16802983705367 sin(7 2) 50000417 sin(92) 44442089sin(112)
23565392913471897 600000 * 1363738015825920000 ’ 18410463213 649920000 ’
113461sin(132) 740695sin(152) sin(172)
4418511171275980800 180013418089021440000 13807847 410237440000 ’
sin(192) sin(232
48603622 884035783800 i 3949044 359327 907 840 000 ¢°+0()

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

11.02.13.0001.01
W2 +(@-2qcos(22) w2 ==0/; W2 ==¢; Sea, 9, 2 + ¢, Ce&(a, q, 2

11.02.13.0002.01
W,(Se(a, g, 2), Ce(a, g, 2) = Se(a, g, 0) C€(a, g, 0) - S&'(a, g, 0) Ce(a, g, 0)
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11.02.13.0003.01
/7

w’(2) - W(2) +(@-2qcos29(2)) g (2° w@ =0/; W2 = ¢; S, g, g(2)) + ¢, Ce(@, q, 9(2))

g
11.02.13.0004.01
W,(Se(a, g, 9(2)), Ce(a, g, 9(2))) = g'(2) (C€ (a, g, 0) Se(a, g, 0) - Ce(a, g, 0) S€'(a, g, 0))
11.02.13.0005.01
h(2 9”2

,

h(2? N@2g' 2

h@w’'(2) +|-2h (2 - )V\/(z) + |(@a-2qgcos(29(2)) h(2) g’(z)2 + @ -h"(2+ w2 =0/
h(2) g2

W(2) = ¢, h(2) Se(a, q, 9(2) + ¢, h(2) Ce(a, q, 9(2)
11.02.13.0006.01

W.(h(2) Se(a, 4, 9(2), h(2) Ce(a, q, 9(2))) = h(2)° g'(2) (C€(a, g, 0) Sefa, g, 0) - Cela, g, 0) SE'(a, g, 0))

11.02.13.0007.01
1-r-2s

S(r+s
wW’(2) + w’(z)+{bzrz(a—chos(sz'))zz"2+ % W2 =0/ W2 =c2Saa qbZ)+ c,ZCea g, b7)

11.02.13.0008.01
W,(Z° Se(a, g, bZ), 2 Ce(a, g, bZ)) = br Z*25}(C€ (a, g, 0) Se(a, g, 0) - Ce(a, g, 0) SE'(a, g, 0))

11.02.13.0009.01
w’(2) — (log(r) + 2log(s)) W' (2) + (b2 (a—2qcos(2br?) Iogz(r) r?Z +log(s) (log(r) + Iog(s))) w2 =0/
W(2) =c¢; §°Se(a, g, br) + ¢, S Ce(a, q, br?)

11.02.13.0010.01
W,(s* Ce(a, g, br?), s”Se(a, g, br?) = br?s?Zlog(r) (C€'(a, g, 0) Se(a, g, 0) - Ce(a, g, 0) SE'(a, g, 0))

Differentiation

Low-order differentiation

With respect to z

11.02.20.0001.01
0S4, q, 2
0z

=S q,2

11.02.20.0002.01
4°Se(a, q, 2)
722 ==(2qcos(22) -a)Sea, q, 2
9

Integration

Definite integration

Involving the direct function

11.02.21.0001.01

fSe(bnm), 0, ) Se(bn(@), 0, D dt=rdym/ineZAmeZ An=0Am£0AqeR
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Operations

Limit operation

11.02.25.0001.01
lim a,q —|=9n2/;qeR
a—oo \/E

Representations through equivalent functions

With related functions

11.02.27.0001.01

/e
Se(a‘ qr Z) == (_1)[1 C{ar _qv Z— E) /‘ a== aZn+1(Q) \/ a== b2 r‘l+l(q) /\ neN

Other information

11.02.33.0001.01
a f_’;{IZiqsm(t)sn(z) Se(b,(q),q,t) dt
Se(b; (0),0,2

0z

=0/reQ

History

—E. L. Mathieu (1868, 1873)
—H. Weber (1869)

—G.W. Hill (1877)

—E. Heine (1878)

—G. Floquet (1883)

—R. C. Maclaurin (1898)

—J. Dougall (1916, 1926)
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