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Notations

Traditional name

L egendre function of the second kind

Traditional notation

Q2

Mathematica StandardForm notation

LegendreQ[v, 2]

Primary definition

07.10.02.0001.01

Q@=QQ®

Specific values

Specialized values

For fixed v
07.10.03.0001.01
72 tan( %)
v r(lg—v) r(z)
07.10.03.0002.01
Q=&

07.10.03.0003.01
QD=5

Q0 =—

For fixed z

07.10.03.0004.01
z+1
Q:@= K(T] /1 Z¢& (1, o)
2

07.10.03.0005.01

z+1 z+1
Q2= K[—] - 2E[—) /i z2¢ (1, )
2 2 2
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07.10.03.0006.01

Q@ = % (log(1+ 2 - log(1 - 2)
07.10.03.0007.01

Q,(2 = g (log(z+1)-log(l-2)-1
07.10.03.0008.01

1
Q,(2) = 2 (372 -1)(logz+ 1) - log(1 - 2)) - 6 2)

07.10.03.0009.01

1
Q2 = I (8-307-32(57-3)(log(1-2) - log(z+ 1))

07.10.03.0010.01

1
Q2 == e (2102 + 1102+ 3(352* - 302 + 3) (log(z + 1) - log(1 - 2)))

07.10.03.0011.01

1
Q@)= (-2(9457' - 7357 + 64) - 152(637' - 702 + 15) (log(1 - 2) — log(z + 1)))

07.10.03.0012.01

1
Q= T (5(217 (112 - 157 +5) - 5) (log(z+ 1) — log(1 - 2)) — 142(1657 — 1707 + 33))

07.10.03.0013.01

1
Q@ = (512-14(55(397 - 50) Z + 849) - 35 (429 2% - 693 Z* + 3157 — 35) (log(1 — 2) — log(z+ 1))

07.10.03.0014.01

1
Q2 = 3950 (-4504507" + 690690 2 — 2949107 +

303182+ 35(64352 - 12012 + 6930 Z* — 1260 7 + 35) (log(z + 1) - log(1 - 2)))
07.10.03.0015.01
1
= —(~2(165(91 72 (2552 — 455 7 + 249) — 3867) Z + 16384) —
Q)= o (-2(165(.2 +249) - 3867) 7 + 16334
3152(11(137 (857 - 1807 + 126) — 420) Z + 315) (log(1 - 2) — log(z + 1)))

07.10.03.0016.01

Q2 = (315(117(13(32372° - 7657 + 630 Z - 210) Z + 315) — 63) (log(z + 1) — log(1 - 2)) -

161280
222(39(7 2 (48457 — 9860 Z + 6594) — 11220) Z + 27985))

07.10.03.0017.01
[_MJ
2 2n-4k-1

1
Qud =  ((0g(L+2) ~ 10g(L - 2) Pa(@ + )

P i@ /neN
L 2k+1) (n—k) n2ka@ /e

07.10.03.0018.01

(- + Dy (1-2\¢ N (k+mlyk+1) (z— 1\
=)+ (5 nen

1
Q@ = (5 (log(1+2) - log(1 - 2) —y(n+ 1)) > >

n
k=0 k12 o kZ(n-k!
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07.10.03.0019.01

nok+n!yk+1) (z- 1)K
( )/;neN

1
Q,(2 = (— (log(1+2) —log(1-2) - y(n+ 1)) Pn(2 + Z
2 k=0 k!2(n—k)!

07.10.03.0020.01

1 no(=n) N+ 1) (z+1\¢ no(k+ ! yk+1)
Q2= (—1)“[5(Iog(1+2)—Iog(l-z))+t/f(n+1))z ( ) -(=1" —[

k12

parg 2 o kI2(n—Kk)!

07.10.03.0021.01
N (=
Q@ =2"tz+1)" )

ko k2

k

) /ineN

(logdl+2-log(1-—2 - 2y(n—k+ 1)+ 2y(k + l))(—
z+1

07.10.03.0022.01
Q,(d=c&/neN"

General characteristics

Domain and analyticity
Q,(2) isan analytical function of v and zwhich is defined over C2.

07.10.04.0001.01
(v+2—Q,(2 :: (C®C)—C
Symmetries and periodicities

Mirror symmetry

07.10.04.0002.01

QG@D=Q,® /i z¢ (=00, -DAz¢& (1, )
Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v, the function Q (2) does not have poles and essential singularities.

07.10.04.0003.01
Sing,(Q,(2) = {}

With respect tov

For fixed z, the function Q (2) has an infinite set of singular points with respect to v:
a) the pointsv == — k /; k € N*, are the simple poles with residues Py_1(2);
b) v == & isthe point of convergence of poles, which isan essential singular point.
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07.10.04.0004.01
Sing,(Q,@) = {{{-k 1} /; ke N*}, (&, w}}

07.10.04.0005.01
res,(Q,(2) (-K) = P1(2) /; ke N*
Branch points
With respect to z
For fixed v, the function Q,(2) has three singular branch points: z== -1, z==1and z == .

07.10.04.0006.01
BP,(Q,(2) ={-1, 1, &}

07.10.04.0007.01
RA(Q,(2), —1) =log

07.10.04.0008.01
RA(Q,(2, 1) ==log

07.10.04.0009.01
RAQ,(2), &) =log

With respect to v
For fixed z, the function Q (2) does not have branch points.
07.10.04.0010.01
BP,(Q,@) = {}
Branch cuts
With respect to z

For fixed v, the function Q,(2) is a single-valued function on the z-plane cut along the intervals (—co, —1) and (1, ). The

function Q,(2) is continuous from above on the interval (—co, —1] and from below on theinterval [1, co).

07.10.04.0011.01
BCAQ,(2) = {{(=c0, —1), =i}, {(L, ), i}

07.10.04.0012.01
lim Q,(x+ie)=Q,(X) /; x< -1
e—>+0

07.10.04.0013.01
Iim0 Q,(x—i€)=—-2imcosnmVv)P,(-X) +inP,(X) + Q,(X) +2i Q,(—x¥)sin(rv) /; x< -1

07.10.04.0014.01
lim Q(x+ie)=Q,(X)+inmPy,(X) /;x>1
e->+0

07.10.04.0015.01
lim Q,(x-ie)=Q,(x) /; x>1
e->+0

With respect to v
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For fixed z, the function Q (z) does not have branch cuts.

07.10.04.0016.01

BC,(Q,(2) = {}

Series representations

Generalized power series

Expansionsat z==0

07.10.06.0001.01

Qy(z ==
SNENYo+D) & D12 jovy rvaly o & V0D & DGy D+ ke D2
KN L PR ASAR] Py Ll y . .
2 732 =l 2 2 e ji! par (j+ k! k! 20k
1 1 . .
o (E)m( Jm oo M+ & D G- (+v+D)
Z Z ZJ+2rm1 /; |Z| <1

0 m!(g) i j! o (rkk! 2k
m

07.10.06.0002.01

x0x1f — =11 Z
Q,(2 = _‘/’(V+1)'Eixgxi( v,v+1;;1; ]_

11, 2 2

sinv)z & 1+ (-1) 2xox1f j—v, j+v+1;j+2, 1z J.
2 j+1;1j+1j+2 2 )0 "

TFG-WI(+v+DFy 0.3
2n 5

© @ (=D (V) v+ Dy +k+1) 2

» /<1

ko0 i=0 (j+k)Tk!j12ik

07.10.06.0003.01
3/2 v
b/ tan( > )

vl“(% - g) r(z) ’

sin(tv) [ (v+1 v 1-vy (v 2 (A= (v+2k+2)
[r[ )(—r(——))—vr( )F(—)w(v+1)]+v(v+l)z 2+02) /;(z-0)
2732 2 2 2 2 o (k+ k!t

Q,(2 x —

07.10.06.0004.01
2 tan(
Q, (D o — o 1+02)/;(z- 0
v r(E - E) r(z)

Expansionsat z==

07.10.06.0005.01

1 viv+1) A-vviv+DH(v+2
Q,® ::[E(Iog(l+z)—Iog(l—z))—lp(v+l))[l+ (z-1) - " (z—1)2+...) -
v(v+1) A-vvv+1)(v+2) (3 1-2z
v+ 1-y)(@z-1)- T (E—y)(z—l)2+.../; — <1N\vez
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07.10.06.0006.01
k

(=" (v+ 1)k( ) =k (v + Dk + 1)[ ]k p

> >

2
k=0 k! k=0 k2

1
Q2= [5 (log(1+2) -log(1-2)—y(v+ 1))

<1/\v$Z

07.10.06.0007.01

1-z
2

 V+ Dk + 1) ( 1- Z)k g

e

1 1
Q@ = (5 (log1+2 -log(1-2) -y + 1)] ZFl(—v, v+1;1; TZ) +

k=0 k12 2
1-z
T < 1/\ V& VA
07.10.06.0008.01
1
Q2 (5 (log(2) —log(1 - 2) -y (v + 1) —y] (1+0z-1)/,z->DAve¢Z
07.10.06.0009.01
nk+n)lyk+1) (z—1\¢ © (=M N+ 1)y (1-2\
Q@ =) ( ) ( (log(1+2) - log(1 - 2)) - w(n+1))27(—) fineN
k=0 k!z(n—k)! 2 k=0 k12 2
07.10.06.0010.01
L (og(L+ 2~ log(1— 2)) P, %“J en-dk-t N
Z) == — ((lO Z)— 10 —-Z Z — Phook-1@) /i N
Qn(@2 2(( 9(1+2) —log(1-2)) Pn(2 + 21 okr -k 2k-1(@ /sne
Expansionsat z== -1
07.10.06.0011.01
COoS(rv) b4
Q2= ( y(-v) —mcot(rv) —log(l- 2 +log(1l+ 2) - 5 csc(r v))
v(d+v) A-vA+v)2+V)
(1— z+1) - (z+1)2+...)—
16
+v) A-v)v@A+v)(2+V) z+1
cos(:rv)(—y— 1-y)(z+1) - T (5—y)(z+1)2 ]/;‘T <1N\vez

07.10.06.0012.01

2

V) n © (=W (V+ Dy (z+ 1\K
Qy(-v) —mcot(nrv) —log(l- 2 +log(1l+ 2) - —csc(;rv))Z—[ ) -
2 =0 k12

Cos(r
Q== [

z+1

© (- v+ uk+1) z+1
Cos(ﬂv)z ( > )

07.10.06.0013.01

<1/\ve§Z

1
Q, (2 « 5 (cos(m v)log(z+ 1) — m csc(rr v) + cos(mr v) (= cot(m v) —10g(2) + 2y (—v) + 2y) (L + O(z+ 1)) /; (z-»> -DAv ¢ Z

07.10.06.0014.01
N (=M (N+ D)y (z+ 1\ nk+mlyk+1) [ z+ 1\
Z (—) -(-" —[——) /ineN

1
Q\(2 = (—1)”[£(|09(1+Z)— log(1-2) +¢(n+ 1)) >

ko o k2 (n-k)!
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07.10.06.0015.01

1
Q@ o (-1)" (5 (log(z+1) —log(2) + y(n+ 1) +y] 1+0(z+1)/;z-»-)AneN

Expansionsat z== oo

07.10.06.0016.01

ov-2 » 22v+l F(v + %) - v 1-v?v
Q@ = z-)7" | ——— -1 (log(1 + 2) - log(-z- 1)) |1 - - +... ]+
p C(v+1) 1-z 1-2v1-2?
F(—v—% ( 1+v  A+v)Q2+v)? ]
(2rcot(nrv)—log(-z—1) +logl+2) |1+ + +...||/i11-2>2Avez
[(=v) 1-z @+2v)1-2?
07.10.06.0017.01
2—v—2 22V+l I(v+ l 0 (—V) 2 2 k
Q@ = -y g (-1 (log(1+2) —log(-z-1) > ‘ (—) +
= rv+1) o Kl (=2v) \1-2
F(—v— %) ©  (v+ 1)k2 2 K
—— (2ncot(nv)—log(-z— 1) + log(1 + z))Z - (—) [il-2>2A\veZ
I'(-v) o Kl@v+2)y \1-2
07.10.06.0018.01
2—v—2 22 v+l F(V + %) 2
Q2= (z-1)" | ——————— (log(1 + 2) - log(-z - 1)) (z— 1)?"*1 ZFl(—v, —y; =2v; ] +
T rv+1 1-2z
F(—v— %) 2
(2rcot(rv) —log(—z—1) + log(1 + z))zFl(v+ 1L,v+1,2v+2 —) [ize (-1, DAveZ
I'(-v) 1-z
07.10.06.0019.01
2-v-2 22v+l F(V + % 1
Q2 x Z'(log(1+ 2 - log(-z-1)) (1 + O(—)) +
Vr r(v+1) z
F(—v— %) 1
— 7 @2rcot(nv) - log(-z- 1) + log(1 + 2)) [1+ O[—)) /i(Z > c0)A\veZ
(-v) z
07.10.06.0020.01
(-ptonn? e+ 2 K
)=———(@1-2"1 —(—]
@ @n+1)! -2 gkz(zmz)k 1-2) "
no@2n-k! [ 2
21 (z- )" (log(1 + 2) - log(-z— 1))2 en-lr (—) /ineN
o k! (n—ky1? 22-1
07.10.06.0021.01
(~prionni? 1y 2™1@2n)! 1
Qo — (-1 (1+ O(—)) +———7"(og(1+2 -log(-z- 1)) (1+ O[—)) /:(|Z » 0)AneN
(2n+1)! z nt z



http: //functions.wolfram.com

Integral representations

On the real axis

Of thedirect function

07.10.07.0001.01

1 11 "(-1)
— — dt/;neN
o+l Joax—t oth

n

Qn(X) ==

07.10.07.0002.01
1

00 -V 1
Q,z ==f (z+ v Z-1 cosh(t)) dt+ 5 (log(z+1) —-log(-z- 1)) P,(2) /; R&(2) > 1A Re(v) > -1
0

07.10.07.0003.01

1 1Py (1)
Qn(x):——Pf dt/;-1<x<1lAneN
2 -1t-x

Integral representations of negative integer order

07.10.07.0004.01
log(r+2)-log(r-2)

(E) = e 7 2r
" n! 97"

/;r==\/x2+y2+z2 /\neN

r

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

07.10.13.0001.01
(1-2)W@-22ZW@+ (v +D)yW@ =0/,W2) = ¢, P,(D + © Q,(2

07.10.13.0002.02

1
W(P,(2), Q,(2) = ——
( )=

07.10.13.0003.01
292 9(2?
1-9?

07.10.13.0004.01

v+ g @?
+0'@ W@+ ————w@ =0/,Ww® =¢c, P,(9(2) +¢c,Q,02)

gwW @ - [
1-92?

W,(P,(9(2), Q,(9(2)) =

1-92?
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07.10.13.0005.01

2029 (2°

d@h2*w' 2 - [[7
1-9(2)?

292 g (2?

v+ 1) h2°g@°
1-9(2)?

1-92?
0/, w(2 = ¢, h(2 P,(9(2) + ¢, (2 Q,(9(2)

+2h2%g (@ +h©@ [h’(z) [

07.10.13.0006.01

+ g"(z)] h@*+2¢@ N @ h(z)] W2+

+ g”(Z)) -9 h”(Z))] W(2) =

h2’ g
W,(h(2 P,(9(2)), h(2) Q,(9(2)) =
1-9@°
07.10.13.0007.01
r(@z"+1) v+ -1)2" rs(@z"+1)
2W' (2 -z|2s+ -1|W@+]|- +S°+ w2 =0/;
1-a22' (1—a222f)2 1-a22"

w2 =c, ZP,(az) +c,22Q,(az)
07.10.13.0008.01

ar Zr+2$1

W(ZP,@Z), 2Q,(az)) =
( ) 1-a2Z"

07.10.13.0009.01

a? (log(r) — 21og(9)) r2% + log(r) + 2log(s) a2v (v + 1) log(r) r2z
W (2) +

+ Iogz(s) +

w’(2) -

1_a2r22 1_a2r22

0/; W@ =c;SPy(ar’) +c, s Q,(ar?

07.10.13.0010.01

ar?s??log(r)
W,(s*P,(ar?, s Q,(ar?)) == ———
1-— a2 r2z

Identities

Recurrence identities

Consecutive neighbors

07.10.17.0001.01
(2v+3)z V+2
Q@ = Qi@ - ——Q,,,(@
v+1 v+1

07.10.17.0002.01

2v-1z v-1
Q-_1@- - Q2

Q@ =

Distant neighbors

(a?r?2+ 1) log(r) log(s)

1_a2 rZZ

W(2)
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07.10.17.0005.01

Q@ =Cn(v, 2 Q,.1(2 -

1
Cn—l(Vx Z) Qy+n+1(z) /1

2v+3)z z2n+2v+1) n+v
Cov.2=1\Citv, 2 = /\ Calv, D= ————Cra(v, 2 - - Cn2l0,2 /\nen’

n+v -

07.10.17.0006.01
-V
Q@ =Cn(v,2Q, (2 + 1 Cn1(v,2Q, 1@ /;
2v-1)z z(2n-2v-1 -n+1
Co(v, 2) = 1/\C1(V, 7) = ) /\Cn(V. 2) = # Cn1(v, 2 — ! > Cno(v, 2 /\ neN*
v v _

Functional identities

Relations between contiguous functions

07.10.17.0003.01
vQ,_12+(v+1)Q,,12=2v+1zQ,(2

07.10.17.0004.01

1
Q2= 2viDz (vQ_1@+(v+1Q,,@)

Differentiation

Low-order differentiation

With respect to v

07.10.20.0001.01

BQV(Z) @ (=) (v + D)
= cot(nv) Q,(2 -y P+ 1P, + Z e
v k=0 k12

1 -z 1-2z
(E(Iog(1+z)—Iog(l—z))+1//(k+1)—(//(v+1)](w(k+v+l) Uk — v))( )/ —_—

<l/\veEZ

07.10.20.0002.01
#Q,(2

9v?

= -2 Q,(2 - (2rcotr ) Yy P (v + 1) + Y P (v + 1)) P(2) +

& (=) (v + D) 1
Z [ﬂ' cot(mrv) Wk+v+1) —y(k—v)) (5 (logdl+2-logl-2)+yY(k+1) —y(v+ 1)) +
k=0 !
1
Wk+v+D) —vk-v) WkK+v+1) -+ 1))(5 (logl+2 -log(l-2)+yY(k+ 1) — (v + 1)) +
1

(WP k=v) +yPk+v+1) (5 (log(1+2) —log(1 - 2) + Y(k+ 1) — (v + 1)) +

1

> k=) =¢(=v) (log(1+2) —log(1 - 2) + 2¢(k+ 1) = 2 (v + 1)) (y(k = v) —=p(k+ v + 1)) +

<1/\V€Z

1-z 1-z
2W(k-v) - w(k+v+1))w<l><v+1>)( )/ —
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With respect to z

07.10.20.0003.01

9Q,(2) v
= z Z) — Z
r "7 (2Q,@-Q,.,@)
07.10.20.0004.01
82 Q,(2 v
= ——(22Q,@+ (- DZ-v-1)Q)
7 (2-1)

Symbolic differentiation

With respect tov

07.10.20.0005.01

o m aJ( ) am_J( +1)
=y = [( (log(1+2) - Iog(l—z))+¢r(k+1))Z( ) " Tk

ok’ S e g

amQ,(2

M o dF(=v) O (v + D
; = 0 '
07.10.20.0007.01
MmQ, (1- z2)'g r(m+v+1)

= "2 /;meN
az" I'(d-m+v) Q7@ /me

With respect to z

07.10.20.0008.01

a"Q,(2
dz"

=(-D)"(1-2) 2 QM@ /; meN

07.10.20.0009.01
6"‘QV(Z) T+m+1)

= 1—22_§ -M(2) /; N
az" I'(v— m+1)( ) PQ@/ime

Fractional integro-differentiation

With respect to z

07.10.20.0006.01
0°Q,(2

0z

~2x0x1
=-yv+1z* leOxl(

-vv+1;1 1 Z)
Lil-o; 2 2)
2 sin(my) & 1+ (-1) 2xox1f j-v,j+v+1;j+2 1z
D ———TG(-"T(+v+DFi 0.3
2n 2i

o j+1;1, )+, j—a+2, 2" o

i © (=D ()i v+ Djac(j + k+ 1) 272

. 512 <1
ko0 j=0 (+K!KIT(j —a+1) 2k

Summation

—-Z
Oger+sm(@+r+s,Q,1,9 YO+ 1)] ( ) =

<l/\ve€Z/\meN

)zi +
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Infinite summation

07.10.23.0001.01

1
cosh™* + —(log(l+2 —log(-z-1)|/;0<z<1Aw <1

iQn(Z)
n=0

1
Vw2 -2zw+1

N

Representations through more general functions

Through hypergeometric functions

Involving »F;

07.10.26.0001.01

= v+ Dk +1) [1—2)k _
2 - /s

Me

1 1-
Q,( == (E (log(1+2) —log(1-2)-w(v+ 1)) zFl(—v, v+1;1; TZ) +

<1/\veEZ

07.10.26.0002.01

ki

|
o

1-z

2

1 1-zy O (k+n!yk+1) K
Q,(2 = [—(Iog(1+z)—log(1—z))—¢/(n+ 1)) 2F1[—n, n+1; 1, —)+ [ ) /ineN
2 2 ) 43 k%(n-k! 2

07.10.26.0003.01

cos(mv)
Q@ = (

z+1
y(-v) —ncot(nrv) —log(l-2 +log(z+ 1) — — CSC(n' v)) 2F1(—v v+1; 1 T) -

<1/\ve§Z

z+1

© (- v+ k+1) z+1
COS(;TV)Z [ > )

07.10.26.0004.01

nk+mlyk+1) [ z+ 1)K
gty a

1 z+1
Q@=(-D" (5 (log(1+2) - log(1-2) +y(n+ 1)) zFl(—n, n+1; 1, T) -(-1 5

ko kZP(n-kK!

07.10.26.0005.01

2—v—2 22 v+l F(V + %) 2
Q@ = z-1)7 ————— - 1*"*"*(log(1 +2) - log(-z - 1)) zFl(—v, -v; =2 ] +
e rv+1 1-7
F(—v— % 2
(2rcot(rv) —log(—z— 1) + log(1 + z))zFl(v+ 1L,v+1,2v+2 —) liveZNze (-1, 1)
I'(-v) 1-z
07.10.26.0006.01
2"in! F(—n - %) 2
Q=——-———@1-2" ZFl(n +1L,n+1;2n+2 1—) +2" 1 (z— 1" (log(1 + 2) - log(-z— 1))
-z

T

>

2n-k! ( 2 K
k=0 k! (n— k)'2

) /ineN
z-1
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07.10.26.0011.01

cos( ) 13 +1) SZ)T(5) v
e e

Through Meijer G

Q@ =Vr

Classical casesfor thedirect function itself

07.10.26.0007.01
sn(ry) it TOTV+1-9T (-v—9y(l-9) (z-1\S
Qwo=-222 | () o
Y

271-2”' —i 00 F(l_s) 2
sin(rv) 121 v+1, —v
(log(1+2) - log(l-2) - 2y¥(v + 1)) GZIZ(T 0.0 ) iy>0Ay<-RemAy<Re(»)+1
07.10.26.0008.01
1 tan(rv) 12 2 1,1
Q2= 2(2— (log(-z-1) - log(1 + z))) Gz,z(; yal —v]
tan (r v) | D loa(l Gi2 2 1,1 ) 7
- (log(-z-1) - log(1 + 2) 2,2(;‘ —v,v+1)/’V$

Through other functions

I nvolving some hyper geometric-type functions

07.10.26.0009.01

Q@ =Q®
07.10.26.0010.01

1
Q2 =0%+ 5 (l0g(L+2) - log(-2- 1) P,(2

Involving spheroidal functions

07.10.26.0012.01

Q,@2 =050 2

Representations through equivalent functions

With related functions

07.10.27.0001.01

QV%(Z) QH%(Z) 1

P i@ P@ (v+l)P 1@P 1@
2 2 V_E v+§

History



http: //functions.wolfram.com

14

—D. Bernoulli (1748)
—A. M. Legendre (1782)
—E. Heine (1842)

—L. Schi&fli (1881)
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