
LegendreQGeneral

Notations

Traditional name

Legendre function of the second kind 

Traditional notation

QΝHzL
Mathematica StandardForm notation

LegendreQ@Ν, zD

Primary definition
07.10.02.0001.01

QΝHzL � QΝ
0HzL

Specific values

Specialized values

For fixed Ν

07.10.03.0001.01

QΝH0L � -
Π3�2 tanI Π Ν

2
M

Ν GJ 1-Ν

2
N GI Ν

2
M

07.10.03.0002.01

QΝH1L � ¥�

07.10.03.0003.01

QΝH-1L � ¥�

For fixed z

07.10.03.0004.01

Q
-

1

2

HzL � K
z + 1

2
�; z Ï H1, ¥L

07.10.03.0005.01

Q 1

2

HzL � K
z + 1

2
- 2 E

z + 1

2
�; z Ï H1, ¥L



07.10.03.0006.01

Q0HzL �
1

2
 H logH1 + zL - logH1 - zLL

07.10.03.0007.01

Q1HzL �
z

2
HlogHz + 1L - logH1 - zLL - 1

07.10.03.0008.01

Q2HzL �
1

4
II3 z2 - 1M HlogHz + 1L - logH1 - zLL - 6 zM

07.10.03.0009.01

Q3HzL �
1

12
I8 - 30 z2 - 3 z I5 z2 - 3M HlogH1 - zL - logHz + 1LLM

07.10.03.0010.01

Q4HzL �
1

48
I-210 z3 + 110 z + 3 I35 z4 - 30 z2 + 3M HlogHz + 1L - logH1 - zLLM

07.10.03.0011.01

Q5HzL �
1

240
I-2 I945 z4 - 735 z2 + 64M - 15 z I63 z4 - 70 z2 + 15M HlogH1 - zL - logHz + 1LLM

07.10.03.0012.01

Q6HzL �
1

160
I5 I21 z2 I11 z4 - 15 z2 + 5M - 5M HlogHz + 1L - logH1 - zLL - 14 z I165 z4 - 170 z2 + 33MM

07.10.03.0013.01

Q7HzL �
1

1120
 I512 - 14 I55 I39 z2 - 50M z2 + 849M z2 - 35 z I429 z6 - 693 z4 + 315 z2 - 35M HlogH1 - zL - logHz + 1LLM

07.10.03.0014.01

Q8HzL �
1

8960
 I-450 450 z7 + 690 690 z5 - 294 910 z3 +

30 318 z + 35 I6435 z8 - 12 012 z6 + 6930 z4 - 1260 z2 + 35M HlogHz + 1L - logH1 - zLLM
07.10.03.0015.01

Q9HzL �
1

80 640
 I-2 I165 I91 z2 I255 z4 - 455 z2 + 249M - 3867M z2 + 16 384M -

315 z I11 I13 z2 I85 z4 - 180 z2 + 126M - 420M z2 + 315M HlogH1 - zL - logHz + 1LLM
07.10.03.0016.01

Q10HzL �
1

161 280
 I315 I11 z2 I13 I323 z6 - 765 z4 + 630 z2 - 210M z2 + 315M - 63M HlogHz + 1L - logH1 - zLL -

22 z I39 I7 z2 I4845 z4 - 9860 z2 + 6594M - 11 220M z2 + 27 985MM
07.10.03.0017.01

QnHzL �
1

2
HHlogH1 + zL - logH1 - zLLL PnHzL + â

k=0

f n-1

2
v

2 n - 4 k - 1

H2 k + 1L Hn - kL  Pn-2 k-1HzL �; n Î N

07.10.03.0018.01

QnHzL �
1

2
 HlogH1 + zL - logH1 - zLL - ΨHn + 1L â

k=0

n I-nLk Hn + 1Lk

k !2

1 - z

2

k

+ â
k=0

n Hk + nL ! ΨHk + 1L
k !2 Hn - kL !

 
z - 1

2

k �; n Î N
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07.10.03.0019.01

QnHzL �
1

2
 HlogH1 + zL - logH1 - zLL - ΨHn + 1L PnHzL + â

k=0

n Hk + nL ! ΨHk + 1L
k !2 Hn - kL !

 
z - 1

2

k �; n Î N

07.10.03.0020.01

QnHzL � H-1Ln
1

2
 HlogH1 + zL - logH1 - zLL + ΨHn + 1L â

k=0

n H-nLk Hn + 1Lk

k !2

z + 1

2

k

- H-1Ln â
k=0

n Hk + nL ! ΨHk + 1L
k !2 Hn - kL !

-
z + 1

2

k �; n Î N

07.10.03.0021.01

QnHzL � 2-n-1 Hz + 1Ln â
k=0

n H-nLk
2

k !2
 HlogH1 + zL - logH1 - zL - 2 ΨHn - k + 1L + 2 ΨHk + 1LL 

z - 1

z + 1

k �; n Î N

07.10.03.0022.01

Q-nHzL � ¥� �; n Î N+

General characteristics

Domain and analyticity

QΝHzL is an analytical function of Ν and z which is defined over C2.

07.10.04.0001.01HΝ * zL �QΝHzL � HC Ä CL �C

Symmetries and periodicities

Mirror symmetry

07.10.04.0002.01

QΝ Hz�L � QΝHzL �; z Ï H-¥, -1L ì z Ï H1, ¥L
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed Ν, the function QΝHzL does not have poles and essential singularities.

07.10.04.0003.01

SingzIQΝHzLM � 8<
With respect to Ν

For fixed z, the function QΝHzL has an infinite set of singular points with respect to Ν:

a) the points Ν � - k �; k Î N+, are the simple poles with residues Pk-1HzL;
b) Ν � ¥�  is the point of convergence of poles, which is an essential singular point.
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07.10.04.0004.01

SingΝIQΝHzLM � 998-k, 1< �; k Î N+=, 8¥� , ¥<=
07.10.04.0005.01

resΝIQΝHzLM H-kL � Pk-1HzL �; k Î N+

Branch points

With respect to z

For fixed Ν, the function QΝHzL has three singular branch points: z � -1, z � 1 and z � ¥� .

07.10.04.0006.01

BPzIQΝHzLM � 8-1, 1, ¥� <
07.10.04.0007.01

RzIQΝHzL, -1M � log

07.10.04.0008.01

RzIQΝHzL, 1M � log

07.10.04.0009.01

RzIQΝHzL, ¥� M � log

With respect to Ν

For fixed z, the function QΝHzL does not have branch points.

07.10.04.0010.01

BPΝIQΝHzLM � 8<
Branch cuts

With respect to z

For fixed Ν, the function QΝHzL is a single-valued function on the z-plane cut along the intervals H-¥, -1L and H1, ¥L. The

function QΝHzL is continuous from above on the interval H-¥, -1D and from below on the interval @1, ¥L.
07.10.04.0011.01

BCzIQΝHzLM � 88H-¥, -1L, -ä<, 8H1, ¥L, ä<<
07.10.04.0012.01

lim
Ε®+0

QΝHx + ä ΕL � QΝHxL �; x < -1

07.10.04.0013.01

lim
Ε®+0

QΝHx - ä ΕL � -2 ä Π cosHΠ ΝL PΝH-xL + ä Π PΝHxL + QΝHxL + 2 ä QΝH-xL sinHΠ ΝL �; x < -1

07.10.04.0014.01

lim
Ε®+0

QΝHx + ä ΕL � QΝHxL + ä Π PΝHxL �; x > 1

07.10.04.0015.01

lim
Ε®+0

QΝHx - ä ΕL � QΝHxL �; x > 1

With respect to Ν

http://functions.wolfram.com 4



For fixed z, the function QΝHzL does not have branch cuts.

07.10.04.0016.01

BCΝIQΝHzLM � 8<
Series representations

Generalized power series

Expansions at z � 0

07.10.06.0001.01

QΝHzL �

sinHΠ ΝL ΨHΝ + 1L
2 Π3�2 â

j=0

¥ H-1L j 2 j

j !
 G 

j - Ν

2
G

j + Ν + 1

2
 z j + â

j=0

¥ H-ΝL j HΝ + 1L j

j !
 â
k=0

¥ H-1L j H j - ΝLk H j + Ν + 1Lk  ΨH j + k + 1L z j

H j + kL ! k ! 2 j+k
+

â
m=0

¥ J 1

2
N
m

H1Lm

m! J 3

2
N
m

 â
j=0

¥ H-ΝL j HΝ + 1L j

j !
â
k=0

¥ H-1L j H j - ΝLk H j + Ν + 1Lk

H j + kL ! k ! 2 j+k
 z j+2 m+1 �;  z¤ < 1

07.10.06.0002.01

QΝHzL � -ΨHΝ + 1L F
�

1 ´ 0 ´ 1
2 ´ 0 ´ 1 -Ν, Ν + 1;; 1;

1;; 1;
 
1

2
, -

z

2
-

sinHΠ ΝL z

2 Π
 â
j=0

¥ 1 + H-1L j

2 j
 GH j - ΝL GH j + Ν + 1L F

�
1 ´ 0 ´ 3
2 ´ 0 ´ 1 j - Ν, j + Ν + 1;; j + 2;

j + 1;; 1, j + 1, j + 2;
 
1

2
, -

z

2
 z j +

â
k=0

¥ â
j=0

¥ H-1L j  H-ΝL j+k HΝ + 1L j+k ΨH j + k + 1L z j

H j + kL ! k ! j ! 2 j+k
�;  z¤ < 1

07.10.06.0003.01

QΝHzL µ -
Π3�2 tanI Π Ν

2
M

Ν GJ 1

2
- Ν

2
N GI Ν

2
M +

sinHΠ ΝL
2 Π3�2  G

Ν + 1

2
-G -

Ν

2
- Ν G

1 - Ν

2
G

Ν

2
ΨHΝ + 1L + Ν HΝ + 1L â

k=0

¥ H1 - ΝLk HΝ + 2Lk ΨHk + 2L
Hk + 1L ! k ! 2k+1

 z + OIz2M �; Hz ® 0L
07.10.06.0004.01

QΝHzL µ -
Π3�2 tanI Π Ν

2
M

Ν GJ 1

2
- Ν

2
N GI Ν

2
M  H1 + OHzLL �; Hz ® 0L

Expansions at z � 1

07.10.06.0005.01

QΝHzL �
1

2
HlogH1 + zL - logH1 - zLL - ΨHΝ + 1L  1 +

Ν HΝ + 1L
2

Hz - 1L -
H1 - ΝL Ν HΝ + 1L HΝ + 2L

16
 Hz - 1L2 + ¼ -

ý +
Ν HΝ + 1L

2
H1 - ýL Hz - 1L -

H1 - ΝL Ν HΝ + 1L HΝ + 2L
16

3

2
- ý Hz - 1L2 + ¼ �; 1 - z

2
< 1 í Ν Ï Z
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07.10.06.0006.01

QΝHzL �
1

2
HlogH1 + zL - logH1 - zLL - ΨHΝ + 1L â

k=0

¥ H-ΝLk HΝ + 1Lk

k !2

1 - z

2

k

+ â
k=0

¥ H-ΝLk HΝ + 1Lk ΨHk + 1L
k !2

 
1 - z

2

k �;
1 - z

2
< 1 í Ν Ï Z

07.10.06.0007.01

QΝHzL �
1

2
HlogH1 + zL - logH1 - zLL - ΨHΝ + 1L 2F1 -Ν, Ν + 1; 1;

1 - z

2
+ â

k=0

¥ H-ΝLk HΝ + 1Lk ΨHk + 1L
k !2

 
1 - z

2

k �;
1 - z

2
< 1 í Ν Ï Z

07.10.06.0008.01

QΝHzL µ
1

2
HlogH2L - logH1 - zLL - ΨHΝ + 1L - ý H1 + OHz - 1LL �; Hz ® 1L ì Ν Ï Z

07.10.06.0009.01

QnHzL � â
k=0

n Hk + nL ! ΨHk + 1L
k !2 Hn - kL !

 
z - 1

2

k

+
1

2
 HlogH1 + zL - logH1 - zLL - ΨHn + 1L â

k=0

¥ I-nLk Hn + 1Lk

k !2

1 - z

2

k �; n Î N

07.10.06.0010.01

QnHzL �
1

2
HHlogH1 + zL - logH1 - zLLL PnHzL + â

k=0

f n-1

2
v

2 n - 4 k - 1

H2 k + 1L Hn - kL  Pn-2 k-1HzL �; n Î N

Expansions at z � -1

07.10.06.0011.01

QΝHzL �
cosHΠ ΝL

2
H2 ΨH-ΝL - Π cotHΠ ΝL - logH1 - zL + logH1 + zLL -

Π

2
 cscHΠ ΝL

1 -
Ν H1 + ΝL

2
Hz + 1L -

H1 - ΝL Ν H1 + ΝL H2 + ΝL
16

Hz + 1L2 + ¼ -

cosHΠ ΝL -ý -
Ν H1 + ΝL

2
 H1 - ýL Hz + 1L -

H1 - ΝL Ν H1 + ΝL H2 + ΝL
16

3

2
- ý Hz + 1L2 + ¼ �; z + 1

2
< 1 í Ν Ï Z

07.10.06.0012.01

QΝHzL �
cosHΠ ΝL

2
 H2 ΨH-ΝL - Π cotHΠ ΝL - logH1 - zL + logH1 + zLL -

Π

2
 cscHΠ ΝL â

k=0

¥ H-ΝLk HΝ + 1Lk

k !2
 

z + 1

2

k

-

cosHΠ ΝL â
k=0

¥ H-ΝLk HΝ + 1Lk ΨHk + 1L
k !2

 
z + 1

2

k �; z + 1

2
< 1 í Ν Ï Z

07.10.06.0013.01

QΝHzL µ
1

2
HcosHΠ ΝL logHz + 1L - Π cscHΠ ΝL + cosHΠ ΝL H-Π cotHΠ ΝL - logH2L + 2 ΨH-ΝL + 2 ýLL H1 + OHz + 1LL �; Hz ® -1L ì Ν Ï Z

07.10.06.0014.01

QnHzL � H-1Ln
1

2
 H logH1 + zL - logH1 - zLL + ΨHn + 1L â

k=0

n H-nLk Hn + 1Lk

k !2

z + 1

2

k

- H-1Ln â
k=0

n Hk + nL ! ΨHk + 1L
k !2 Hn - kL !

-
z + 1

2

k �; n Î N
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07.10.06.0015.01

QnHzL µ H-1Ln
1

2
HlogHz + 1L - logH2LL + ΨHn + 1L + ý H1 + OHz + 1LL �; Hz ® -1L ß n Î N

Expansions at z � ¥

07.10.06.0016.01

QΝHzL �
2-Ν-2

Π
Hz - 1L-Ν-1

22 Ν+1 GJΝ + 1

2
N

GHΝ + 1L  Hz - 1L2 Ν+1 HlogH1 + zL - logH-z - 1LL 1 -
Ν

1 - z
-

H1 - ΝL2 Ν

H1 - 2 ΝL H1 - zL2
+ ¼ +

GJ-Ν - 1

2
N

GH-ΝL H2 Π cotHΠ ΝL - logH-z - 1L + logH1 + zLL 1 +
1 + Ν

1 - z
+

H1 + ΝL H2 + ΝL2

H3 + 2 ΝL H1 - zL2
+ ¼ �;  1 - z¤ > 2 ì Ν Ï Z

07.10.06.0017.01

QΝHzL �
2-Ν-2

Π
Hz - 1L-Ν-1

22 Ν+1 GJΝ + 1

2
N

GHΝ + 1L  Hz - 1L2 Ν+1 HlogH1 + zL - logH-z - 1LL â
k=0

¥ H-ΝLk
2

k ! H-2 ΝLk

2

1 - z

k

+

GJ-Ν - 1

2
N

GH-ΝL  H2 Π cotHΠ ΝL - logH-z - 1L + logH1 + zLL â
k=0

¥ HΝ + 1Lk
2

k ! H2 Ν + 2Lk

 
2

1 - z

k �;  1 - z¤ > 2 ì Ν Ï Z

07.10.06.0018.01

QΝHzL �
2-Ν-2

Π
 Hz - 1L-Ν-1

22 Ν+1 GJΝ + 1

2
N

GHΝ + 1L  HlogH1 + zL - logH-z - 1LL Hz - 1L2 Ν+1 2F1 -Ν, -Ν; -2 Ν;
2

1 - z
+

GJ-Ν - 1

2
N

GH-ΝL H2 Π cotHΠ ΝL - logH-z - 1L + logH1 + zLL 2F1 Ν + 1, Ν + 1; 2 Ν + 2;
2

1 - z
�; z Ï H-1, 1L ì Ν Ï Z

07.10.06.0019.01

QΝHzL µ
2-Ν-2

Π
 

22 Ν+1 GJΝ + 1

2
N

GHΝ + 1L zΝHlogH1 + zL - logH-z - 1LL 1 + O
1

z
+

GJ-Ν - 1

2
N

GH-ΝL  z-Ν-1 H2 Π cotHΠ ΝL - logH-z - 1L + logH1 + zLL 1 + O
1

z
�; H z¤ ® ¥L ì Ν Ï Z

07.10.06.0020.01

QnHzL �
H-1Ln-1 2n n!2

H2 n + 1L !
 H1 - zL-n-1 â

k=0

¥ Hn + 1Lk
2

k ! H2 n + 2Lk

 
2

1 - z

k

+

2-n-1 Hz - 1Ln HlogH1 + zL - logH-z - 1LL â
k=0

n H2 n - kL !

k ! Hn - kL !2

2

z - 1

k �; n Î N

07.10.06.0021.01

QnHzL µ
H-1Ln-1 2n n!2

H2 n + 1L !
 H-zL-n-1 1 + O

1

z
+

2-n-1 H2 nL !

n!2
zn HlogH1 + zL - logH-z - 1LL 1 + O

1

z
�; H z¤ ® ¥L ß n Î N
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Integral representations

On the real axis

Of the direct function

07.10.07.0001.01

QnHxL �
1

2n+1 n!
 à

-1

1 1

x - t
 
¶n It2 - 1Mn

¶ tn
 â t �; n Î N

07.10.07.0002.01

QΝHzL � à
0

¥

z + z2 - 1 coshHtL -Ν-1

 â t +
1

2
HlogHz + 1L - logH-z - 1LL PΝHzL �; ReHzL > 1 ß ReHΝL > -1

07.10.07.0003.01

QnHxL � -
1

2
P à

-1

1 PnHtL
t - x

 â t �; -1 < x < 1 ß n Î N

Integral representations of negative integer order

07.10.07.0004.01

QnK z

r
O �

H-1Ln rn+1

n!
 
¶n logHr+zL-logHr-zL

2 r

¶zn
�; r � x2 + y2 + z2 í n Î N

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

07.10.13.0001.01I1 - z2M w¢¢HzL - 2 z w¢HzL + HΝ + 1L Ν wHzL � 0 �; wHzL � c1 PΝHzL + c2 QΝHzL
07.10.13.0002.02

WzIPΝHzL, QΝHzLM �
1

1 - z2

07.10.13.0003.01

g¢HzL w¢¢HzL -
2 gHzL g¢HzL2

1 - gHzL2
+ g¢¢HzL w¢HzL +

Ν HΝ + 1L g¢HzL3

1 - gHzL2
 wHzL � 0 �; wHzL � c1 PΝHgHzLL + c2 QΝHgHzLL

07.10.13.0004.01

WzIPΝHgHzLL, QΝHgHzLLM �
g¢HzL

1 - gHzL2

http://functions.wolfram.com 8



07.10.13.0005.01

g¢HzL hHzL2 w¢¢HzL -
2 gHzL g¢HzL2

1 - gHzL2
+ g¢¢HzL hHzL2 + 2 g¢HzL h¢HzL hHzL w¢HzL +

Ν HΝ + 1L hHzL2 g¢HzL3

1 - gHzL2
+ 2 h¢HzL2 g¢HzL + hHzL h¢HzL 2 gHzL g¢HzL2

1 - gHzL2
+ g¢¢HzL - g¢HzL h¢¢HzL  wHzL �

0 �; wHzL � c1 hHzL PΝHgHzLL + c2 hHzL QΝHgHzLL
07.10.13.0006.01

WzIhHzL PΝHgHzLL, hHzL QΝHgHzLLM �
hHzL2 g¢HzL
1 - gHzL2

07.10.13.0007.01

z2 w¢¢HzL - z 2 s +
r Ia2 z2 r + 1M

1 - a2 z2 r
- 1 w¢HzL + -

a2 Ν HΝ + 1L r2 Ia2 z2 r - 1M z2 r

I1 - a2 z2 rM2
+ s2 +

r s Ia2 z2 r + 1M
1 - a2 z2 r

wHzL � 0 �;
wHzL � c1 zs PΝHa zrL + c2 zs QΝHa zrL

07.10.13.0008.01

WzIzs PΝHa zrL, zs QΝHa zrLM �
a r zr+2 s-1

1 - a2 z2 r

07.10.13.0009.01

w¢¢HzL -
a2 HlogHrL - 2 logHsLL r2 z + logHrL + 2 logHsL

1 - a2 r2 z
 w¢HzL +

a2 Ν HΝ + 1L log2HrL r2 z

1 - a2 r2 z
+ log2HsL +

Ia2 r2 z + 1M logHrL logHsL
1 - a2 r2 z

wHzL �

0 �; wHzL � c1 sz PΝHa rzL + c2 sz QΝHa rzL
07.10.13.0010.01

WzIsz PΝHa rzL, sz QΝHa rzLM �
a rz s2 z logHrL

1 - a2 r2 z

Identities

Recurrence identities

Consecutive neighbors

07.10.17.0001.01

QΝHzL �
H2 Ν + 3L z

Ν + 1
QΝ+1HzL -

Ν + 2

Ν + 1
QΝ+2HzL

07.10.17.0002.01

QΝHzL �
H2 Ν - 1L z

Ν
QΝ-1HzL -

Ν - 1

Ν
 QΝ-2HzL

Distant neighbors

http://functions.wolfram.com 9



07.10.17.0005.01

QΝHzL � CnHΝ, zL QΝ+nHzL -
n + Ν + 1

n + Ν
 Cn-1HΝ, zL QΝ+n+1HzL �;

C0HΝ, zL � 1 í C1HΝ, zL �
H2 Ν + 3L z

Ν + 1
í CnHΝ, zL �

z H2 n + 2 Ν + 1L
n + Ν

Cn-1HΝ, zL -
n + Ν

n + Ν - 1
 Cn-2HΝ, zL í n Î N+

07.10.17.0006.01

QΝHzL � CnHΝ, zL QΝ-nHzL +
n - Ν

Ν - n + 1
Cn-1HΝ, zL QΝ-n-1HzL �;

C0HΝ, zL � 1 í C1HΝ, zL �
H2 Ν - 1L z

Ν
í CnHΝ, zL �

z H2 n - 2 Ν - 1L
n - Ν - 1

 Cn-1HΝ, zL -
Ν - n + 1

Ν - n + 2
 Cn-2HΝ, zL í n Î N+

Functional identities

Relations between contiguous functions

07.10.17.0003.01

Ν QΝ-1HzL + HΝ + 1L QΝ+1HzL � H2 Ν + 1L z QΝHzL
07.10.17.0004.01

QΝHzL �
1

H2 Ν + 1L z
 IΝ QΝ-1HzL + HΝ + 1L QΝ+1HzLM

Differentiation

Low-order differentiation

With respect to Ν

07.10.20.0001.01

¶QΝHzL
¶Ν

� Π cotHΠ ΝL QΝHzL - ΨH1LHΝ + 1L PΝHzL + â
k=0

¥ H-ΝLk HΝ + 1Lk

k !2

1

2
HlogH1 + zL - logH1 - zLL + ΨHk + 1L - ΨHΝ + 1L HΨHk + Ν + 1L - ΨHk - ΝLL 1 - z

2

k �; 1 - z

2
< 1 í Ν Ï Z

07.10.20.0002.01

¶2 QΝHzL
¶Ν2

� -Π2 QΝHzL - I2 Π cotHΠ ΝL ΨH1LHΝ + 1L + ΨH2LHΝ + 1LM PΝHzL +

â
k=0

¥ H-ΝLk HΝ + 1Lk

k !2
 Π cotHΠ ΝL HΨHk + Ν + 1L - ΨHk - ΝLL 1

2
 H logH1 + zL - logH1 - zLL + ΨHk + 1L - ΨHΝ + 1L +

HΨHk + Ν + 1L - ΨHk - ΝLL HΨHk + Ν + 1L - ΨHΝ + 1LL 1

2
HlogH1 + zL - logH1 - zLL + ΨHk + 1L - ΨHΝ + 1L +

IΨH1LHk - ΝL + ΨH1LHk + Ν + 1LM 1

2
HlogH1 + zL - logH1 - zLL + ΨHk + 1L - ΨHΝ + 1L +

1

2
HΨHk - ΝL - ΨH-ΝLL HlogH1 + zL - logH1 - zL + 2 ΨHk + 1L - 2 ΨHΝ + 1LL HΨHk - ΝL - ΨHk + Ν + 1LL +

2 HΨHk - ΝL - ΨHk + Ν + 1LL ΨH1LHΝ + 1L 1 - z

2

k �; 1 - z

2
< 1 í Ν Ï Z

http://functions.wolfram.com 10



With respect to z

07.10.20.0003.01

¶QΝHzL
¶z

�
Ν

z2 - 1
 Iz QΝHzL - QΝ-1HzLM

07.10.20.0004.01

¶2 QΝHzL
¶z2

�
Ν

Iz2 - 1M2
 I2 z QΝ-1HzL + IHΝ - 1L z2 - Ν - 1M QΝHzLM

Symbolic differentiation 

With respect to Ν

07.10.20.0005.01

¶m QΝHzL
¶Νm

� â
k=0

¥ 1

k !2
 

1

2
HlogH1 + zL - logH1 - zLL + ΨHk + 1L  â

j=0

m m

j

¶ j H-ΝLk

¶Ν j

¶m- j HΝ + 1Lk

¶Νm- j
-

â
q=0

m â
r=0

m â
s=0

m ¶q H-ΝLk

¶Νq

¶r HΝ + 1Lk

¶Νr
∆q+r+s-m Hq + r + s; q, r, sL ΨHsLHΝ + 1L 1 - z

2

k �; 1 - z

2
< 1 í Ν Ï Z í m Î N

07.10.20.0007.01

¶m QΝHzL
¶zm

�
I1 - z2M-

m

2 GHm + Ν + 1L
GH1 - m + ΝL  QΝ

-mHzL �; m Î N

With respect to z

07.10.20.0008.01

¶m QΝHzL
¶zm

� H-1Lm I1 - z2M-
m

2 QΝ
mHzL �; m Î N

07.10.20.0009.01

¶m QΝHzL
¶zm

�
GHΝ + m + 1L
GHΝ - m + 1L I1 - z2M-

m

2 QΝ
-mHzL �; m Î N

Fractional integro-differentiation

With respect to z

07.10.20.0006.01

¶Α QΝHzL
¶zΑ

� -ΨHΝ + 1L z-Α F
�

1 ´ 0 ´ 1
2 ´ 0 ´ 1 -Ν, Ν + 1;; 1;

1;; 1 - Α;
 
1

2
, -

z

2
-

z1-Α sinHΠ ΝL
2 Π

 â
j=0

¥ 1 + H-1L j

2 j
 GH j - ΝL GH j + Ν + 1L F

�
1 ´ 0 ´ 3
2 ´ 0 ´ 1 j - Ν, j + Ν + 1;; j + 2;

j + 1;; 1, j + 1, j - Α + 2;
 
1

2
, -

z

2
 z j +

â
k=0

¥ â
j=0

¥ H-1L j  H-ΝL j+k HΝ + 1L j+k ΨH j + k + 1L z j-Α

H j + kL ! k ! GH j - Α + 1L 2 j+k
�;  z¤ < 1

Summation
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Infinite summation

07.10.23.0001.01

â
n=0

¥

QnHzL wn �
1

w2 - 2 z w + 1

 cosh-1
w - z

z2 - 1

+
1

2
HlogH1 + zL - logH-z - 1LL �; 0 < z < 1 ß  w¤ < 1

Representations through more general functions

Through hypergeometric functions

Involving 2F1

07.10.26.0001.01

QΝHzL �
1

2
HlogH1 + zL - logH1 - zLL - ΨHΝ + 1L  2F1 -Ν, Ν + 1; 1;

1 - z

2
+ â

k=0

¥ H-ΝLk HΝ + 1Lk ΨHk + 1L
k !2

1 - z

2

k �;
1 - z

2
< 1 í Ν Ï Z

07.10.26.0002.01

QnHzL �
1

2
HlogH1 + zL - logH1 - zLL - ΨHn + 1L  2F1 -n, n + 1; 1;

1 - z

2
+ â

k=0

n Hk + nL ! ΨHk + 1L
k !2 Hn - kL !

 
z - 1

2

k �; n Î N

07.10.26.0003.01

QΝHzL �
cosHΠ ΝL

2
H2 ΨH-ΝL - Π cotHΠ ΝL - logH1 - zL + logHz + 1LL -

Π

2
cscHΠ ΝL 2F1 -Ν, Ν + 1; 1;

z + 1

2
-

cosHΠ ΝL â
k=0

¥ H-ΝLk HΝ + 1Lk ΨHk + 1L
k !2

 
z + 1

2

k �; z + 1

2
< 1 í Ν Ï Z

07.10.26.0004.01

QnHzL � H-1Ln
1

2
HlogH1 + zL - logH1 - zLL + ΨHn + 1L 2F1 -n, n + 1; 1;

z + 1

2
- H-1Ln â

k=0

n Hk + nL ! ΨHk + 1L
k !2 Hn - kL !

 -
z + 1

2

k �; z Î N

07.10.26.0005.01

QΝHzL �
2-Ν-2

Π
 Hz - 1L-Ν-1

22 Ν+1 GJΝ + 1

2
N

GHΝ + 1L  Hz - 1L2 Ν+1 HlogH1 + zL - logH-z - 1LL 2F1 -Ν, -Ν; -2 Ν;
2

1 - z
+

GJ-Ν - 1

2
N

GH-ΝL  H2 Π cotHΠ ΝL - logH-z - 1L + logH1 + zLL 2F1 Ν + 1, Ν + 1; 2 Ν + 2;
2

1 - z
�; Ν Ï Z ì z Ï H-1, 1L

07.10.26.0006.01

QnHzL �
2-n-1 n! GJ-n - 1

2
N

Π
 H1 - zL-n-1 2F1 n + 1, n + 1; 2 n + 2;

2

1 - z
+ 2-n-1 Hz - 1Ln HlogH1 + zL - logH-z - 1LL

â
k=0

n H2 n - kL !

k ! Hn - kL !2
 

2

z - 1

k �; n Î N

http://functions.wolfram.com 12



07.10.26.0011.01

QΝHzL � Π
cosI Π Ν

2
M GI Ν

2
+ 1M

GJ Ν+1

2
N z 2F1

1 - Ν

2
,

Ν

2
+ 1;

3

2
; z2 -

sinI Π Ν

2
M GJ Ν+1

2
N

2 GI Ν

2
+ 1M 2F1 -

Ν

2
,

Ν + 1

2
;

1

2
; z2

Through Meijer G

Classical cases for the direct function itself

07.10.26.0007.01

QΝHzL � -
sin HΠ ΝL

2 Π2 ä
 à

Γ-ä ¥

ä ¥+Γ G HsL G HΝ + 1 - sL G H-Ν - sL ΨH1 - sL
G H1 - sL  

z - 1

2

-s

 â s -

sin HΠ ΝL
2 Π

 HlogH1 + zL - logH1 - zL - 2 ΨHΝ + 1LL G2,2
1,2

z - 1

2

Ν + 1, -Ν

0, 0
�; Γ > 0 ì Γ < -Re HΝL ì Γ < Re HΝL + 1

07.10.26.0008.01

QΝHzL �
1

4
2 -

tan HΠ ΝL
Π

HlogH-z - 1L - logH1 + zLL G2,2
1,2

2

z - 1

1, 1

Ν + 1, -Ν
+

tan HΠ ΝL
4 Π

 HlogH-z - 1L - logH1 + zLL G2,2
1,2

2

z - 1

1, 1

-Ν, Ν + 1
�; Ν Ï Z

Through other functions

Involving some hypergeometric-type functions

07.10.26.0009.01

QΝHzL � QΝ
0HzL

07.10.26.0010.01

QΝHzL � QΝ
0HzL +

1

2
HlogH1 + zL - logH-z - 1LL PΝHzL

Involving spheroidal functions

07.10.26.0012.01

QΝHzL � QSΝ,0H0, zL
Representations through equivalent functions

With related functions

07.10.27.0001.01

Q
Ν-

1

2

HzL
P

Ν-
1

2

HzL -

Q
Ν+

1

2

HzL
P

Ν+
1

2

HzL �
1

JΝ + 1

2
N P

Ν-
1

2

HzL P
Ν+

1

2

HzL

History
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– D. Bernoulli (1748)

– A. M. Legendre (1782)

– E. Heine (1842)

– L. Schläfli (1881)
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