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Notations

Traditional name

Generalized Laguerre function

Traditional notation

L}(2

Mathematica StandardForm notation

LaguerrelL[v, A, Z]

Primary definition

07.03.02.0001.01

rv+A+1) _
L@ = ————Fi(-v1+ 1,2
rv+1

Specific values

Specialized values

For fixed v, A

07.03.03.0001.01

L v+)L)
Lo=("7

For fixed v, z

07.03.03.0002.01
0
192 = L,@
07.03.03.0003.01

1 (=1)"
Ln?(2) = —— HZH(E) sineN
22"t

07.03.03.0004.01

L (-1
LA(2) = H2 n+1(\/7) ineN

2mlnia/z
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07.03.03.0005.01
vL,1(@d-(v-2L,(2

z

07.03.03.0006.01
A

a.
LA = [1>< - —] L,(2/; A eN*
0z

07.03.03.0007.01

A 9 '
L2 = [— 5] L@ /; A eN*

07.03.03.0008.01
L' "@=&/;neN*

For fixed A, z
07.03.03.0009.01
L@ =1

07.03.03.0010.01

b
Li(@=-z+1+1
07.03.03.0011.01

1
Ly(2) == 5(22—22(2+/\) +22+31+2)

07.03.03.0012.01
1
L3 = 6(—z3+3()(+3)22—3()L2+5/\+6)z+/\3+6/\2+11)t+6)

07.03.03.0013.01
L)@ = %(Z“—4()L+4)ZS+6()L2 +7A+12)Z - 403 +922+ 261 +24) 2+ 2* + 1023 + 3517 + 501 + 24)
07.03.03.0014.01
Ly(2) = Elo (-2+5A+5 7' -10(A* +91+20) 2 + 10(A*+ 124% + 471 + 60) Z —
5(A%+ 1423 + 7122+ 1541 + 120) z+ A% + 151% + 8513 + 22512 + 274 1 + 120)

07.03.03.0015.01
A
LG(Z) ==

1
%(26—6(A+6)25+ 15(A%+ 111+ 30) 2 = 20 (A% + 1542 + 741 + 120) 2 + 15 (A% + 1813 + 11912 + 342 + 360) Z —

6(1%+201% + 15523 + 58012 + 1044 A + 720) -+ A® + 21 1% + 1751* + 73513 + 1624 1% + 17641 + 720)
07.03.03.0016.01
1
L%(Z) = —
5040
(-7 +7A+71-21(A*+ 131+ 42) 2 + 35(2% + 184% + 1071 + 210) Z' - 35(A* + 221° + 1791° + 6381 + 840) Z° +

21(A%+ 251" + 24523 + 11751 + 27541 + 2520) 22 — 7(A° + 27 2° + 295 1% + 166513 + 5104 A2 + 8028 A + 5040) z+
A7 +281°%+3221° + 19601 + 6769 1° + 131321 + 13068 A + 5040)
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07.03.03.0017.01

1
Ly(@ = M(zg—S(/l+8) 7' +28(1%+ 151 +56) 22 — 56 (A% + 211% + 146 1 + 336) 2 +

70 (A% + 2613 + 25102 + 1066 A + 1680) Z* — 56 (1% + 301* + 35513 + 2070 A2 + 5944 A + 6720) 2 +
28(A°+331° + 4452 + 31351° + 12154 A% + 24552 1 + 20160) Z —

8(A7+351°+ 51125 + 40251* + 1842413 + 48860 1% + 69264 A + 40320) 2+ A% +

3617 +5461° + 4536 1° + 22449 1* + 67284 1% + 118124 1% + 109584 A + 40320)

07.03.03.0018.01

Ls(@ = (-2+9(M+9 72 -36(1%+171+72)Z" +84(A%+241% + 1911 + 504) 2 —

362880
126(1* + 3043 + 33512 + 1650 A + 3024) 2 + 126 (1° + 351% + 48513 + 332512 + 112741 + 15120) 7' -
84(1°+392° + 6251% + 52651° + 24574 1% + 60216 A + 60480) Z° +
36(A7 +422° + 7422° + 7140 1% + 4036913 + 1339381° + 2411281 + 181440) 7 —
9(A® +4417 +8261° + 8624 1° + 546491 + 214676 1% + 509004 A% + 663696 A + 362880) z+ A° +
4518 + 87017 +94501° + 63273 1° + 269325 1" + 723680 1° + 1172700A% + 1026576 A + 362880)

07.03.03.0019.01
Lio@ = _ (Z°-10(0+10)2 +45(A% + 191 + 90) 22 — 120 (A% + 2727 + 2421 + 720) 2’ +
3628800
210 (A% + 3423 + 43122 + 2414 1 + 5040) 2° — 252 (A° + 40A* + 63513 + 5000 A% + 19524 A + 30240) Z° +
210(A° +451° + 8351% + 81751 + 44524 1% + 127860 A + 151200) Z* -
120 (A7 +492° + 10152° + 11515 1% + 7722413 + 305956 1% + 662640 A + 604800) 2 +
45(2% + 5217 + 11621° + 14560 1° + 111769 1* + 537628 1% + 1580508 A° + 2592720 A + 1814400) Z —
10(A°+5418 + 126617 + 16884 1° + 1408891° + 761166 1* + 2655764 A% + 5753736 1% + 6999840 A + 3628800)
z+ A0 +551% +13201% + 1815017 + 157 7732° +
9020551° + 3416930 1* + 8409500 A% + 12753576 A% + 10628640 A + 3628800)

07.03.03.0020.01
TN+A+1) N (=) &

LM2) = sineN
" n! kgjr(kmu)k!

07.03.03.0021.01
L' @=0/;neN"

07.03.03.0022.01
A ~ /.
L' @=&/neN

General characteristics

Domain and analyticity

LAz isan analytical function of v, A, zwhich is defined in C3. For fixed v, A, it is an entire function of z. For

positive integer v, L}(2) degenerates to a polynomial in z.

07.03.04.0001.01
(Vxdx2)— L2 (CRCRTC)—C
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Symmetries and periodicities

Mirror symmetry
07.03.04.0002.01

L@ =L@

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v /; v ¢ N, A, the function L}(2) has only one singular point at z = &. Itisan essential singular point.

07.03.04.0003.01
Sing,(Ly(2) = ({, oo} ;v &N

For positive integer v, the function L(2) is polynomial and has pole of order v at z = .

07.03.04.0004.01
Sing,(L}(2) = {{&, v}} /; v € N¥

With respect to A

For fixed v, z, the function L%(2) has an infinite set of si ngular points:

ot

ToD D! 1F1(-v; -k-v+1;2) /; ke N,

a) A == —v -k /; ke N*, are the simple poles with residues
b) A == co isan essential singular point.

07.03.04.0005.01
Sing,(L}(@) = {{{-v -k 1} /; ke N*}, {&, oo}}

07.03.04.0006.01

(-t 3
res(Ly(@) (v -k = ————— 1F1(-vi -k—-v+ 1,2 ; ke N*
I'v+1) (k—1)!

With respect tov

For fixed A, z, the function L%(2) has an infinite set of singular points:

a) v==-1—Kk/; ke N*, arethe simple poles with residues O T FiA+kA+1 2/ keN*;

r(A-k-21) (k-1
b) v == & isan essential singular point.

07.03.04.0007.01
Sing (L3(2) = {{{-A -k, 1} /; ke N*}, {&, oo}}

07.03.04.0008.01
k-1
-1

res,(L}(2) (v —k) = Fidl+kAa+1 2/ keNt
Fd-k-2)(k=1)!
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Branch points
With respect to z

For fixed v, A, the function L%(2) does not have branch points.

07.03.04.0009.01
BPALYD) = {}

With respect to A

For fixed v, z, the function L%(2) does not have branch points.

07.03.04.0010.01
BP(Ly(2) = {}

With respect tov

For fixed A, z, the function L2 (2) does not have branch points.

07.03.04.0011.01
BP,(Ly(2) = {}

Branch cuts
With respect to z

The function L2(2) does not have branch cuts with respect to z.

07.03.04.0012.01
BCL}(2) = {}

With respect to A

The function L2(z) does not have branch cuts with respect to A.

07.03.04.0013.01
BC(L)(2) = {}

With respect tov

The function L2(2) does not have branch cuts with respect to v.

07.03.04.0014.01
BC,(L)@) ={}

Series representations

Generalized power series

Expansionsat generic point A == Ag
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For the function itself

07.03.06.0008.01

(-1 1 N onss (_1)i+n—SZS D ) (-1] 2
Lﬁ(Z)OC — (—n)sé_s(s-l-lo-‘rl)j 1+ A=29) + A=2)" +...|/;
n&SE sl S+Ao+1 2(s+ Ao+ 1)

A>A)AneN
07.03.06.0009.01
="z
Lh(@) +
n!
N n-s (_1)i+n-s ) ) j—1j
ZZ( : (- Stls(s+ Ao + 1) [1+ (A—Ao)+¥(R—A0)2+0((A—Ao>3)]/?neN
&OJ 1 S+Ao+1 2(S+/\0+1)2

07. 03 06.0010.01
1

zz

07.03.06.0011.01
LA2) o LA(Zo) (1 + O = Ag)) ; n e N

(-2

LA(2) =
j=1

Expansions at generic point z== 7,

For the function itself

07.03.06.0012.01

1
LA(2) o LA(zZp) = LY 1 (20) (- 20)+—L‘*2(20)(z 20+ ... [; (2~ %)

07.03.06.0013.01

1
L}@) o L} (20) - Ly 1 (20) (- zo)+—L“2(zo)<z 2)? +0((z- 20)°)

07.03.06.0014.01
o0 k

Ao DY k

L\ (2) "ZTL V(20 (2- 20)
k=0 X

07.03.06.0015.01

1k
L}@ =T +v+ 1)2%1&«%; k+A+1; 2) (2- 2)
k=0

(

07.03.06.0016.01
F(/1 +v+ 1) ~1x0x0

r(y+1) 1x0x0|

—Vin

A+l Z_ZO)

07.03.06.0017.01
LA(2) o« L) (1 + Oz~ 7))

Expansionsat z==0

For the function itself

Z( DSl (—k+ Dy (5+ 0+ D KA -29F fineN
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General case

07.03.06.0001.02
F(v+/1+1)[ 1 vz L-vvZ

L2 - -
rv+1) |\FA+1) T@A+2 2FQA+3)

—...]/; (z-0)

07.03.06.0018.01
Tv+A+1 1 z 1-v)vZ?
v ) [ v a-vv o 23)]

LY@ o« - -
rv+1) (FA+1) T@A+2 2TQA+3)

07.03.06.0002.01
T+A+1) & (V)&

LY@ =
( rv+1 él‘(k+/l+1)k!

07.03.06.0019.01

rA+v+1l _
L@ = ———1F1(-v; 1+ 12
T(v+1)

07.03.06.0003.02

A+1),
(1+0(2)
+1)

07.03.06.0020.01
TA+v+1) (Vi

m
rv+1 kZ;l“(k+)\+ k!

LY@ =Fu(z v, D) /; [[Fm(z, v, A) =

N I'm-v+DHTQA+v+1)sin(rv) 1
Ly (2 + "R, m=-v+1L,m+2 m+A+2 2 /\meN
a(m+ D! T(M+2A+2)

Summed form of the truncated series expansion.

Special cases

07.03.06.0004.01

n _1k
Lﬁ(z):z( ) (””‘)zk/;neN

o K! n-k

07.03.06.0005.01

(=n) (k+A+1)n_ b
L@ = Z ‘ “~ fnen

k=0

07.03.06.0021.01
A+1),

LA@) o« 1+0@)/;neN
Expansionsat z== oo

For the function itself
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Special cases

07.03.06.0022.01
(=2" n-n-12) M-1)n=n-2)A-n-2)
(1 + +

z 27

La(@) o

+...)/; (IZ > 0)AneN
n!

07.03.06.0023.01
-2" nn-12) OM-L)n=n-2)A-n-2) 1
(1+ + + (—]]/;neN
z 27

La(@) o
n!

07.03.06.0024.01

(=2" & (DR (=) (=n= Q) z¥
A - .
Ln(Z) == . k§:0 K /ineN

07.03.06.0025.01
n

1
ZFO(—n, -n-2;; ——) /ineN
z

A
Ln(z) ==
07.03.06.0026.01

1 1
LA o« — (-2)" (1 + o(—)) ineN
n! z

Asymptotic series expansions

07.03.06.0027.01

(-2 A+v) v A-vQA+vA-A2-V)Vv
LY « (1— + +...]—
rv+1) z 22
Snva) TA+v+1) 747 1e? A+ A+2+Y) A+ R+ A+A+M2+A2+V)
(l+ + = +...1/;(2 - o0)
n Z 2

07.03.06.0028.01

=2" (& DR (=) (A =w) ZK
LM2) « E o(z"Y)|-
»@ Tv+1) [ k! +0z )]

k=0

k!

SnvmTA+v+ 1)z 1 e? ( "+ D A+v+1) X
Ve

+ O(z‘”‘l)] /; (12 » o0)

k=0

07.03.06.0006.01
(-2 ( 1) snvm) (v +A+1)
270 -

Fol—v, —v—-4;;, ——
r(v+1

1
71 eZZFO(V +A+1,v+1;; —) /(12 > o)
z z

L}(2) o

T

07.03.06.0007.01

1
(-2 (1 + O(

1
L e (1 + O(—)) /; (17 = )
+1) z

L}(2)

1]] snvm T(v+A+1)
DT

Integral representations

On the real axis

Of thedirect function
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07.03.07.0001.01

A Sil’](v ﬂ) ! zt 4—v-1 v4+A .
LY2) == - — . 7 A-t)* dt/;Rev+A) > -1 ARe(v) <0
07.03.07.0002.01
A 00 A
L2 = z’iezf ett"2 JA(Z\/tz)dt /;Re(v+1)> -1
r(v+1) 0

Integral representations of negative integer order

Rodrigues-type formula.

07.03.07.0003.01
&7 P (Zn+)L (e—z)

L2 = S —
@ Z'n! iy

/ineN

Limit representations

07.03.09.0001.01

2z
L2 == lim Pf,)"b)(l— —)
b—oo b

Generating functions

07.03.11.0001.01

t
L@ = ([tn ]a-t)=1t exp(ﬁ)) /ineN

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

07.03.13.0005.01

—A- +1
W@ +A+1-DW@+vW2=0/,W2 =c, L} + cz(ez Gig(z 0/1_;) + Gig(—z (;/ —)L))
07.03.13.0006.01
v+1 A—y (=2t 2zl Snry) TA+v+1)
W, (LA(Z), GZ’O(—Z ) +e? GZ’O(Z )) = +
AR o, - 2% 0, - rv+1) 7r
07.03.13.0007.01
+1
W@ +A+1-DW@+vW2D =0/,W2 =¢, L} + ¢, Gig(—z g —)L) /i —v¢N*t

07.03.13.0008.01
v+ 1)) et (-2
0 -1 Trw+1)

Wz(Li‘(z), Gi;;’(—z

07.03.13.0001.01
ZW @2+ A+1-2W @ +vwW@2)=0/; W(2) ==, L‘}(z) +Uv,A+1,2/;ve”Z
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07.03.13.0002.02

TA+v+1Dsin(rv)
WAL} (2), U(=v, A+ 1, 2)) = efz'

T

07.03.13.0003.01
IW@+A+1-DW@+vyWD=0/,W2) =¢, L2@ + ¢, 2" 1Fi(—v-1,1-2,2 ;1 ¢ Z

07.03.13.0009.01
5 IF'A+v+21sin(rA)
WAL} (2), 24 1Fi(-A—v; 1-2; 2) = - etz
al(v+1)

07.03.13.0010.01
W@+ A+1-DW@+vyWD =0/,W2) =C, L2 + ¢,z 1F1i(-1-v; 1-2; 2 /\)L ¢z

07.03.13.0004.02

FrA+v+1)
WAL}@, Z4 1 Fi(-v-Q;1-4; 7)) = -——— " 7"
T)T+1)
07.03.13.0011.01
A+1) gz " (z (2
w’'(2) + (ﬂ -g@- : (( )))W(Z) + W(2) =0/, W2 = ¢; Ly(9(2) +U(-v, 1+ 1, 9(2)
g
07.03.13.0012.01
N ITF'A+v+21sin(ry) 1
W,(L}(9(@), U(=v, A + 1, 9(2)) = g@e? g™
/e

07.03.13.0013.01
A+bHg@ 2@ g”(Z))
—-d@- - W (2)
92 h Jg@

g’"@h'(2 h@g @ (-vh@g@+@Q@+DHh ()
—-W®@|- 2 w2 =0/
gz

h@22w’(2) + h(z)z(

(2 W (2?° + h(2) [g’(z) W (2) +

W(2) = ¢, h(2) L}(9(2) +ch(@ U(-v, 1 + 1, g(2)

07.03.13.0014.01

N T'A+v+21sin(ry) ) 1
W,(h(2 L}(9(2), h@ U(-v, 1 + 1, 9(2))) = h(2°d' @ " g™
Ve

07.03.13.0015.01
ZW' (2 +z(-2s+r(A-aZ)+ HW@+@rs+rvZ +sE-ANW2 =0/, W@ =c¢, ZLY@az) +c, 2U (v, A+ 1, aZ)

07.03.13.0016.01

arT(A+v+1)sin(nv)
W(ZLj@Z), ZU(-v, A+ 1,aZ)) = ! "7 a7 ge2s (g Mt
T

07.03.13.0017.01
wW’(2) — ((ar®=2) log(r) + 2log(s)) W (2) + (av log?(r) r? + log’(s) + (ar?— A) log(r) log(s)) w(z) = 0/;
w2 =g sL@ard) +c, fU(-v, A +1, ar?

07.03.13.0018.01

W Li@r), £ UG, L+ 1, ar)) = aTr(A+ v+ 1) log(r) sin(rv) €@ rZ(ar?)—*t 22

/e

Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations
07.03.16.0001.01

LA(-2) = cso(n (v + D)) Sin(vm) e 2L, 1(2)

07.03.16.0002.01
L~ =e?(-D'L),  ,@/; eZ

Addition formulas

07.03.16.0003.01

n
A-pu-1
L@ +2) = L@ L (Z)/;neN
k=0

07.03.16.0004.01

RGN CE A
LAz +20) = €& ZT

k=0

Lk"(z) /ineN

Multiple arguments

07.03.16.0005.01

LAz 2) = Z( :ii)i; 1-2z)"*Ly(@z) /ineN

k=0

Identities

Recurrence identities

Consecutive neighbors

With respect to v

07.03.17.0001.01

L /\+2V+3_ZLA @ L @
Z)-—= —M8M8M8M8M8M— Z) — Z
Y A+v+1 v A+v+1 e
07.03.17.0002.01
N A+2v-1-z | A+v-1
L@=———/L,@- L, »(2
With respect to A
07.03.17.0010.01
zZ+A+1 z
LX) = — M@ - ——— L1*(2)

A+v+1 A+v+1l
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07.03.17.0011.01

Z+A-1 A+v-1
L@=——L"@-——L7®
z z

Distant neighbors

With respect to v

07.03.17.0012.01
+1 A+2v+3-2
Coa, A, DL @ /i Colv, 4, D =1 \ €107, 4, 2 = — A\
+v+

n
LA(2) == Cn(v, 1, D) Ljsn(D) -
n+A+v
2n-z+A+2v+1 n+v
Chv, A, )= ———C.1(v, A, 2 — Cnoo(v, A, 2 /\ neN*
n+A+v n+A+v-1

07.03.17.0013.01
-N+2A+v A+2v-1-z
Cor L, DL @ iCor A, D=1\ C1v 4, 9 = ———— J\

L@ =Chv, A, 2L} (&) - ———
-n+v+1 v
A+2v-2n+1-2 A+v—-n+1
ChV,,) == —————— C.1(V, 4, ) = ——————— Cno(", A, 2) /\ neN*
v—-n+1 y—-n+2
With respect to A
07.03.17.0014.01
L}(2) = Cn(v, A, 2 L") - Co1i(v, X, 2 L™ (D) /;
A+v+n
Z+A+1 n+z+A z
Cov, L, 9=1/\Ci0n 1, 2 = J\Cav. 2, 2= Coa 4,2~ —————Cna, 1,2 \neN*
A+v+1 nN+A+vy n+A+v-1
07.03.17.0015.01
by A-n A+v-n A-n-1
Ly(@=Cn(v,4, 2,7 (2 - Coai A, L2/,
-n+A+v+1

+A-1 -N+z+2A
NG 4, 0= ———Cos(v, 1,2 - Coav, 4,2 [\nen*
z

z
Cov, 4, 2=1 \Cr0v, 1, 9 =
z

Functional identities

Relations between contiguous functions

Recurrence relations

07.03.17.0003.01

v+)L @+ v+ D)L @ =Qv-2z+2+ D) L@

07.03.17.0004.01
v+HL @+ v+ DL

L2 =
2v—z+A+1
07.03.17.0005.01
v+)L @ -z
L}(2) =

vV—-Z
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Normalized recurrence relation

07.03.17.0006.01
zpin,2=pin+1,2+nn+)pin-1,2+2n+A+1)pn 2/; p(h, 2 =(-1)"n! Lﬁ(z)/\neN

Additional relations between contiguous functions

07.03.17.0016.01
@=L @+l

07.03.17.0007.01

X E -1/ _ -1
LA = . (v+V) L@ - v+ D L)

Relations of special kind

07.03.17.0008.01

L,"(2) = Liim@ /s meN

“V)m
07.03.17.0009.01

1 = 2
W(2) == 3 (—1)”f h(Vtz )w(t)dt W@ =e 22712 /\ nenN
0

Complex characteristics

Real part

07.03.19.0001.01

HFENII
Re(LA(x+iy)= ). " s L2
=0 @jp!

/i xeRAyeRA2eRANeN

Imaginary part

07.03.19.0002.01

[n%lJ (=1)i-1y2i+1

Im(LAX+ i y)) = MMy sxeRAYyeRAAeRANEN
(La(x+iy)) J; e DA XeRAYeE € €
Differentiation

Low-order differentiation

With respect tov

07.03.20.0001.01
L@ a1 D ZTOFAED 1=y L,
> =Wv+A+D-yv+1) V(Z)—m 2x0x1(2,/1+2;;1_y; Z, Z)
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07.03.20.0002.01

LY T +A+1) & () d(k—v) 2
= (rcotvm) +Y(v+ A+ 1) LA(2) - Z
av v! o KIT(k+A+1)

07.03.20.0003.01

L@ Tv+1+1)
A 2 2,
— = L@ o +A+ D +2ncotvmy(v+A+ 1) —n® +y P+ A+ 1) + —
v v!

i (V) &
KIT(k+ A + 1)

k=0

With respect to A

07.03.20.0004.01
LA 2 zZIv+1+1)
=W +A+ D) -yA+ D) L@ + F3.5.%
A A+DTA+2 (W)

(l—v;l;l,/\+1; )
2,A+2;4+2;

07.03.20.0005.01

LY T +A+1) & (=) pk+A+1) &
=y(r+A+1 L2 -

EN (v +1) é KIT(k+A+1)

07.03.20.0006.01
FLy@

PR (WO + A+ D7+ Dy + 2+ D) L@ +

Tv+A+1) & (—v) &

r'v+1) ;k!r(k+h+ 1)

(Wk+ 2+ - 29+ A+ Dk + A+ 1) —yP(k+ 21 + 1)

07.03.20.0007.01
L 2€in(v x)

T+ Dyk=n v+ 1) +v! (k- V)2 = (71 COt(V 1) + W(=v) + 20(v + A + D) ek — v) + y P (k — v)))

8] Zk B
= - F(V+/1+1)SZE4F3(V+K+1,V+)L+1,V+K+1,V—|(+1;V+/1+2,V+/\+2,V+/\+2; 1 /;
k=0 K*

dA? n
ve&N

07.03.20.0008.01
82 Lﬁ(z) 1 (=n), 2

-

9A? n'iso

Z( itk g (-1 jk+A+DI?neN

With respect to z
Forward shift operator:

07.03.20.0009.01
L@

0z

—_ LHl(Z)

07.03.20.0010.01
PL@

=122
07 2

Backward shift operator:
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07.03.20.0011.01
LY

z +QA-2L@=0v+)L @
z

07.03.20.0012.01

d(e?2' L)) -1
— = v+De?Z2 @

Symbolic differentiation

With respect to v

07.03.20.0013.02
L2 m! i Z
HM TN ST+ !

M C(v+ A+ 1)k+l } j (_1)j+k yk-mtp p! élp)
> koFe1@ B, Ben A+ L L B+ L B + 5 D)

o (M=K)!

o0 (k—m+p)!
a==ap==..=2au =v+A+1AKkeN " AmeNA1eN

With respect to A

07.03.20.0014.02

A2 (~1)" 26 no(—n 2k | |
- + = i) (-m+ D, (k+A+ D" s meNANEN

gam n! n!gj k! ; S "
07.03.20.0015.02

M@ )™ Im Ry,
- Sln(vn)F(v+/\+ ™ Z rszM(al A, .8, VKt L ag+1 8 +1, ..., 8y + 1 1) /;

oAm bd

a1::a2::,_,::am+1::v+)t+l/\m€N/\V$N

With respect to z

07.03.20.0016.02
"Ly @)

"

=(D"L™A2 /;meN

07.03.20.0017.02
LY@ To+A+Dz™
= Fo(1, —v;1-mA+1,2/,meN

oz" rv+1

Fractional integro-differentiation

With respect to z

07.03.20.0018.01
FLN D Tew+A+Dz _
= Fo(l, —v;l-—a,A+1;2
Vel C(v+1)

Integration
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Indefinite integration

Involving only one direct function

07.03.21.0001.01

f Li@dz=-L"1@
Involving one direct function and elementary functions

Involving power function

07.03.21.0002.01
Tl A+v+1) |

fz‘”l LMcadz= Fot D JFo(—v, ;A +1,a+1¢c2)

07.03.21.0003.01
ZTv+A+1)
fz“*l LM@dz== ———————— F(-v, ;e +1,1+1,2
al(v+DTQA+1)
07.03.21.0004.01

PN 2IrQA+v+1)
fz L,(Ddz== 2725(—1/, v=1,1+1,v;2
vVe—=v

Involving exponential function

07.03.21.0005.01

o rv+a) _
fe Ly(ddz= - Fiv+ 244, -2
Tv+1)

Involving exponential function and a power function

07.03.21.0006.01
TA+v+1)Z & (v Tk+ea, p2)

fz‘"l e P LN Ddz=- Z
Fv+D(Pp2* (3 T(k+A+1)k! p*

07.03.21.0007.01

2T@Tv+A+1)
fZail@*CZLé(CZ)dZ:: HFov+A+1, @A+ 1 a+1; —c2)
rv+1)
07.03.21.0008.01
21TA+v+1)
fz‘ e @dz= ————— FiQA+v+ 1A+ 2, -2
rv+1)
07.03.21.0009.01
MTA+v) .
f M le M dz= — FiA+v;1+1, -2
Trv+1)

Definite integration

Involving the direct function
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Orthogonality:

07.03.21.0010.01

FA+n+1)0pm
f tt "Lﬁn(t)L(t)dt::7'/;Re()t)>—1/\neN/\meN
0 n!
Summation
Finite summation
07.03.23.0001.01
N (A= By Li@
Y ————=L@/neN

i n=Kk!

07.03.23.0002.01
n

(k pets 1) L (@=Lh@/ineN
k=0
07.03.23.0004.01
(n+t) Li@wWe (1 - w)"™ = LA\zw) /; ne N

=

=0

07.03.23.0005.01

ZLk(zo Ly @) =L @ +2) ;neN

Infinite summation

07.03.23.0003.01
0 Lk+/\(z) V\lk
Z =e"L}z-w) /;neN

k=0

07.03.23.0006.01

o

D L@w =A-w N tent /i w <1
n=0

07.03.23.0007.01

Z LA@W =" oF1G A+ 1, —zw) /; W] < 1
o A+ D

07.03.23.0008.01

> W

Z L@w =1 -w™ 1Fl(c; A+ 1 —) Jiwl <1

S+ 1), w-1
07.03.23.0009.01

© n!LAX) LA(Y) x

Zizz(xy)’ie%(s(x—y)/; Red)) > -1Ax>0Ay>0
o T(n+A+1)

Operations
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Limit operation

07.03.25.0001.01

1 (2
lim — LY —[=2'7 3,2
y—00 V)' 4V

07.03.25.0002.01

1 Z
lim — LY -—|[=2"27"1,(»
4y

V=00 V)’

07.03.25.0003.01

lim 22Tv+1)12 L’V‘(/\ V21 z )__ H,(2)

Orthogonality, completeness, and Fourier expansions

The set of functions Lj(x), n=0, 1, ..., forms a complete, orthogonal (with weight r(+;+1) x' e7¥) system on the

interval (0, o).

07.03.25.0004.01

) x n!
> X267z oo | | ——— y"2ez Ly
s F(n+7t+1) rn+A+1)

07.03.25.0005.01

00 m! ot n! ot
f — e || | ———— eI L)
0 'm+A+1) 'm+A+1)

=6(Xx-Y)/; ReQ)>-1Ax>0Ay>0

dt=6,m/; Re) > -1

Any sufficiently smooth function f(x) can be expanded in the system {Lﬁ%(x)}n=01 _as ageneralized Fourier series, with its

sum converging to f(x) almost everywhere.

07.03.25.0006.01

f ::°° ; t) f(t) dt X2 _EL?] “Re(\) > -1 0
(&Y nz:;cn%(x)/cn f%() ® /\wn(X) ,F(n+)t+l) e 2 LA /; Rel) > —L A X >

Representations through more general functions

Through hypergeometric functions

Involving 1F1

07.03.26.0001.01

Trv+A+1) _
L@ = ————1F1i(-%1+ 12
Tv+1

Involving 1F,



http: //functions.wolfram.com

19

07.03.26.0002.01

N A+1), .
L(Z ::r +1) 1Fl(—V;/\+1;Z)/;_/\$N
4

Through Meijer G

Classical casesfor thedirect function itself
07.03.26.0003.01
v+1

1,0
Ll@=TEv+1+1 lez(z 0 -2

)/;VQEZ

07.03.26.0006.01

v+l v 1
; 1221 2 2+h 3
L2+ (-2 = — 227 TA +v+ D sin(zv) Ggel =, —
P27 2]t 1 2 12
515 T
07.03.26.0007.01
H 12 z 1 %’ %’ 1
Li@ - L}(-2) = -2 Vr T +v+Dsin(y) Gg| =, =
Pl2 2|1 -2 A
501 -3 =
Classical casesinvolving exp
07.03.26.0004.01
1 -v—2A
L@ = —— Gl'l(z‘ )
ro+1 U1 0 -2
Classical casesinvolving exp and cosh
07.03.26.0008.01
-2 z 1 v+l T
e cosh(—) L*@=-TQA+v+1 Gi’g(z )+ ﬁ( ‘ A-v
2 2 2710 -0 2rv+1 U 0 -2
Classical casesinvolving exp and sinh
07.03.26.0009.01
-~ 1 v+1 1 A=y
e 2 sinh(—) LX@=-TQA+v+1) Gl,o(z )_ 1,1( ‘ )
2 2 2710, -a) 2rv+y U1 0 -2

Classical casesfor productsof LaguerrelL

07.03.26.0010.01
2ATA +v+1Dsin(y) 12[ v

4

L(-2Ly@ =- G4

Vi rv+1)

Classical casesinvolving exp and products of LaguerreL

v+1l -A-v ]
Ao1-a
01_51 T:_A

07.03.26.0011.01

e oLl =- G
A 1 F(—A _ V) 35

T
=~

24 \x T(=v)sin(rv) 1,2[22

Classical casesinvolving 1F1
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07.03.26.0012.01

N 2'TA+Dsin@xy) o Z| v+l -A-v
tFi-v A+ 1L -9y =~ G| - 7 11
T

07.03.26.0013.01

z
Fi(=v; A+ 1 -2 L2 @ = -2 Vx T+ sin(ry) Gé;é[z

Classical casesinvolving exp and F;

07.03.26.0014.01

Z
e FA+v+ 12+ L@ = -2 Vr T +1) sin(ry) Gyz 7

Classical casesinvolving 1F1

07.03.26.0015.01

Frv A+ L -2 L@ = -——— Gy}
T

2t sin(rv) 1’2[ 2

07.03.26.0016.01

Z

Fi(-v 1+ 1 -2 L@ = -2V sin(rv) Gys

Classical casesinvolving exp and 1F;

07.038.26.0017.01

. 2
e FA+v+ LA+ @ = -2 V7 sin(y) eg;g[z ‘

Classical casesinvolving hypergeometric U

07.03.26.0018.01

Uiy La 1z L2 27T+ v+ Dysin(ry) o3 Z| v+l -A-v R 0 n
(v A+1, -2 Ll@ =~ — 247 | 0,-4, 11 | Re@< Vaga =--
Classical casesinvolving exp and hypergeometric U
07.03.26.0019.01
-1 31 b -A-v,v+1 V4 T
e ?UQ+v+1L 2+, @= — Gyl — 0.1 1_1 fi—-—<agy? = -
Vare+y 4[5 722727 2 2
Generalized casesfor productsof Laguerre L
07.03.26.0020.01
F 2 T +v+1)sin(mv) 12 iz 1| v+l -A-v
(2L, =- ol = = A1)
Va Tv+1) 2 2|0-3. 54

Generalized casesinvolving exp and products of Laguerre L
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07.08.26.0021.01

2 v T(=v)sin(rv)

eZLY @@=~

I'(

-A-V)

Generalized casesinvolving 1F;

07.03.26.0022.01

2 T+ 1) sin(rv)

WFi(=v; A+ 1 -2 L@ = -

07.03.26.0023.01

Fi(=v; A+ 1 -2 L2 @ = -2 Vr T+ Dsin(rv) ngé[

s

Generalized casesinvolving exp and F;

07.03.26.0024.01

e FA+v+ 12+ L@ = -2 Vr T+ 1) sin(ry) Gse

Generalized casesinvolving 1 F1

07.03.26.0025.01

27t sin(rv)

WFi(-vA+L -2Lk@) =~

07.03.26.0026.01

WP A+ 1 -2 L@ = -2V sin(v) Gyz

2
T

iz

)

Generalized casesinvolving exp and 1F1

07.03.26.0027.01

e FA+v+ 1A+ 129 @ = -2 V7 sin(y) eg;g[

12

1

z
5 )

Generalized casesinvolving hypergeometric U

07.03.26.0028.01

27-1rQA + v+ D sin(ry)

Uv,A1+1, -2 =-

71'3/2

z 1] v+l -da-v, 3
P Ao1-a 1
22 O’_E’T’_A’E
z 1
5" 5 A1
2 2 01_515_
V+l,—)L—V)
A1
01_51 Ty_)t
1 v+l,—/\—v,%]
5 Ao1-a 1
2 .—2.7,—/\,5
z 1] v+l -d-v 3
5" 5 A1
2 2[0-33-7
31[ z 1 v+1 -A-vy
24|l — = = A1
2 2 0.—5,5—5,—/\

Generalized casesinvolving exp and hypergeometric U

07.03.26.0029.01

e PUQ+v+1,1+1,29L@ =

Through other functions

2—/\—1

Vr Tv+1)

3,1
GZ,4(

2

z 1
2

-A-v,v+1 ]
Al A
0-237374
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I nvolving some hyper geometric-type functions

07.03.26.0005.01

2z
L2 = lim Pg‘vb{l— —)
b-co b

History

—E. N. Laguerre (1879)
—N. J. Sonin (1880)
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