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Traditional name

Kelvin function of the second kind

Traditional notation

ker,(2)

Mathematica StandardForm notation

Kel vi nKer [v, z]

Primary definition
03.20.02.0001.01

1 1 . -v
ker,(2) = Ze;(%)mv”z—v(“ -1 z) csc(nv)

((“ 1 z)zy(l,y(“ 1 Z)+e3‘2M 3,(V-1 z))-@? ZZV(IV(4 _1 z)+eMTV 3(V-1 z))] Lvez

03.20.02.0002.01
ker,(2) =limker,(2/;vez
pov

Specific values

Specialized values

For fixed v

03.20.03.0001.01
ker,(0) = ¢

For fixed z

Explicit rational v

03.20.03.0002.01
kerp(2) = ker(2)
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03.20.03.0003.01
(_ 1)3/4 T

ker_g (2=- .
: 24325~/3 2B (1+1i)2%°

3, 1 3, 3
1443 i (97 +110) (22 (1 + ) 2% - (-i + V3 ) 2°) Ai[—5 B (@ +i) z)2/3) Vz +48V3

9V3 (1+i)2%
V2
144«3/§z(9nr22+110)(22/3(1+i)\3/?+(i+\/§) v (1+n’)z)Ai(%32/3((1+i)z)2/3)
\3/;+ +
Vi+iz

(3 (— 14080223 (1 +i) 273 V7 — 43200 223 (1 + i) 223 773 + 81 223 (1 + i) 273 233 +

1
[110 (3i+ \/5) i 2P 418V -1 V3 2B -11023V3 (1+i) 223+ ] Bi[— 5 3B (1 +9) 2)2/3)

1

L+ 2"
6 6, 1
162y -1 22 -8640(-1)%° 2 - 28160V -1 z) Ai’(E 3@+ 2)2/3)) +

1
— (:’nr (— 14080 223 (1 +i) 223V Z — 4320223 (1 +i) 223 73 + 81273 i (1 +i) %3 7%¥3 —
((L+d)2)

162V -1 25 - 8640(-1)%¢ 7 + 28160V -1 z) Ai’(—% 323 (L +4) 2)2/3)) +
483 2(9i 2 + 110) (22/3 V3 @+Vz +(-3-iV3) m) Bi(3 3% (1 + 1 2%°)
Via+iz
(«/? Vz (—28 160V -1 2% - 8640 (1?3 78 + 162V -1 2% - 81223 (1+i) 2237 +

1

((L+i) 2"

1
4320273 (1 +i) 273 22 + 14080223 (1 + i) z)2/3) Bi’( 5 3B (A +10) z)2/3)] -

— («/? vz (28 160 (—1)56 23 + 8640V —1 223 — 162(~1)%6 2483 4+ 81223 (1+ i) 2P 2 +
(A+0d)2

1
432022R (1 +0)2?* 2 -140802%° (1 + 1) 2)2/3) Bi’(— 3 3B+ 2)2/3)]

03.20.03.0004.01

_1)7/8
ker o(2) = b e‘ﬂz T
"2 2792 2

(z(lOSi—z(z(\A/jz+ 10)—45(—1)3/4))+105x4/j+@"‘/;z(105—z(z(zz+\/7(5+5i)z+45i)+105(—1)3/4)))
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03.20.03.0005.01
(_ 1)3/4 T

ker_E (Z) = - ;
’ 3246 2% (1+i) 2%°

23 23 83
2«/?(4480z2/3—3024u'z8/3—81z1“/3+81\/6 1 (“—1 z) 7 — 4480 -1 (“ 1 z) +3024v -1 (“—1 z) ]

1
Ai[- S¥ @ z)2/3) (1+)2%° -

1
423 (922 -804)(42°+ 22 (-i + V3 ) (1 + ) 2%) Ai'[5 (@ +i) z)2/3) @+ 2%+

i (817 - 3004 72 - 4480) (4V3 i 2P + 227 (3i+ V3 ) ((1+ ) 2%°) Ai[ 1 % (1 + ) 2%°)

L+ 2"

1
843 A3 (922+80i)(22/3(i+\/§)«3/7—(2—2i) N (1+n’)z)Ai'(—532/3((1+i) 2)2/3)—

1
———— 7P (817 - 3024 2 - 4480) (22/3 (-i+ «/?)«3/——(2—2@ Vi+iz ) Bi(— 3B (1 +9) 2)2/3]+
(A1+0)273 2

i (817 +3004: 72 - 4480) (472 + 22 (i + V3 ) (1 +  2%°) Bi(- 3 33 (1 + 1) %)

+
((L+i) 2™

28V3 2(9i22+80)(4V3 2°+2%3(3i+ V3 )i (1+) 2% BI (1 30 (1 + 9 2%°)

((L+i)2%°

28V3 7 (97 +80i)(4V3 2°+2%3(3+iV3 ) (1+0) 2% Bi (-1 3% (1 + 9 %)

((L+i) 2%
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03.20.03.0006.01
im
ker u(29=

S 3242563 248

1
(ﬁ (20 + 20§) (64\/6 1 2B 18(-1)PB AR -9i22B (1+i)22P 2 - 32223 (1 + 1) 2)2/3)Bi’(532/3 (L+3) z)2/3)\3/? +
1
V3 (20 +204) (64\/3 -1 2R -18(-1)%° 2R+ 9228 (1+i) 2P 2 +322%Ri((1+1i) 2)2/3) Bi’(—532/3 ((L+19) 2)2/3)
, 1
\3/?—9i\3/§(922—16017)(22/3(1—1)3/?+(1—i\/§)\/(1+i)z)Ai(£32/3((1+ﬂ)z)2/3)22+
1
957?(922+160&)(22/3(1—¢)«3/?+(1+m/§)«/3 (1+u‘)z)Ai(—£32/3((1+i)z)2/3]22+
1
3«7?:2(9@2%160)(22/3«/§(1+i)\3/?+(—3—i\/§)\/3 (1+i)z)Bi(53z/3((1+i)2)2/3)22—
1
3\3/?(922+160¢)(22/3x/?(—1+¢)5/?+(3i+\/€)x/3 (1+u’)z)Bi[—£32/3((1+i)z)2/3)22—

1
(60 +601) (32 228 ((1+4i)223 vz +9223i (1+i)22R 7P +18(-12P 2 + 64V -1 z) Ai’(E 328 (1 +i) 2)2/3) +
3 3 1
(60 + 60%) (32 2B+ 2%Vz +922B(1+i)2B7R+18(-1)° A -64+-1 z) Ai'[—E 32B (1L +14) 2)2/3))

03.20.03.0007.01

co™ F\E (151 2(2(V=1 2+ €] - 151 + V2 222+ 69T 2+ 154) + 151

ker 72 =
3 2 27/2
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03.20.03.0008.01

i 7103 1 V-1 | (1 1
ker_E(Z)z—M— 16V3 (-9iZ2-14) ot —— Ai(—32/3 ((1+u')z)2’3)+ —
= 5422/3\7? (\4/?2) ). 220/ 2 220/3(4_1 Z)/
4 2/3 4 8/3 1 1
16V3 (14¢22/3 +97P-14(-1* (V-1 7 +9(-1**(V-1 2 )Ai[— 5 A+ —————
2%(V-1 7

6, 3 4 2/3 3 4 8/3 1
3x/§((1+¢)z)2/3(112¢22/3—9z8/3+112«/—1 ( 1 z)/ +9vV -1 ( 1 z)/)Ai’(5 32/3((1+i)z)2/3)+

2, 8,
3V3 (L+i) 2?3 (112u' 231988 _112(-1)%3 (x/“ 1 z) a 9(-1)%3 (\/“ 1 z) /3)

203 ( = Z)2/3
1 V-1 1 1
Ai’(— =3B+ 2)2/3) +16(-9i 7 - 14) - Bi(— 3B (L+i) 2)2/3) +
2 20/3 2

z (V=14

16&(—1422/3+9iz8/3—14\6/j(4 -1 z)2/3+9«6/T(“ -1 z)fs/s)Bi(—§32/3 ((1+0)2%?)

+

2/3

23(V1 2
3 . 2/3 3 . 8/3
2B (1+i)2%° (-112izzf3+9z8/3+ 112V -1 ( 1 z) +9vV-1 ( 1 z) )

220/3 ( 4 1 Z)2/3
1 1
Bi’(5 3B (1+10) z)2/3) —
203 («“/T z)

2/3 2/3 1
3B (1+i) 272 (112u'22/3+9z8/3+9x/6 _1 (“ _1 z)/ 2 +112(-1)%3 (x/“ _1 z) ! )Bi’(—ESM (1+i) 2)2/3)
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03.20.03.0009.01

(1-i)(-1¥ 1
ker 5(2) = el (612(922+40z7) («/3 -2 iZP+((1+d) 2)2/3)Ai’(—532/3 @+ z)”)xa/? +

: 216V6 21°

2V3 (40«/6 T1V2 2B+9(-1)2BV2 AR -9i(1+i)22P 2 -40((1+i) 2)2/3) Bi’GSZ/?’ (L +i) z)2/3]«3/? +
1
2V3 (92 +40i) (V=2 2B +i((1+i)2%?|Bi'[-=32% 1+ 223 |VzZ +
2
, 1
\3/3(45+45i)((2+2¢)«3/?+«3/?(¢+x/?)\/(1+n')z)Ai[agz/S((lw)z)z/s)zu
1
«73(—45—45&)((—2—2@«3/?+3/?(—L:+«/§)\/3 (1+i)z)Ai(—532/3((1+i)z)2/3)22_
1
(15+15[')\7?(\/5(—2—2i)\3/7+\7?(3+i\/§)\/3 (1+i)z)Bi(532/3((1+i)z)2/3]22+
1
356 (30— 301) ((—1+n’)«3/?+x/3 2 (1+z?)z)Bi(—532/3((1+m')z)2/3)22—

1
6(40 ((A+D)2BVZ +9i(1+i) 2P 7R +9(-1BV2 B+40V-1 V2 z) Ai'(5 3B (1 +i) 2)2/3))

03.20.03.0010.01

(~1)78 p
ker 5(2) = é‘iﬂz —
3 2752 2

(z(ﬁ z+ 3)—3(—1)3/4+e"‘/;z(22+3\4/72+ 3i))
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03.20.03.0011.01

L |3V3 i(22/3 ~V-1 (V-1 2)2/3)Ai'(—%32/3 @+ 2%°) (@ +9) 2%

ker (= 3 23
3 622/3\/§ 28/3(4_1 Z)

B (22/3+( Ve (V-1 z) ) (33 @+ 2?) @+ 2*

20 (47T 2
3ivV3 (22/3 (-1 \/— z ) 23 (@+i) 2)2/3) ((A+i)2?
20 (47T 2
i3%3 (22/3 VA ( -1 z) )B|'( % 32B((1+i) 2)2/3) (L4522
Pl (\/_1 2)2/3
SN N V-1
s 83 A3 Ai(ESZ/s((l”) 2)2/3)+2(—1)2/3\/§ -
(T p=
S, 3 T T
21— - Bl(E 32/3 ((1+ I) 2)2/3) _ 2(_1)2/3 vy

(4 =} Z)8/3 Z8/3 (\4/? 2)8/3 Z8/3

8/3 -

+

23

1
— Ai(— 3 3B ((1+1i) z)2/3) -

1
Bi(— 5 3B (L +i) 2)2/3)
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03.20.03.0012.01

V=1 2R
ker s@= ————
P 3V2 V3
1\2/3
1 v-i| o -3 —1)5
—9V3 - Ai(— 3B ((1+i)2)2/3)((1+n7) z)4/3+322/335/6(3+m/§)zz ( 2) + A
(,C/j 2)10/3 210/3 2 2 210/3 ((1 + E) 2)10/3
1 339 (((1 +i)2B V-1 V2 22/3) Bi(3 32 ((1+92%°) (1 +0) 2
Ai[— 3 3B ((1+14) 2)2/3) L+ 2%+ +

V2 2
3356 (((1 +i) 2B - (-1°5V2 22/3) Bi(- 233 (A +i) z)2/3) ((1+i) 2%

+
V2 2
24(\/3 1 283 —u'(\/4 1 2)2/3)Ai'(—%32/3 ((L+4) z)2/3) 8vV3 (\/6 1 23 - (\/“ 1 z)Z/S) Bi’(% 3B (1+1) z)2/3)
+ p—
z z

24(5/? 28+ (V-1 2)2/3)Ai’(%32/3 (@+02%) 8V3 (3/? 23+i(V-1 z)Z/S)Bi’(—%SZB ((1+0)2%)

z z

03.20.03.0013.01

—l 3/8
ker 3(2) = ) ‘4/— f
~2 277 2

(“ 1 z—ef"EZ(zH/“ 1 )+1)
03.20.03.0014.01

e 2

ker 3(2) =
“2 477

(—zcos(%(4\/?z+n))+cos(%(n—4\/?z))+(z+\/?)sjn(%(4\/?z+n)) (\/—z+1)sm(8(n 4v2 )])
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03.20.03.0015.01

. 23
i 3x6/§u'(z2/3—x/6 -1 (V-12) )Ai’(—§32/3 @+ 2%°) (@ +9) 2%
ker_i(z): - +
P 62V3 2°(V-1 z)/

B (22/3+( Ve (V-1 z) ) (33 @+ 2?) @+ 2*

N1
3iV3 (22/3 (158 \/ z ) 1331 +1i) z)2/3) (1+i) 273
(V17"
i 32 (22/3 +V-1 (V-1 z) )Bl’( L8 (1+9)2%) (@ +) 2P
23 («/ 1 2)2/3
1 V-1 1 V=1 1
2V3 = Ai(E 3B (L +i) 2)2/3) +2(-1%33 — " Ai(— 5 3B ((1+4) 2)2/3) -
(4[—_1 Z) 28 (4/__1 Z) 28
1 V-1 1 V-1 1 1
2|- = Bi(E B+ 2)2/3) -2(-1*3 — "t Bi(—532/3 (1+19) 2)2/3)
(4/__1 Z) 28 (4(__1 Z) 28
03.20.03.0016.01
G-DV—-1r

ker_z(z) =
3 6256 \G/g Al

1 1
(3 («7? 2%+ (V-1 2)2/3) Ai’(5 3B (1+i) 2)2/3) - 3((—1)5/6 2%+ (V-1 2)2/3) Ai'(—E B (L+i) 2)2/3) +
4 23 (1 4 3y (1
V3 ((( “17) -V-1 22/3) Bu’(5 323 ((1+1) 2)2/3) + ((—1)5/6 2°- (V-1 ¢ ) Bl’(— > 3R ((L+10) z)”)))

03.20.03.0017.01

e /n
keri(z) = _ﬂ E —1 +€
2

03.20.03.0018.01

T z

1 _z
ker 1(9 = — f e V2 cos[———]
2 vz 2 8 ,/2
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03.20.03.0019.01

(_1)3/47.[
ker_l(Z) = -

3 2V6 Vz (1+i)2%°
3 4 1 6 4 1
(\/? (i 2B\ -1 ( 1 2)2/3) Ai(5 3B (1+i) 2)2/3) +V3 («/ _1 ( _1 2)2/3 - 22/3) Ai(—5 2B (1 +i) 2)2/3) +

4 1 1
(x/s _1 ( _1 z)Z/S—E'z%) Bi(E B (1+i) 2)2/3)+(22/3 +vV-1 (“ 1 Z)Z/S)Bi(—£32/3 (L+4) z)2/3])

03.20.03.0020.01
(-1¥ 7

kerl(z) =-

3 26 Vz (1+i) 2%
4 1 . 1
(\/? (\/6 1234 («/ 1 z)2/3)Ai[E 328 ((1+i) z)2/3) +V-1 V3 («/6 1 («/ 1 2)2/3 - z2/3)Ai(—E 328 (1 +i) 2)2/3) +
. 23 g 1 3 6 ’ 2/3 1
((«/ _1 z) Y ) 22/3) Bi(5 2B (1 +i0) 2)2/3) +V-1 (22/3 +V-1 ( _1 z) )Bi(— 5 2B (L +1) z)Z/SD

03.20.03.0021.01

—1 3/8 ) T
T R SN
2 2Vz 2
03.20.03.0022.01
1 T = T z
en@=— | eV [_]
2 \/7 2 8 \/?
03.20.03.0023.01
im
kerz(2) =

3 6v6 23V (1+i)z
12 4 1 4 1
(3{ﬁ\3/?+\/3 x/Tz)Ai’(Esz/3 (A +6) 2)2/3)—3(\/3 1z - (-1 \3/7]Ai'(—532/3 (@ +i) 2)2/3)+
1 1
«/3[[12«/7 VZ -V ﬁz)Bi'[E B (L +i) z)2/3)+ [(—1)5/12«7? v x“/jz)Bi'(—5 B (L +i) 2)2/3)))

03.20.03.0024.01
T

kers(2) = - ;
3 3v6 283 ((1+i)2%°

4 1 4,
(—Si V3 2 (\/6 -1 28+ (V-1 2)2/3) Ai'(E 3B (1 +i) 2)2/3) (Q+0)2?P+3V3 iZ ((—1)5/6 28+ (V-1 2)2/3)
1 . 1
Ai'(— S 2)2/3) A+ + 332 ((—1)2/3 22 -i(V-1 2)2/3) Bi'(5 B (L +i) 2)2/3) (A+)223 +
3 4 2/3 1 4 8/3
PR 2 (x/ 1284 rl( 1 z) ) Bi’(—E B (1+i) 2)2/3) (Q+i) 2% +2V3 ((—1)2/3 P ( 1 z) )
1 1
Ai[E B ((L+i) 2)2/3) —2V-1 V3 (28/3 + D2 (VET 2)8/3) Ai(—5 R ((L+i) z)2/3) -
4 83y (1 3 6 . 2/3 (1
2((-1)2/3 A3 _ (x/ _1 z) ) Bu(E 3B (1+1) 2)2/3) +2vV-1 («/ _1 22( 1 z) + z8/3) Bl(— 5 3B (1+i) 2)2/3])
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03.20.03.0025.01

—1 3/8
kers(2) = ( )/2 N g (Heﬁ‘/? 2liz+ (0¥ + (1% z)

27
03.20.03.0026.01
N
kers(2) = - e V2
2 47372

((z+\/?)cos(%(4\/?z+7r))+(\/?z+1)005(%(n—4\/?z))+zsjn(%(4\/?z+n))+sin[%(7r—4\/72)))

03.20.03.0027.01
T

3 4 . 1
kers(2) = - (—72 V3 ((—1)5/6 208 («/ 1 z)m/s) Au[E 323 (1 +1) 2)2/3) (L+i) 2% +

: 288«3/7«6/?%/3(«/“ 1z

1
6V -2 3% (-3i+ V3)Z ((1 + )V Atz —(-2)23 «B/Y)Ai(—5 328 ((1+i) z)2/3) (A+i) 2" -
’ 10/3 1
24356 ((— 1920 - (V-1 ¢ ) Bi(5 323 ((1+i) z)2/3) (L+i)2% +
1
6y —2 356 (\/6 1 (1+i)29B8 -2+ -1 2283 zl°/3) Bi[—E 328 ((1+i) 2)2/3) (L+i) 2"+
“ 10/3 1

192 ((—1)5/6 2083 4 (\/ 1 z) )Ai’(E 2B (L+i) 2)2/3) +

" 1 . 103
192 (-1)%3 2 («7? + (172 V1 2 )Ai'(— 5 3B 1+ 2)2/3) +643 ((—1)5/6 208 _ («/ -1 z) )

1 3 4 43 1
E;i’(E B ((L+i) 2)2/3) ~64(-1% V3 z[«/? (V=12 - 27/3) E;i’(—5 B (L +i) 2)2/3)]

03.20.03.0028.01
V-1 2°g
ker;(z) =
3 3
o 9V3 ZR+iMR

1
(245/3 z“(\/6 1284 (x/“ 1 z)%)Ai’(5 328 ((1+i) 2)2/3) (A+i) 222 +24V3 i 24[(—1)5/6 2834 (\/“ 1 2)2/3)

1 ’ 2/3 1
Ai'(—E 3B (1+10) 2)2/3) (1+i)2%3+8323 7 ((\/ _1 z) V-1 22/3) Bi’(E 3B (1 +1) 2)2/3) ((1+i) %%+

\ 1
832/324(\/3 1 22/3”'(\/—1 2)2/3) Bi'[—§32/3 (1+i) z)2/3) (A+i) 22+
. 143 6 4 2/3 1
\/§(16(( 1 z) V-1 214/3)—91726(\/—1 22/3+(\/—1 z) ))Ai(5 32/3((1+17)Z)2/3)+
3 4 2/3 4 73y (1

x/§z4(—16«/—1 zzf3+9(—1)5/628/3+9( _1 z) 22+16i(\/—1 z) )Al(—532/3((1+i)z)2/3)+

6 4 2/3 4 2/3 1
24(16\/—1 zz/3+9(-1)2/3z8/3-9¢(\/-1 z) 22—16(\/—1 z) )Bi(5 32/3((1+¢)z)2/3)+

1
P (16 V=1 2B -9(-1)¥ A3 + 9({‘/ 1 2)2/3 2 +16i («/“ 1 2)2/3) Bi[_5 323 (1 +10) 2)2/3))
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03.20.03.0029.01

(1% @-ﬂz g (Z(HHS)_3(_1)3/4_em/?z(zz+3\4/jz+3i))

kers(z) =
2 222
03.20.03.0030.01
2/3
3 602 36 (22/3 + (=156 («/" —1 z) ) Bi(% 3B (1+10) z)2/3) 73
kerg (Z) = - +
z 16/3 ((1 + l) 2)4/3

: 1083/7«6/3(#/7 2)

23
60V 2 356 (22/3+ V-1 (4 -1 z) )Bi(—%?am ((L+3) 2)2/3) 7R3
+

(1+i)2*?
1
90(\3/3 A+ 2"z +V6 i(1+i) 2% z) Ai(5 B (A +i) z)2/3) +
3 1
453 (1+i) 2" ((1— iV3)Vz +V2 @+ )V T+z )Ai(—5 P2 (1+i) 2)2/3) +

3VZ (92 -404) (425 + 223 (i + V3 ) (W + i) 2%3) V(1 32 (1 + 1) %)
+

2B (1+i)2*P

3(97 +401) (22/3(“«/?)\3/7—(2—2@ v (1+i)z)Ai’(—§32/3 @+ 2%

22B (@2

2V2 V3 Nz

2/3 8/3 1
(—40i22/3+928/3+40\/3 _1 (“ _1 z)/ +9v -1 (“ 1 z)/)Bi'(—32/3((1+i)2)2/3)+—
2 ((L+4i) 2%

1
2vV2 V3 vz (4o¢22/3 +92B oV -1 (“ _1 2)2/322 +40(-1)%3 («/“ -1 2)2/3) Bi’[-5 FR(+i) 2)2/3)
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03.20.03.0031.01

kerwo (2 =
3

T

1
~3V3 (92 -112i) (2 V=T 2342223 (1+4) 2)2/3) Ai’(— 3B ((L+i) z)Z/S) ((A+02%° -
108V6 293 ((1+ ) 2?3 2

1
3% (224(-1)2/3 2B 18V =1 B2 +9223(1+i) 2?32 - 112i 223 (1 + i) z)2/3) Bi’(5 3B (1 +i) z)2/3)

((L+i) %% + 323 (224 V=1 2P -18(-1)%0 2B + 9223 (1+i)2?R 2 + 112223 (1+1) 2)2/3)

1
|3i’(-E 3B ((L+4i) 2)2/3] (L+i) 2% +
1
16vV3 (—28 (-1 AR 118 V=1 2B 4+92%3 (L+0) 22 -14i22B (1 +9) 2)2/3) Ai(E 3B (1 +40) 2)2/3) +
3 4 2/3 4 2/3 1

323 (—14«/ 1 2R AR 4 9(«/ 1 z) 2+ 14i («/ _1 z) )Ai(— 5 323 (1 +0) 2)2/3) +
3V3 ((1+i) 2" (92 +112i) (22/3 VZ +V-1 @+V(@+pz )Ai’(—% 3 (1+i)2%)

vz

9((1+4)2°8°

16 [—28 Vo1 22 -18(-1)2B AR+ 14223 (1 + 1) 922 +
vz

1
] Bi(E 3B ((L+4) 2)2/3) +

1
16 (28 V-1 23-18 (-1 AR 19273 (1+i) 222+ 14273 i (1 +1) 2)2/3) Bi[— 5 3B (A +10) z)2/3)

03.20.03.0032.01

™ e—ﬂl\/?(_lsi+z(z(\4/jz+ 6)—15(—1)3/4)+e“/?z(z(22+6{‘/jz+ 15i)+15(—1)3/4))

ker;(z2) = —
3 2 Z7/2
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03.20.03.0033.01

'—1 3 3 1
keru(2) = _ e -93 (92 +160) (22/3 (u‘+x/§)«/?—(2—2u') v (1+a’)z)Ai[—532/3 ((1+rl)z)2/3)z5/3+

3 648256 /3 7133
3 3 1
3\/?(922—160i)((2+2i)\/§\/3 (1+i)z —22/3(3i+x/?)«/?)Bi[532/3((1+i)z)2/3)z5/3+
s 1
3\3/?¢(922+160i)((2+2ﬁ)\/§«/3 1+i)z —22/3(—3¢+x/?)«/?)Bi[—532/3((1+pr)z)2/3)z5/3+

18V3 (97 - 160i) (422 + 223 (~i + V3 ) (1 +1) 22°) Ai( £ 32° (1 + ) 2%°)

+
(L+i) 23

1
60(97 - 324) (427 + 22 (i + V3 ) (1 + ) 2%°) Ai’[E B (A +i) 2)2/3) +

120i 73 (92 + 321) (22/3 (1-iV3)Vz +@+2)VA+Dz )Ai'(— LB (1492

(L+i)2*°

1
20i(92 - 32i) (2 (3i+ V3 ) (1 +i)2%* - 4i V3 27 Bi’(E (@ +i) 2)2/3) -

1
20i(97 +32i)(4V3 27+ 222 (3+iV3 ) (1 +0) %) Bi’(—5 B +i) 2)2/3)



http: //functions.wolfram.com

15

03.20.03.0034.01
2(- 1)3/4 223 1 A1/3

kerE(Z) = ]
’ 81V3 ((1+)2*"?

[—x/? (— 8960V —1 2% — 6048 (—1)%3 7% + 162V —1 27+ 81223 (1 +i) 222 7 - 3024 22° (1+ ) 222 2 -

1
4480223 (1 + i) 2)2/3) Ai(5 IR+ 2)2/3) +
V3 (-8960 V=1 28+ 6048 (—1)%0 2% + 162V -1 24° - 81i22% (1 +i) 2227 +

1
3024273 (1+i) 273 22 + 44802%° i (1 + i) 2)2/3) Ai(— — 3L+ z)2/3) R
2 ((L+i)2)°°

[225/3[\6/? (—84+84i)z(8022/3i VZ +9223 783 1 ov—1 ((1+i)2*3 2+ (~1)%® 80+ 80i) v/ (1+i)z)

1 1
Ai’[—5 B ((1+i) 2)2/3) + 843 (97 - 80i) (22/3 (1+)2%3V7 +2 -1 z)Ai’[5 3

Va+iz

((L+3) 2)2/3] A+ + (—4430 223 (L+4) 223N 7 +3024223 i (1 +1) 22° 7% + 81223
(L+5) 2% 2% ~ 162 (~1)%° 2 + 6048V —1 2 + 8960 (1) z) Bi(—% 323 (1 +10) 2)2/3) +
i (28 33 ((160 V=1 2P +18(-)%2 AR - 9i 223 (1+ i) 2%3 2 - 8022° (1 +1i) z)2/3)
Bi’(% 3B (L+4) 2)2/3) Nz + (80 2B (1+9 2 VZ +9228 (L+i) 22 7 -
18(-1)%° A + 160 1 z) Bi’(— % 3B (1 +9) z)Z/S]) (L+6) 2% +
(4480 228 (1+4) 223Nz +3024223 i (1 +i) 223 7/ - 8122° (1 + i) 223 7%° +
162V —1 2 - 6048 (-1)%° 2 - 8960V -1 z) Bi(% B (A+i) z)Z/S)D]]]
03.20.03.0035.01

—1 3/8
kerg(z) = b @*ﬂz f
2 2292 V2

(z(lOSi—z(z(ﬁ z+ 10)—45(—1)3/4))+105<‘/T+@f‘/;2(z(z(zz+«/?(5+5i)z+45ﬁ)+105(—1)3/4)—105))
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03.20.03.0036.01
i
keru(d = -

° 972\3/7\8/3214/3 (\4/: z)

28/3

48V T \3/735/6228/3(1\2/-1 V6 (110+110) 2% +9(3i + V3 )i 2 +9(-2%3 V3 (A +)2?° 2 +

110V-1 22° V3 (@+1) 2)2/3) Ai[% 3P ((@+i) 2)2/3) ((1+0)2%° - 24 -2 39 793 (97 + 1104)
(22/3 (3-iV3 ) (@+i)2?P-2(-3i+V3 ) 22/3) Ai[—% PB(L+i) z)2/3) (L+0)22° —48v—1 V2 3%
7% (V2 (-110- 1100 22+ 9V -1 (1-i V3 ) 2P+ 9(-1)"12 2% (1 + ) 9%* 2+ 110V -1 22° (1 + 1) 2%°)
Bi(% R (1+i) 2)2/3] (1+4)2%% - 48V —1 V2 39 258
(220 V=1 2P - 18(-1)%6 A8 £ 9223 (1 + i) 22P 2 + 110223 i (1 + i) z)2/3) Bi[—% 3B+ z)2/3) Q+i272+
(25920 (¥ [ﬁ Vz +N VT 2 ) 2 ago (VT 2+ (V=T 2)28’3) .
84480(\/_ TR (V-1 z) )] Ai'(% FR(L+i) z)2/3] -
1
o

. 23 1
14080 (- 123 («/—1 z)/ +4320(—1)2/3( 1 z) )Al( 232/3((1”) 2)2/3))+

2/3
- (6 293 (14080i 23+ 432085 — 81 7% + 81 (- 1)%3 ( V-1 z) 4-

1 2/3
—2/3(2@228/3(-14080¢z2/3+432028/3+81zle4/3-81\/3 1 (“ 1 z) 2+
(V=14

2/3 8/3 1
14080V -1 («/“ _1 z) +4320V -1 (“ 1 z) ]Bi'(532/3 (L+4) 2)2/3)]_

1 4 2/3
72/3(2\/? 283 (—14080n'22/3—432028/3+81n'214/3+81(—1)2/3 (\/—1 z)/ -
(V=14

2/3 8/3 1
14080 (- 1)23 («/“ _1 z) i 4320 (~1)2R (\/“ 1 z) / )BV(—E B (1+1) 2)2/3))

Symbolic rational v
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03.20.03.0037.01

Lom- 1)y ik -2k-1
(L1)58 [z@M-3] 2k + E)1ik 2 1 i
erg =g [T ( d 1- (e e
7 2| i 2¢1k+ 1)!(—2k+|v|— g)v 1
[z@M-D] (2K v = L)1ikz2x
P ( 2) (ﬁ (\/72+7r(k+v——))] oy E ez
o 22K2k)! (—2k+ ] - %)' 2
03.20.03.0038.01
kerv(z) =
. -2 k. _nk
03 (++31-0) 3 T Diny 1y (L+i) 2™ M cscrv) 1 MERE N (25 (—k+|v|— %)'

NI .
r(g) 5\/3 (L+i)2?%3 Z

ra-h

(3 eénv(ﬂ.(M HEE O ( T Z) 27 {r-3)nom ZZV) Ai,[_f 231+ 1) 2)2/3) o2 +
2

( NEY em(i(ww—g)(sgn(vwl)zzy e {i-3) a-sono (\/— z) ) (_E32/3 (1+1) 2)2/3)_

2

v 4 2vy 1
3(-1)k(@ 2 22V+( 1 z) )Al'(;32/3((1+i)z)2/3))sgn(v)+
1
(-1 \/—(ez 2 - (\/ z) )Bi'(£32/3((1+12)2)2/3)]+

s a2 (ke - 3):

in

(\/g e (i(lvl—g) (-sno 2 ( =y Z)ZV ~ E_(|v|—§)<sgn<v>+1> sz)

0 ki (<2k+ - 3)1(3), @
1 inv 2v 1
Ai(_ ~ (1) 2)2/3) SN + ((—1)k V3 (@T 2+ (V-1 9 )Ai(5 23 ((1+9) 2)2/3) "

o ( (|v|—-)(sgn(v)+1) 274 .(I ——)(1 son(v) ( Ve Z) ) Bi[—% 323 (1+1) 2)2/3)) sgn(v) —

irv M 1 1
(=1 («;T 2V ( V-1 2)2 )Bi(E 323 (1+4) 2)2/3)) /i v - 3¢ z

k=0 k! (—2k+ lv| — %)! (%)k ()
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03.20.03.0039.01

O1-3 3 CIiTY oy ( V_1 z)_V_M cso(n v) r(g) sgn(v)
ker, (29 =
3BT -)
-2 I 3 5
35/6 3 M-3 4k(u22) —k+v-2)! iny . 2y 1
(@+H2" ) ( - d ((—1)“/?[@7 2" +(V=1 7 )Ai(E 3B ((1+i) 2)2/3)+

k=0 k! (—2k+ [v| — g) ! (§)k 1 -1vhx
V3 e (i('“"g) @O 2 I (T z)ZV)Ai[‘% F2(@r 2+
iny 4 2v 1
(-1 (eT 2 —( -1 z) )Bi(E 38 (1+i) z)2/3)sgn(v)+

e (ﬂ'(‘v"g) @OD 2 _ (-3 oo 5 (V=1 z)zv) Bi(‘ % 323 ((1+i) 2 3) Sgn(v)) .

S a2 (~k+ - 2)

inv v 1
(-3(-1)k (@T 27+ ({‘/T z)2 )Ai'(— B+ 2>2/3) -
& 1 -2k b- 2)1(2), @- ?

, -2 v inv (1 2) 1—sgn(y vy 1
Stwrv(iu 1) tsanc "D 2y, o l,(\ ) (A-sgn) (\4/? z) )Ai (_532/3 (A +3) Z)2/3)_

inv 4 v l
(—1)k\/§(e7 22V—( -1 z)2 )Bi'(ESZ/?’ A+ 2)2/3) () +

2 nv) Y (4 2v vi-2) (sgn(v)+ 1 2
\/?em[i('v"i)(l’sg ™) (V=14 _ fh=3) s ”z”) Bi’(—§32/3 (@ +i) 2)2/3) sgn(v)) -2 ez

Values at fixed points

03.20.03.0040.01
kerg(0) = ¢

Values at infinities

03.20.03.0041.01
lim ker,(x) =0
X—=00

03.20.03.0042.01
lim ker,(x) = &

X—=—00

General characteristics

Domain and analyticity

ker,(2) isan analytical function of v and z, which is defined in C?.

03.20.04.0001.01
(v+2)—ker, (2 :: (C®C)—C
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Symmetries and periodicities

Parity

03.20.04.0002.01
ker_h(@ =(-1)"kern(@ /;neZ

Mirror symmetry

03.20.04.0003.01
kery(2) = ker,(2) /, 2 ¢ (=0, 0)

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v, the function ker,(2) has an essential singularity at z== . At the same time, the point z== &% isabranch
point for generic v.
03.20.04.0004.01

Sing (ker,(2)) == {{S0, oo}}

With respect tov

For fixed z, the function ker, (2) has only one singular point at v = do. Itisan essential singular point.

03.20.04.0005.01
Sing, (ker,(2)) == (&, o))

Branch points
With respect to z
For fixed v, the function ker,(z) has two branch points: z== 0, z== co. At the same time, the point z== c is an essential
singularity.

03.20.04.0006.01
BP(ker,(2) = {0, o}

03.20.04.0007.01
R (ker,(2),0)==log/; v ¢ Q

03.20.04.0008.01
Rz(kerg(Z), 0) =q/,peZANq-1eN" Aged(p, g =1
q
03.20.04.0009.01
Ry(ker,(2), &) =log/; v ¢ Q
03.20.04.0010.01

Rz(kerg(z), ao) =q/;peZAq-1eN" Aged(p, q)=1
q
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With respect tov
For fixed z, the function ker,(2) does not have branch points.

03.20.04.0011.01
BP,(ker,(2) = {}

Branch cuts
With respect to z

For fixed v, the function ker,(2) has one infinitely long branch cut. For fixed v, the function ker,(2) is asingle-valued
function on the z-plane cut along the interval (—oco, 0), whereit is continuous from above.
03.20.04.0012.01

BCker,(2) = {{(-00,0), —i}} ;v & Z

03.20.04.0013.01
lim ker,(X+ie) =ker,(X)/; XxcRAXx<O0

e—>+0
03.20.04.0014.01

1
lim ker,(x—ie) = 3 €72 7 (~bei,(X) + €™ cscir v) ber_,(X) — cot(r v) ber, (X)) /; v ¢ Z AxeR Ax<0

e—>+0

03.20.04.0015.01

lim ker,(x—i€) = 2i 7 cos(x v) ber_,(x) + e 2"V ker,(X) /; Xxe RAx < 0
e->+0

03.20.04.0016.01
lim ker,(x—ie) =2inber,(X) +ker,(X) /;veZAXeRAX<O0

e—>+0
With respect to v
For fixed z, the function ker, (2) is an entire function of v and does not have branch cuts.

03.20.04.0017.01
Bcv(kerv(z)) ={}

Series representations

Generalized power series

Expansionsat v == £n
03.20.06.0001.01
n-1 (_ l)n—k 2—k Zk

1 1
(cos(— (k—n) ﬂ) beiy(2) - sin(— (k—n) Jr) berk(z)) +
= (n-kk! 4 4

e
ker,(2) o kern(2) + [5 kein(2) -7 2"2ntz"

-1y 1
% ber'9(z) - Z berﬁf’o)(z)) V-M+../;vs>nmAneN
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03.20.06.0002.01
ker,(2) «

_1)n T n-1 (_1)n—k 2—k zk

(-D"kern(2) +
o (-KKk!

n

1
2 ber%?(2) + % berﬁf’o)(z)) M+ +.../;(v>-nAneN

Expansionsat generic point z == z,

03.20.06.0003.01

o) e

2n 2r

J . {arg(Z—Zo)Harg(zo)+ﬂ
—2imcos(mv)

2n

1y|
ker,(2) o | ker,(z9) [—J ber_,(z0) | +
Z

1
— | 2icos(nv)

2vV2

agiz-zy) ||agZ) +7| )
{ J { (bei_,_1(zp) - beiy_,(2g) + ber_,_1(zy) — bery_,(z)) -

2n

2n

1 V[ 2 4
[—] A i (kei,_1(Z) — Kei,,1(Z0) + ker,_1(Zg) — ker,,1(2)) [ (2 2) -

11 ag(z—-7) || ag(zp) + 7
g 2wrcos(7rv){ H

T

(be| —v—Z(ZO) + bei 2—v(ZO) - 2bei —V(ZO)) -
Vs

adez) | | agfzz)
V|2 | | =
[—] [ J zol ’ J (kel,_2(Z0) — 2Kei, (o) + Keli,..2(20)) | (2= 20’ + ... /5 (Z = 20)

03.20.06.0004.01
=, ker?(z0) (2 20)¢

ker(2) = Y —————— /; larg(zo) <
£ k!

03.20.06.0005.01

1 1 % 1 _k 1k 2k 3-k 2-k+2y
I ! B 4' 4 4 4 4 kg
ker,(2) = Z Gso| 2-k+v v—k 2-k-v  kev 2-k+2v 11 3 (2-2)" [ larg(zo)| <7
4 —k! 4 4| /v oty oY o=z =
k=0 4 ' 2 4 ) 4! 4 Y 51,

1 1
kéin2 + (-D)"2"2ant 2"y —— (cos(z (k—n) 77) bei (2) — sin(z (k=n) 77) berk(z)) -



http: //functions.wolfram.com

22
03.20.06.0006.01
232 e zkzak
ken@=— ) ——
k!
ag(z ) agfz-z)
1 _V[ 27 J“’lT 3inv 1-v y 1-k-v 2-k-v lz(z)
2% 73" ese(mv) T(L-v) [ — Z, e 1 ,F; -= v, — |+
A 2 2 2 2
simy _ [(1-v v 1-k-v 2-k-v lz(z)
e 4 2F3 !1__; ) ,1—V;—— -
2 2 2 2 4
agz)| | agzz) .
1V 7z | V| =2 siv _ [v+1 v+2 1-k+v 2-k+v iz
272z (i +cot(rv) T+ 1| — Z e & ,F; : ; VL — |+
% 2 2 2
sirv _(v+1 v+2 1-Kk+v 2-Kk+v iz(z)
e+ oF : ; : v+l -—|||@-n)fivez
2 2 2 2 4

03.20.06.0007.01
ker,(2) =

k
l oo 2’32_k (E — 1)k [EJ k ) X 1 V[ 2n 2r . . K arg(Z— ZO) arg(zo) +7
P Z(Zj) i(1-i||— z, Kelyj_k(Z0) = 2im(=1) COS(?TV){ > H J

bg 2r

ber_g v (20) [| -

[ 2 . gz 2) || AYZ) + 7
— Zy Kers j_iiv(Z0) — (=1)° 2i m cos(rr v) { J {

2n

2n

k V. Wl { o | . ag(z- zo)
Z(2j+1) i(1-#|| = A Keiajkev+2(Z0) = (=1) 2mcos(nv){ J
0

2r

py[es] s
————— | bEi_gjikya(Z0) | + (1 + ) [g] ' 24 - Kergjeve2(20) —

. rrg(z—zo)Harg(onn
(-D* 2imcos(mv)

2n

ber 4220 |||z - 20)
2n
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03.20.06.0008.01

0o Z(;k k Kk
ker,@ = Y~ 3 =1 1 )
k=0 k! m=0
i-1 . 2 :
m (1) 22i-m =Mooy O | 1 [TJ ((—_']_)j i-2j- 1)!) (5)41
: ~2kei(2) )| — S : +
i=0 (m_l)' 4 j=0 (2]+1)!(|_4]—2)'(—|—V+1)2J+1(V)2J+l
i-1 R i
2(kei, 1(2) + ker, 1(@) 2] (i d-2j-11) (2"
+
2vV2 0 @DNI-4]-DI(=i—v+ 1) (M2js1
_ 2] Lo 2\4]
B (kei,_1(2) - ker, 1(2) |2 (D i-2j-2)(3)
+
8\/? j=0 (2j+1)!(i_4j_3)!(_i_v+1)2j+1(v)2j+2

B (via-2py @)Y
ker,(@) )| ————— (22" /; larg(zo)| <7
L4 2)1(-4D)! (=i - v+ D) 0,

03.20.06.0009.01

adez) | | agfzz)

1 V[ 2n J V[ 2n J agz-z) || ag(z) +x
ker,(2) « | ker,(zg)| — Zy —2inmcoynv) { J { ber_,(zp) | (1 + O(z— z))

Z 2n T
Expansions on branch cuts

03.20.06.0010.01
zm[ﬂj ag(z-x)
ker,(2) « [e 2n Jker,(X) — 2iwcos(w v) { J ber_v(x)] +
T

argz—-x

1
—[212'7'((205(71'1/){
2vV2

2m'7'rv[
e

J (bei_,_1(x) — beiq_,(X) + ber_,_1(x) — ber;_, (X)) -
Ve

agz-x)

TJ (kel,_1() — ke, .1 () + ker,_; (x) - kerm(X))) (z-Xx) -

arg(z-x)

1 iy | T
) (bei_,_5(X) + beiy_,(x) — 2 bei_,(x)) — &% (Kei,_o(x) — 2Kei, (X) + Kei, ;2(X)

) arg(
g[ZMTCOS(ﬂv){

T

(Z=X2%+...[;(Zo>XNAXeRAX<0
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03.20.06.0011.01

71.3/2
kefv(Z)=T
0 2kx—k _Zinv[arg(z—x)J Csiny 1—v y 1 1 ﬁXZ
Z 22 3V esc(nv) T(L—v) e ar I|e 2 LF 1= —(=k=v+1), —(=k—v+2),1-v; — |+
£ 2 2' 2 2 4

3imv _ (1-v v 1 « 1 ‘ ’ i X2
e 4 Fbgl—,1—-—; —(-k-v+1, —(-k=-v+2),1-v;,——||-
2Pl = 2 2( )2( ) 2

mW“’J s _ (v+1l v+2 1 1 i X2
272" % (i +cot(mv) T(v+ D e ar || 4 ,F, P ;E(—k+v+l),E(—k+v+2),v+1;— +

i [v+1 v+2 1 1 i X2

, C—(—k+v+1), —(—k+v+2),v+1;——])](z—x)k/;vsel/\xe[R/\x<0
2 2 2 2 4

kerv(z) =

3k k
1,277 (i— 1)K H | FaEn arg(z— x
_ZL ( ".)[i(l-m‘k)[«f””{ o Jkei4j7k+v(x>—2in(—1)kcos(nv){¥
- T

bei 4 j+kv(x)) +(1+4%)

argz-x)

Zx'nvliJ Km arg(z—x)
e 2n JKergj_gay(X) = (=1) 2wrcos(7rv){2—J ber_4j k(|| -
T

k inv kil . arg(z—x)
Z(2j+l)[i(l—ik)(e2 = Jka4,-_k+v+2(x)—(—1)k2;zncos(nv){24

T

bei_ ;+k_v_z(x)) +(1+)

Ziﬂv[arg(PX)J Ko arg(z—x) ‘
e 2 TKerg j_iav2(X) — (=1)* 2i 7 cos(mr v) {—J ber_gjyv—2) ||| Z=%°/; xeRAX<O0

2n

03.20.06.0013.01
Ztﬂvl@J arg(Z—x)
ker,(2) « [@ 2n T ker,(X) — 2i w cos(rr v) {TJ ber_v(x)) 1+0(z-X)/;xeRAXx<0
T
Expansionsat z==0

For the function itself

General case
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03.20.06.0014.01

3y z b
ker,(2) o« =23 (v — 1)sm[ )zz‘ + .
96(v—3)(v—2) 30720v-5v-4H(v-3(v-2)
[ - J
21 cos F(v)z‘ +. |+
R2Wy-2)(v- l) 6144 (v-4H(v-3)(v-2(v-1
( 2
27 lcos F( V) Z + ) -
32(v+1)(v+2) 6144v+1)(v+2(v+3)(v+4)
v pat
27V 3 (-v - 1)sm(—] V+2[ +] @Z->0A\veZ
4 96(v+2)(v+3) 30720v+2)(v+3)(v+4 (v+5)

03.20.06.0015.01

(- 0 1 Z\2k F 0 Z\2k
ket (@ = 2 ")Z cos(f(y_zk))(—) o 1V 3 S(f(:w—zk))(—) Lvez
1 Atk \4 2 2 M-kt L4 2

k=0

03.20.06.0016.01

o 1)K - k(2K
ker,(2 = —2"°T(v - 1)sn[ )zzz - )3_( i) - +2V_ICOS(E)F(V)Z—VZ - D3 —
Se-aEEe O SR
. _1)K(2)* . D (2)4
27 lCOS( )F( v) Z Z 1 v (4) - _2—v—3l—~(_v_1)sin(2)zv+22 ) (34) - [veZ
4 k=0 (VT)k(% * l)k(z)k k! k=0 (5 1)k(%)k(§)k k!

03.20.06.0017.01

3
ker,(2) = -2 T~ 1) sin(%) Z oFs(;

L (371v 1 1-v v 2 1 v+l v z
2 COS(T)F(V)Z_VOFg;E, 1 — —— | +271 cos( )F( v)Z' oF3l; > ,5+1;—— -

2 2 256 2 256
3y v+3 7

- 1, i —— | iveZ

2 2 2 256

v
273 (v - 1)sn( 4) V+20F3[;

03.20.06.0018.01

3n
ker,(2) = 227 7% csc(n v)sm[ 2 )22‘ 0F3[

3nv 5 1 1-v v z bd
22v-1 72 cos(—) csc(rv) 27 oF5|; —, 1o — —— | —272 142 cos(—) cse(nv) 2
4 2 2 2 256 4
(1 v+1 v z 3% (3 v v+3 27
oFsl|; =, L —+1 - —22v- 5n2csc(nv)sm( )ZV+20F3 —— ——|iveZ
2 2 2 256 4 2 2 2 256

03.20.06.0019.01

3nv v
ker,(2) oc 271 COS(T) rmz” (1+0Z)) +27* cos(:) r-nz(1+02) ivez
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03.20.06.0020.01

—log(2) y=0
(—1)¥ 21 M (v - 1) tez
AT T 2 Sez
ker,(2) o« (_1)0(%2) (_1)¥ M3 2W (jy| - 2)1 % . /i (2 0)
1T )T 2 2 - ez
2 COS(3Z_V) rmz”+ 2 eogG)r-nz. True

03.20.06.0021.01
ker,(2) = Foo(z, v) /;

Fn(z,v) = — ker,,(z) —i (_E-)n 2—2 n-v—4

2 T(-v) n COS(%R’(V—ZK)) (Z)Zk ') n COS(%?T(?)V—Z'()) 7\ 2k
' 3
2

2+t i (v+Dk! 2 2 = (1-w)k!

3inv inv inv EZZ . lzz
e & 1Z2""*2cso(nv) (62 zzy[ez le[l; N+2,N+v+2 - T] -° 1F2[1; n+2,Nn+v+2; T]] +

5 i 22 siny iZ
D4 F, 1;n+2,n—v+2;7 -4 e 2 4F, l;n+2,n—v+2;—7 /\neN

Summed form of the truncated series expansion.

Logarithmic cases

03.20.06.0022.01

nzz[ z A )

kergd = —[1- — + ———— + ... |+

16 576 3686400

(2Iog(§) - % + Zy)

2+..|/(z-0
73728

% —4(Iog(§) + 'y) + 3% (ZIOQG) +2y— 3) Z-

03.20.06.0023.01

1 nz [ z b ) nz [ z b ]
keri(2) o« — + 1 + +... 1 S

-— - + +
192 737280 1152 11059200

V2 2z 8v2 642
2log(Z)-2+2y  2log(2)- T +2y
2\ atag D)2y a) o S22 HEDTITR
8 2 av2 %V2

03.20.06.0024.01
1 o7 z 2

kery(z) oc — — —|1 _
2 32

+— ..

384 2211840

# 1( 7\ 17 2log(3)- 5 +2y  2log()- = +2y
d5)-5+27)-

— | —12lo __+2r)y + 28+ /i (z-0)
16|12 6 23040 309657600
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03.20.06.0025.01

3inn 3inn
(eT+(—1)ke_T)(n—k—l)! i 2 k 2005(”—”)
2 o2 gy 4 A
[4] 22y zn[ ") ot ) -win s )

k!
sin(%”) 2 co %’r 2 3
2logl = | -y¢(n+2 -1 22—7(2|0 —|-¢v(n+3)- — ]24

o el wnr 2= SR el v Do)
2*“*%12“5in(3¥) . A A

n! _32(n+1)(n+2)+6144(n+l)(n+2)(n+3)(n+4)+m "
274 g 22 cos( #) A A

1- + +...1/;(Z->0AneN
n+1)! 9% N+2)(n+3) 30720Nn+2)(n+3)(n+4)(n+5)

03.20.06.0026.01

o k! 4

1.7 mn,l(e¥+(—1)k@"i£)(n—k—l)! e k P sin(%n(2k+3n)) 7\ 2k+n
( ) [ )+Zk_o K (K+n)! (5) -

o (e’mT"+(—1)kem7n)(2|og(§)—¢(k+ D-¢k+n+D) . ok
2 n-2 (-2 Z l_
= k! (k+mn)! 4

03.20.06.0027.01

=13

bt (@%M(zvﬂvn LD e—‘l-‘(m(zmvp)) (M —k—1!
M=

2k+|v|
4 _) -

2

2\ p o sn(ir@ken )
[ |

4 & k! (k+ ]!

TN e (6%“”‘”)+(—1)ke%”'v')(2|og(§)—¢;(k+ D-yk+ M +D) ok
_[_] e ) [—] liveZz
a\2 o K1 (k+ ]! 4

03.20.06.0028.01

ker(2) = %[—i”*lnln(ﬁ Z)+(—l)n7w'Jn(\4/j Z)+4(—i)n Kn(ﬁ z)—

2(—1)”7rYn(4 -1 Z)—4(i" |n(“ -1 z)+(-1)"Jn(“ -1 z)) (log(z)-log(“ -1 z))+

sint n-1 (- 1)k/4 2—k+n+1 Zk—n

e 4 n!z

P (k=n)k!

(23 W(VT 2+ (VT 4)-

2™ o1

iz iz
DR i+ n+ 1, ——|+i"1F|j; j+ L, n+1; — ||+
o Ej[()lz[ll 4] 12[]] 4]]

=1

n-1 (272 k+n+1 E‘k ZZkfn (n- k — l) |) (ln (_1)n—k + (_1)n)
/ineN
=0 k!
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03.20.06.0029.01

2-M=4 g Av+2 1 3 vl 3 z 2 M=2 7 2 (1
ker,(2) = —— cos(—n(2v+ Ivl)) oFs|l; = —+1, —+—; — [+ ——— sn(—n(2v+ |v|))
I'(vl+2) 4 2 2 2 2 256 I'(vl+121 4

PR O S CE i ) [T R STy
oFsfs = —+ = —+1 - () )
272 22 256) £ Kl 2

iz o o (67“”‘”)+(—1)ke2‘”'v')(2|og(§)—¢(k+ D-uk++D) ;2\
_(_J eTZ —| iveZ
412 Py k! (k+ v

03.20.06.0030.01

3 W M 3
2

1 _
ker,(2) = 272(W+3) 72 Ai+2 COS(— T(2v+ Ivl)) oFal; =y —+1, —+
4 2 2 2

A 1
Jp— 272(\V|+1) 7.[2 Z|V‘ Sn(_ V4 (2y + |y|))
256 4

1. 1.

N I T T Y LA E
oFei = —+-, —+L-— +—(—) > —| -
22 22 256) 4\2) & X 4

TR (e—f;(mvb+(_1)k@%x;r|vl)(2|og(§)—¢(k+ D -k + v+ 1)) i 2\
—|— 2 ; A
4(2] ¢ Z k! (k+v)! [ ]/VE

03.20.06.0031.01

3inn 3inmn
1,7 ,nnfl(@Tﬁ'(—l)k@_T)(n—k—l)l 2\ g sm( 7r(2k+3n)) 2ken
- >(2)"S [_) N it VT
4\2) = k! 4 443 k!'(k+n)! 2
- (e T+ (- 1)k@52n)(2|og(§)—¢/(k+1)—lll(k+n+1)) ;2\
2-n-2 (~)" 2 Z [_]
P k!'(k+n)! 4

03.20.06.0032.01

ker,(2) = l_( 1) T( Jim @) Iy ( 1 Z) wr(2v+|v\) » ( 1 Z))+

lén 2 1 in(2
b (m @V gk o 7 v+\v|)))(|vl_k_l)! [izZ]k

G2 ‘

R (e—§<sn\v|>+(_1)k€%m|v|)(2|og(§)_l/,(k+1)_¢(k+|v|+1)) 2\
—(—) eTZ [ ] l,ive”Z
412 k! (k+ D!

03.20.06.0033.01
z Z
kerg(2) o« _(|og(5) +y)(1+0f2) + ”1_6 (1+0(2))

03.20.06.0034.01

z(2|og(§)+2y—l)
1+0(A)) + 1+0(Z
«/?z( =) 4v2 ( =)

keri(2) o« —
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03.20.06.0035.01
7' log(2)

(1+0(z)

1
kery(@) e — (1+0(2)) -

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In trigonometric form ||| In trigonometric form

03.20.06.0036.01

vV V2 1 1-4v2 (1
ker,(2) o« yre'e cos(—(4\/?z+n(4v+1))]— Y sin(—(n(l—4v)—4x/?z))+
V27 8 8z 8

16v* - 4012+ 9
128 72

—64v5 +560v* — 10362 + 225

1 1
sin(g (-4V2 z-n@v+ 1)))+ cos(5 (4\/72—n(1-4v))]+ ..‘]/; (12 - o)

30727

03.20.06.0037.01

2 in (1 1
\/;e‘/? lEJ(E_V)zk(V+E)2k 1\ nk 1
[ ] co —+—(4«/7z+n(4v+1)))-
2k)! 2 8

47

ker,(2) «
2z k=0

47

1 {%J(%_V)zkﬂ(v_'—%)zkﬂ( 1 ]kgr{nk

1
—+—(7T(1—4V)—4\/?Z)]+... /(2 > o) AneN
2k+1)! 2 8

03.20.06.0038.01

ker,(2) «
Vie 1 1 1 1 1 1 1
ISR cos(—(4\/72+n(4v+1)))8F3[—(1—2v), —(3-2v), =(5-2v), = (7-2v), —=(2v+1), —(2v+3),
V2z 8 8 8 8 8 8 8
1 1 113 16) 1-4»2 (1 1
—(2v+5), = Qv+ =, —, —; ——)— sin(—(n(1—4v)—4x/72))8F3(—(3—2v),
8 8 424 A 8z 8 8
1 1 1 1 1 1 1 135 16
—5-2v), - (7T-2v), —(9-2v), = (2v+3), —(2v+5), - 2v+T7), - 2v+9), —, —, —; ——)—
8 8 8 8 8 8 8 24 4 2

16v4—40v2+9 (1 1 1 1
—sin(—(4\/7z+n(4v+1)))8F3[-(5-2v), —(7-2v), —(9-2v),
128 7 8 8 8 8

1 1 1 1 1 353 16
—(11-2v), - (2v+5), - Qv+T7), - 2v+9), —v+1l; —, —, —; —— |+
8 8 8 8 8 4 4 2 A
—64v% +560v* — 10362 + 225

307228

1 1 1 1
cos(— (n(1-4v)-4\/72))8|:3(— (7-2v), = (9-2v), — (11-2v),
8 8 8 8

1 1 1 1 1 537 16
—(13-2v), - 2v+7), —-(2v+9), - 2v+11), —(2v+13); —, —, —; ——]]/; (12 » o0)
8 8 8 8 8 4 2 4 A
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03.20.06.0039.01

z

ker,(2) o« E (cos(% (4V2 z+n@dv+ 1))) (1+ o(%]) -

V2z
1-42
8z

1 1 16v* —40v2 +9 1
sin(g(n(1—4v)—4«/72)J[1+O[—]]— Viwsin(

z 128 7

—6415 + 560 v* — 1036 v2 + 225

30727

1 1
cos{—(n(1—4v)—4\/? z)) [1+O[—]]] /; (|12 > o)

8 z
Expansions containing z - —oo

In trigonometric form ||| In trigonometric form

03.20.06.0040.01

Vr — 1 —= (1
ker,(2) o L[Zeﬁ cos(nv)cos(—(—4\/?z+47rv+7r))+e e isin(—(4\/72+7r(4v—3)))+
V2 -z 8 8

1-4( = 1 = (1
- ! (2@5 cos(nv)cos(g(n(4v+3)-4x/72))-m J?sin(g(4«/?z+n(4v-1)))]+

z
16v* - 402 +9( —= 1 — 1
é e V2 I'COS(—(—4\/?Z—ﬂ(4v—3)))+Ze‘E COS(?TV)SiI’{—(4\/?Z—47TV—JT)) +

1287 8 8
~64v° + 560 v* - 10362 + 225

30727

Z 1 -z 1
[zeﬁ cos(m)sin(g(4\/72—n(4v+3)))—,ze 8 cos[g(—4x/?z—n(4v—1)))]+...J/; (Z- —c0)
03.20.06.0041.01
n 1 1 1 k
Vi |E G+ 3 GR)

VIV |& @K!

ker,(2) o«

= k 1 -—= k 1
[2«3\/? co! %+§(—4\/?z+47rv+n)]cos(nv)+e e z‘sin[%+§(4\/?z+7r(4v—3))]]+

(37)s O 3,0 (2
2 2k+1 2)2k+1\ 42

2z Z‘ @2k+1)!

K
) = k 1
[Zcos(nv)e‘/? cos{%+§(n(4v+3)—4\/7 ))—

ak 1
_+_

mﬁsin( > 8(4\/?z+7r(4v—1)))]+... /i (z— —)AneN

5(4\/7 z+m(4v+ 1))) [1+o[§]]+
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03.20.06.0042.01

ker,(2) «

V2 vV-z
= 11
[[Mﬁcos(s( 4x/_z+4m+n))cos(m)+efnsn[ (4V2 z+m(@v-3) ]8F3 (1-2v), —(3 2v),
1

1 1 1 1 1 1 1 3 16
—(5 2v), —(7 2v), —(2v+1) —(2v+3) —(2v+5) —(2v+7) 4_1 5 Z ——)+

1-4y2

(2cos(m)eﬁco “(r@v+3)- 4\/—z))—wfsm( (4V2 z+r(4v-1) )ng (3-2v),
3
4

1 1 1 1 1 1 1 1 5
—(5 2v), —(7 2v), —(9 2v), —(2v+3) —(2v+5) —(2v+7) (2V+9) E Z - )+

16v* - 40v2+9

2
__z 1 _Z 1

ie V2 COS(—(4\/72+7T(4v—3)))—2005(77v)e‘5 Sin(—(—4\/72+47rv+ﬂ))
12872 8 8
F ! 5-2 ! 7-2 ! 9-2 ! 11-2 ! 2v+5 ! 2v+7
83(5( - V)xg( - V)lg( - V)lg( - V)vg( v+ )15( v+ )1

1 1 3
—2v+9), -2v+11); -
8 8 4

16] —64v° + 560 v* — 10362 + 225
+

53
420 A 307273

-z 1 Z 1
[e a (—n’)cos(g(4x/?z+n(4v—1)))—2cos(m)eﬁ sin(g(n(4v+3)—4x/72))]
1 1 1 1 1
8F3(—(7—2v), ~(9-2v), —(11-2v), = (13-2v), = 2v+7),
8 8 8 8 8

1 1 1 53
—2v+9), —2v+1l), - (2v+13); —, —
8 8 8 4’2

03.20.06.0043.01

= 1
ker,(2) o L[[243‘/?005( (4\/_Z+471v+7r))cos(ﬂv)+e ‘/—zzsm( (4V2 z+n@dv- 3))]
V2 -z 8 8

[z
o2

I e
[ie Ve cos(g(4\/72+n(4v—3)))—2009(nv)e‘5 sin(g(—4\/72+4nv+n))]

1-4y2

(Zcos(nv)erco —(r@v+3)- 4\/—2))—w fsn(8(4\/—z+7r(4v 1)))

16v* - 40v2+9
128 2

1 -64v° + 560 v* — 1036 v2 + 225
[z

[ f( l)CO{ 4\/_Z+7r(4v—1)))
30723

[1+o[§]]+ ] Ji (2 —c0)

ZCOS(T(V)e‘FSH’]( (r4v+3) - 42 ))

Expansionsfor any zin exponential form

Using exponential function with branch cut-free arguments
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General case

03.20.06.0044.01
ker,(2) «

1 iz iny

z

z Binv iz
—\/;CSC(RV) eVe [2]e © V2
42

iny iz

-iZ
iijﬁﬁquwm}

i_Z_S v 1 y-l
z’ [{‘/jeﬁ B (G R ) (— V-1 z) 2 [—
z

z iz 3inv 1 inv iz 1
—y—=

e V2 [ZV [\4/? eﬁ+ ) (— V-1 z)_v_E e V2 (-1¥z) 2

i\ iZ% cos(mv)

z

— V=1 sin(x v)]] -

i iz cos(nv)

z

+vV =1 sinx v)]]] +

i_z+izr_v y7£ _ iz _5£7rv 1
zV[{‘/TeJ? T e o (cag)

1-4y2| = e v (~1¥ i 2 costny) 2 1
2 ez z‘V[w4 ‘/?(—\/4—1 z) 2[ —sinv)|-ev2 * ((—1)3/42)V 2| 4+
z VA
3irv iz -V—% \/4 -1 (\/ —-i7 Cos(nv)) iz iy )
Zle "z (-V=12) —isngn|+eVz t (0¥ 72| [+
z
- L o= (V=1 ViZ cosiny)
e \/?[z-y[e e (Vg feeVr t (¥R +sin@n) || +
VA
Lz IV AL V=T Vi 2 costy)
ZV[—M‘/? ! (— V-1 z) 2_pt Nz (-1n¥*2) 2 —sin@wn || ||+
zZ
16 4_40 2+9 _z iz _Surv _1 iny iz 1
2L el || er®els (0¥ et Ve (VT
1282

z

. _ . 22
[—VS” e )]] )

iz imvy

RACEE

)

—722 —y-= T —y—
w-w“/—l Sin(ﬂv)](— V -1 Z) 2 +\/4 -1 e\/? ¢ ((—1)3/42)

2

|

3inv iz
- —-2|iy-iZ co o o
7 [e [& — (=1)¥ sin(x v)] —(D¥eVz (12
VA
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_z iz 3iny ot vz 1Vi2 o
e V2 [zV[(—1)3/4eﬁ (VT fae’ VE(cp¥g E—S(ﬂy)+(—l)3/4sin(7rv) -
z
iz inv iz Sinv
il N L[ ViZ co
zV[(—1)3/4e\/? ) (—“—1 z) 2re V2t (—)¥g e w-(—lﬁ“sin(m)]] -
z
6416 — 5604 + 103612 — 225 [ —— = L 2=, v
’ v ’ eV |7V |ieV2 ((—1)3/42) 2ot N2 (— -1 Z) 2
3072728
[(—1)3/4 V-iZ2 cos(nv)
—sin(rv) || +
z
Sinv_ iz 1 ya [ . iz iny
. . w21 -iZ co 5 Lt
zv[e ‘g(_ T z) 2[( ) i S(HV)+sin(ﬂv)]—i€‘/? (-1%2) 2] "
V4
_z iz iny 1 iz siny 34 [,
+ St 1 (-1 Z co
e V2 [Z‘V[—e\/? ! (—4—1 z) ez (¥ 2[( A & ) +isin(ﬂv)] +
z
i_Z+3iﬂv _v_l ﬂ_i 1
z e‘/? N (—4—1 Z) e MEEY ((—1)3/42)_V_5
~D¥+iZ cosmv)
- —isn@w||{[+...]/;0d > 0)AveZ
03.20.06.0045.01
ker,(2) o«

e V2 (-1 e

_Vr ey ; = f+7(_ 3 Z)V;[BJ 2239, v+ 3, [ i ]k 1 ]] +e_i_ :

42

k=0

n _ 1 1
iViZ cosnv) lEJZZk(E_V)Zk(V+E)2k i\

] +0
s 2k)!

1
(~v¥7"2 [(—1>-3/4 sin(rv) -

Lz iz Siny EJ 272k (L _,, v+l N irv_ iz
o | (g S (b2l [—1] e L |
k=0 2K! z 2lzl2

1

Nl A 1 1
(T Z)V-E \—iZ cosnv) e %2 (3=, (7 +3),, i.]k+o 1
z P 2k)! A 2 [§J+2
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o nl) 52k (1 1
N P e BT N
—le V2 |eV2 z?(—\/—lz) 2 Z 2 2 22kl[i] +0 +
27 e (2k+1)! 2 A5
. . n-1 _ 1 1
e V=T Vi 2 cosiy) lz)2 ZK(E _V)2k+1 (V+ 5)2k+1
e V2 ((_1)3/4 2) 2 +sin(rv) Z
Z o (2k+ !
K 1 =| F-=(V-1V-iZ o
[_i] +0| —— ] _eve et V2 ! Sj(7TV)+rlsin(7rv)
z 2T g

o [%J 2 )s % s (i]km

= k+ 1) 2

1 \_%J 2_2k(%_v)2k+1(v+%)2k+1 i “
z )

;4 _1y3¥4 )
¢ (=03 [g 2k+ 1!

Z

n

0
2ls

-z iz, ot 3] 272k %—V v % P iny_ iz
zv[ea[ﬁeﬁ L (g Z[Z okt )Zk[ )[ - ] 4

£ @K!

n _ 1 1
otliviZ co “ HZZK(__V) (V+_) ¢ 1
((_1)3/42) 2 &—\/ -1 sin(rv) Z ’ 2 22k _i] +0
2 & 2k)! 2 2z
n _ 1 1
22 2 [ iR co - [EJZZK(__V) (V+_) i\
e P E—S(HV)_M—_J_ Snery) (_4_12) ZZ 2 2k 22k[i]+
5 o (2k)! ra
bz iny (L8224 (3-v),, v+ 3 k
0 l ] +VLelz (-1 2 (2 )Zk( 2)2k [‘i) +0 1
[l Z @K! 2 Azl
PR R A3 1 V-1 +iZ co
2— e V2 |e ‘/?((—1)3/42) 2[Sm(7”’)— : S(NV)]
z zZ

Z

[l"SJ 23V 7+ 2 [ i ]k+o

£ @k+1)!
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. . n-1 —2k(1 ) ( l)
z iz inv —| 2 P 4 v+ - - \k
— | =7 -1 { 2 J 2 2k+1 2)2k+1 L
+0

ar @k+1)! 2

ie * Ve (V=14

+Sin(Tv)
z

inv_ iz -2 [(_1)3/4 \ —iZ cos(nv)

%] Zfzk(%_v)zkﬂ(v"' ;)2k+l i\
[ )+O

pr 2k+ D! ;

2 l%J+2

] fi(d—>0)AveZAneN

03.20.06.0046.01

\/;csc(ﬂ-v) B iny !
—|Z

v Y3 _ _1\3/4 (L34
ker,(2) o — " o2 (_4_1 z) 2[(_1) 3/4 oDz _ (-2

\ —iZ cos(nv)
zZ

— (-1 sin(rv)
4v2

e 2Kk

n _ 1 1
[[5J 225 -7),, [+ 3, ( i ]k
+0
_Siny -t iViZ2 cos(nv) oy
e (0¥ eV () Fsnry) - ——————— |+ (-1 eV L 2
zZ

22 G ), 2 iy
[k_o 2K)! (_ 5) ' O[ Zz[;ﬂ ]] ’

V=1 \-iZ cosinrv) ]]
+isin(ry)
z

. 1
inv

I V=3 374 34
— e (— -1 Z) Pliet V2o gD 2
2z

)22k (3-v)  (v+3) ( i

—| +9
é @k+1)! z) "

=
215

inv V*E VA —1 "22 cOo
(13 2["_ _lz[ eI ssine |- 1

4

[%J 272k(% _V)2k+1 (V+ ;)2k+1 i “
( ) + 0

2k+ 1! _;

k=0

=
A2

1
iy

idl I ~(-1¥4z (_\4/? Z)fvfg [\4/? (Si nGTv) — £2(71)3/4 Z) _

z

—i 2 COS(JTV)]
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36

1

2z

g 2% (3-v),

=0 2Kk!

i\ iZ2 cos(mv)

4

3iny

222

1
SETY o 1)3/4 —-V—=
iea Y Z(_{‘/_]_ Z) 2[

k(V+%)2k i\
(-

3]

k=0

+vV-1 (@2 -1 Z—Sin(m/))

Z_Zk(% _V)zk(v+ ;

1 iny —V—l
] rer i (—n¥tz) 2

(1% —i 2 cos(nv) —
+e

z

1

2

k=0

iny

e V(-1

22

2 v)2k+1 (V+ %)2k+l [ i ]k [
+0

2K+1)! 2

z

2

z

k=0

%_V)Zkﬂ (V+ ;)2k+1 ( i ]k
+0O
2k+ 1!

n-1

252

2)2k i\
4]

k!

Z4+dn(r v)]

=
e

4 .
_V_é[\/—l EZZ COS(JTV)_@Z‘Ay?

Z_d€in(r v)]

] i(d—>c0)AveZ AneN
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03.20.06.0047.01
iny 4z 1

1 = ot
ke (@ o ——e V2 z (— V-1 z) 272
64 2
(e‘/?“mzﬂ ((-1)3/4 \-iZ —u‘z)zzv +e‘/?z+% (LTZ+(—1)3/4\/ —iZ )zZVJrze‘/?"“sizi zZV+1-2ei(‘E”’”)

(— V-1 z)zvz—e‘/;”””(—ﬁ z)zv(iz+(—1)3/4\/ -iZ )+e‘/?z(— V-1 z)zv(iz—(—l)SMV -iZ )]

(A+i)z Sixv

(4v* - 1) (i cot(rv) + 1) 4F1(Z - )

v b5 -t
=+ == — |+ — Ze V2 ! ((—1)3/42)V2
2 42 £2) 64\ 2

e e (O R P R T T EaRr A
2@‘/? i) zriny ((_ 1)34 2)2" 7 Q2imY ((_1)3/4 2)2" (z+ (—1)3 4 /i 2 ) + ((_1)3/4 Z)ZV (Z_ (—1)%4 4 /i 2 ))

3 v5 vv 3v 53 i
(42 -1 Gcotr )+ D 4Fof—— =, === =+ —, =+ — = —— | -
4 24 22 42 42 R

v 5 v v 3
T
24 22 4

(1+)z 7rv

PN g (_(‘/jz)vgzvl[ V22 cos(m)( (( 1% z++ —i22)+\/ —iZ cot(nv))zz"+

4

Z+

(—1)3/4(«;“/?22”—@‘/;Zsin(m)z”+eﬁZ*MTVLﬁ(—x/“ -1 z) +e? TEEE ;(_“ 1 z)zycsc(m)
i1 \/—z+—4 2y - 1 v3 vv 1w 3.l-u
[reveez (V=14 V'EZZ]C°‘<”’)4F1[Z‘5’1‘5*?2’5*2'5’; i

1 _Wpz Siny _V_E iy
eVt /g (-1n¥*2) Zz’y(esTcos(ﬂv)(z—\/4—l Vi cot(nv)+(—1)3/4\/i22)zzv+

4

Y N——

[e‘/? @z i —i es% sin(rv) 2¥ + (1% Z)Zy +etizz (-p¥* Z)ZV cso(r v)) zZ+
(\/_ ( 1)3/4 Vo / \/_ (1+i) 22 2 22v+1] cot(r v))

1 v3 vv 1v 31 i
Fof-—= -t - o= (@2 ) AveZ
4 2'4 22 42 42 »
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38
03.20.06.0048.01
1 |n
ker,(2) o« — / —
4 2
oz iny iz _3i/rv V_l 1 _ iz vfl _1 3/4 _‘22 co
[eﬁ[ﬂw ez ez P (-1 2) 2(1+O(;]]—e V7 (V=1 ) 2[( ) Lz cosmy)
z
1 . _inv -= (-1)¥* —i 22 cos(nv)
sin(rv) 1+0[;]] +vV-1e 7 2|e V2 (i +cot(nv)) +sn(Ty)
z
. 7‘/7& 1 iz +3£27rv _V_l 1
(—\/—1 z) 2 (1+o(;))+eﬁ (—1¥2 "> (i—cot(nv))[1+0(;)) +
.z inv iz v—l 1 _ iz _3urv 1
eV |V-1ex cse(nv) Y ez (—\/4 -1 Z) 2[1+O[;))+e Vo o? ((—1)3/42)‘/_E
[\/“—1 i cos(mv) 1
+8in(rv) [1+O[—]] +
z Z
inv 3t7rv_ iz _V_l 4/__1 22 co 1
V-1le 72 [e * V2 (1% 27 (i - cot(rv) ! ) —sin(ry) [1+ o(;]]—
z
== V. 1
e\/; (—\/4 -1 Z) 2(12+Cot(77v))(1+0(;]) [i(Z > c0)Ave¢Z
03.20.06.0049.01
ker,(2) o«
J-1 Vo ( —\7: -2 (~)¥ 22
—(-n¥* 2+ 2 ) ag<Z
New e e g 2
8 inv inv iny inv
V-1 vr (_(_1)3/4 f—ﬂ 22 \‘yjeﬂ R ﬁeﬂzﬁz ) " gz <
22z
g inv inv
s (_(— 1)¥4 e“ﬂ = iV T True
24 2z
V-1 eVt Z+MTV +re(_l)3/42+”r7v + \A/je‘y: Z"Bizﬂv +L7e3izm‘(—1)3/4z)

Logarithmic cases
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03.20.06.0050.01

@"”TV .z em_f 4iv i (log((-1**2)-109(2)) 3rxviZ

ker,(2) oc - e V2 - - 4N 1 x|
8vV2n 1/(_]_)3/42 z z
"
° (4\4/j(log(— V-1 z)—log(z))—(—1)3/4n) +
V-1z
z ;m_\if_z . riN—i2 AN-iZ (Iog(z)—log(—4 -1 z)) e\if_z
eVo | ————|-aV-1 7+ + +
V-V-1z ‘ g vV (-)¥z
inv_aviz
2
-
(3(—1)3/%—4{‘/? (|og((—1)3/4z)—|og(z))) [1+o[%))— G

8vV2r V-vV-1z (-1 2)3/2
-D¥*(1- 442 1
[_75(; )[\/(—1)72(5((1+u’)(—l)ve‘/?zn((4+4i)z—zz\/?m)—zeiﬁznz)+
4
4((—1)”% e‘/?z\/ —iZ —n’e"‘/;zz) (Iog(— V-1 z)— Iog(z)))+

V-v-1z [n(—3m<1+f>‘/?12—4(—1yz+ 3(—1)“% ViZ )+
. 1
aferV2 22- 23 i2 ) (1og(-2% 9 - Iog(zﬂ)] (l i o(?]) ’

i(16- 4012+ 9) [\/ (-%z [4(@'522—(—1)”% V22 )('09(‘ V=1 2)-10g2) -

128 72

L(\/?ei‘/?ziz+(—1)V£‘/?Z(1+i)(\/?(—2+2i)z+\/?))]—

V2
. -1)"ViZ (3-3i , , !
_w/__lz[ﬂ[() :/_( l)—3m<lﬂ>‘522+4(—1)Vz]+4(e<l+‘>‘/72z+(—1)”4\/izz)
2

(log((-1)¥* 2) - 10g(2))

1)) V-1 (645 560y + 1036y - 225)
2
30722

1
[\/ (-1)¥ 2 (E((1+i)(—l)veﬁzn((4+4i)z—m/?\/ —iZ )—M‘/?ZH)JF
4((—1)”% e‘/?z\/ —iZ —n’e"‘/;zz) (Iog(— V-1 z)— Iog(z)))—

V-v-1z [n(—3m<1+f>‘/?12—4(—1yz+ 3(—1)V*§\/ i 2 )+

/ — L ) NS /l\\‘
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03.20.06.0051.01

xiv 4z

e’ Vo

ker,(2) o« —

8V2r Y -V-1z (-0¥2"

G bl By
|

2! 7 \/_[( 1)“4\/_(4( 1) - 3ietV2 2 )(_,4/—_1 2)3/2+3(_1)k+v(1_l-) =
k=0 .

V-vV-1z+V(1¥z («/?e“/?Z(—rz)z—(1+u‘)(—1)ve‘/32(2\/7(—1+¢)z+ v -iZ ))]+

4V (1¥z [ oz qyrielze \/—zzzz)(log( 1 7)-log@)+4(-1"V-V-1z

1 1
13/4 2 (——V) . (v+—) N .k
(e“”‘”—zw iy 22)('09(( 137 - Iog(z)] S . ”“(L]

— 2k+1)! 42
[(l;i)ﬂ [(—1)“% (4(—1)V+3m<1”)52) -1+ (-V-1 z)3/2+3(—1)k”+§(1_,z)\/§\/H+
\/(—sz(ehlzz(—l+i)Z+(—1)Ve‘/?z(4(l+i)z—i\/?m)))+
4y (-1¥z (( 1" 46‘/_ m—lﬁ’ ‘/—Z )(Iog( -1 z)—lo@l(z))+4(—1)k

V-v-1z (e(l*”ﬁzz—(—n“% ViZ )(Iog((—1)3/4z)—log(z)))+ o /d->c0)AvezAneN

03.20.06.0052.01
ker,(2) o

inv (1+i)z

2z
‘ V(-1¥z [ ‘/_Zz (-7 e‘/— N -iZ (Iog( ) Iog(z)) T
8vV2r \V —vV—1 z (-1¥ 2" [[ ( ) V2

[\/? e"‘/;ziz+(—1)ve‘/;z(1+n') (\/? (-2+2i)z+ \/—1722)))+

V2

y— -1V iZ (3-3i A
—\/jz [7‘[[( ) 12 ( l)—Sie(lﬂ)\/?Zz""]‘(_l)VZJ"'

1 1 1
4("’(1”)522+ 0 i2 ) (log(-2%2)- Iog(z))]] 8F3[§ (=27, g3=27),

1 1 1 1 1 1 113 16
-5-2v),-(7-2v), - (2v+1), - (2v+3), —(2v+5), - 2v+7); —, —, —; ——) -
8 8 8 8 8 8 4 2 4 A

(_1)3/4 1—41’2 1 4
#(\/ (-1)%4 2z (E((l+i)(—l)ve‘/?zn((4+4i)z—r£\/?\/ —iZ )—2@)“/?an)+

8z
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4((—1)”4 N2z N -iZ —ié iz 2 )(Iog( -1 z)—log(z)))+
V-v-1z (n(—3n’e<l*i)‘/gzz—4(—1)vz+3(—1)”% \/§)+

1 1
4(@@”‘)5 27 (1) Vi )(Iog((—l)3/4 2)- Iog(z)))) gFg[- (3-2v), 2 (5-27),

i(16v* - 40v2 +9)

T[\/ (-1%¥z ( ( ‘/—Zz -1 4@‘/— \/—u_zz)(log( -1 z)—log(z))—

1

1 1 3
§(7—2v) —(9-2v), —(2V+3) —(2v+5) —(2v+7) —(2v+9) Z

YIS
1o
N5

L(\/?e“/?ziz+(—l)ve‘/?z(1+i)(\/?(—2+ 2i)z+ m))]—

V2
" -1V iZ2 (3-3i) .
V-vV-1z|x —3ieMIN2 2724 A(-1) z|+
V2

4(e(1”) Vaz zZ+ (—1)”% ViZ ) (log((-1)¥* 2) - Iog(z))]]

1 1 1 1 1 1 1
3F3(—(5—2v), —(7-2v), —(9-2v), —(11-2v), = (2v+5), = Rv+T7), —(2v+9),
8 8 8 8 8 8 8

1 353 16) V-1 (64v°-560v*+1036y2 - 225)
@i o —--—)—

42" A 30727

[\/ (-)¥z (%((1+i)(—l)ve‘/?zn((4+4i)z—i\/7m)—Zei‘/;zﬂz)+
4((—1)” 3 ‘/— m—w‘/_ )(Iog( ) Iog(z)))
V-V-1z (ﬂ(—Sie(l”)“/;Zz—4(—1)Vz+3(—1)v+z37 \/E)Jr

4(€<1+»s>\/? 27 (- 1)”3 \/E ) (log((-1)¥* 2) - |09(Z)))]

1 1 1 1 1 1 1
8F3(—(7—2v), -(9-2v), -(11-2v), —(13-2v), = 2v+7), —(2v+9), — (2v+11),
8 8 8 8 8 8 8

)

=

—(2v+ 13);

/i(4d > c0)Ave”Z

-b-IU‘I
N w
AN
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03.20.06.0053.01

@"”TV .z em_f 4iv i (log((-1**2)-109(2)) 3rxviZ

ker,(2) oc - e V2 - - 4N 1 x|
8vV2n 1/(_]_)3/42 z z
%
¢ (4ﬁ(log(—4—l z)—log(z))—(—1)3/47r) +
V-1z
N iz 4V -iZ (log@ - log(-V-1
oz e 4 ]2- _44_1ﬂ+7rn ZEZZ . t (ngz Og( Z)) N
-V-1z

. 1
(3(—1)3/4 m—4~ -1 (log((-1)¥*2) - Iog(z))) (1 + o(—)] L(d—e)Avez
Vs i

03.20.06.0054.01

\/_\8/ -1 _1)34 2, siny o
T e M s VT ag@) < ;
242z 4
e 4 -1 2z dimy 4 )34 g T

ken@ oy S (2V-T ¥ 1 #7 —(-D¥ ez Ve TVTE Tcaga <Y/,
2422 4 4
Va1 (y_ iy _)¥4 3"_’”_\7_ LA}
TN 2\/4—1£ Lo LY — (1% e Y2i2ie TV Tree
24/ 2z

(2> o)AveZ

Residue representations

03.20.06.0055.01

i)*45r(s+ 5)T(s- g)r(s+ %) F(HZ +S)] [—j B V+2)+

1= |
ker,(@ = = " res]
44

Integral representations
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On the real axis
Contour integral representations

03.20.07.0001.01
[(s+3)0(s- %) F(% + s) F(s+ i—v)

y B 1 Z\—4s /
er,(2) = EL F(s+ ﬂ) F( = _S) (Z) ds

2

Limit representations
Generating functions
Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
03.20.13.0001.01
W@ +2WP@ 2 -2V + YW@ Z + (V¥ + YW@ z+ (2 +v - 4v*)w(2) = 0/;
WwW(2) = ber,(2) c; + bei,(2) ¢, + ker,(2) c3 + kel (2) ¢

03.20.13.0002.01

1
W;(ber,(2), bei,(2), ker,(2), kei,(2)) == - ;

03.20.13.0003.01
92* 9 @° W2 +292°% (02" -39 9" ) g @* W@ -
02%((2*+1)g@* +602 0" @ 9@ +492*d°@ 0@ - 1592° 9" (") QW' (@) +
02 (2 +1)g@° + (22 +1)9@ 9" @9 @* - 202° @ g @° +
922 (69"(2* -9 9*@) g +1092° 9" @ °@ g (@ - 1592° 9" @*) W@ +

(V=42 +9@*) g @ W2 =0/, W) = ¢, ber,(g(2) + ¢, bei,(g(2) + cs ker,(9(2) + C4 kel (9(2)

03.20.13.0004.01

v@2°

W, (ber,(9(2)), bei,(9(2), ker,(9(2)), kei,(9(2)) == - .
92




http: //functions.wolfram.com 44

03.20.13.0005.01
92" g @° h@' W@ +202° 9 2* (@ (9@* -390 9" (2) - 200 ¢ @ N @) h2* W3 (@) +
929 @ (-(2*+1)g0@* +602 9" @29 (@* +492?d°@ g - 1592° §"(2°) h(2)” -
60292 (N@J@*+92h @9 @ -39 N@9"@)h@ +1292° g @ W(@°)h2* W' (2 +
12 ((27+1)g@°+(2*+1)92 9" @9 @"* - 202° 0®@ 9@ + 92? (69" (2* - 9 9 (2) g D° +
1002°9"@9°@ 9@ -1592° 9" @°)h@’ +20@ 9@ (2 + YN @ g @* - 302 N (2 g (@° -
292 (92 h°@-3N@2¢"2)g@*+92% (90" @ N (2 + 4N (2 ¢°@) g2 - 1592% N (2 g"(@°) h@)’ +
120229 @° N2 (W@ g @ +202 N @29 @ -39 N @ 9" @)h@ - 2492° ¢ @*N@2°) ho W (@ +
(v -4+ 92 h@* 9@ +9@* (24N (@* - 36h@ (2 I (@ + 8h(@° ¥ (2 ' (2) + h@)* (61 (2)* - h(2) " (2)))
9@°-202°h@ (9@ -302 9" (@) (6N@° - 6h@ N @ N (@ +h@*h®©2) g @*+
9@%h@?* (h@ h’ (@ - 2N 2% (2 +1)d " +69@ 9" @ 9 (@° + 492> d°@ ¢ (@ - 15927 9" (2%) 9 (@) -
9I2h@’ W@ (2v*+1)g@°+ (2 +1) 029’ @9 @' -292° °@ g @° +
927 (69"@* - 92 99@) g @° +1002° 9" @ 9¥@2 ¢ (@ - 1592° ¢"@°)) W@ =0/;
W(2) = ¢ h(2) ber,(9(2)) + ¢, h(z) bel,(9(2) + c3h(z)ker,(9(2)) + ¢4 h(2 kei\(9(2)
03.20.13.0006.01
h@*g@°
W,(h(2) ber,(9(2)), h(z) bei, (9(2), h(2) ker,(9(2), h(2) kei, (g (D)) = - 9(7
03.20.13.0007.01
WY@ +(6-4r-49 Z2WI@ +(7T-2(*-2)r? +12(s-1)r+6(s-2)5) ZW'(D +(2r +2s-1)
(2r22-2(s-Ds+r2-49-1)zw(@ +(([@" 2" +v* -4V} ' - 45y r* - 28 (* - 2)r* + 4’ r + ") w2 = 0/;
W(2) = ¢, Zber,(aZ) + ¢, Zbei, (aZ) + ¢z ke (aZ) + ¢, kel (aZ)
03.20.13.0008.01
W,(Z ber,(aZ), Zbei,(aZ), Zker,(aZ), Zke,(az)) = —a*rb £7+456
03.20.13.0009.01
WA (2) - 4(log(r) +log(9) W(2) + 2(~(v? - 2) log’(r) + 6log(s) log(r) + 3log*(9)) W' (2) +
4(log(r) + log(s)) (v* log?(r) — 2log(s) log(r) — Iogz(s)) W (2) +
(@*r*z+v* - 442 log*(r) — 42 log(s) log*(r) — 2 (-2 log®(s) log?(r) + 410g3(s) log(r) + Iog4(s)) wW(z) =0/
W(2) = ¢, S“ber,(ar?) +c, s bei,(ar®) + cgstker,(ar?) +c, ke, (ar?)
03.20.13.0010.01
W, (% ber,(ar?), £ bei,(ar?), sker,(ar?), ke, @r?) = —a*r*2*21ogb(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.20.16.0001.01

1
ker,(-2) = (-2)" ke, (2 2V + E (=272 -(-2"Z2")cc(nv)ber_,(2) /;ve Z

03.20.16.0002.01
ker,(-2) = (-1)" ker,(2) + (-1)" ber,(2) (log(2) - log(-2) /;ve Z
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03.20.16.0003.01
1 3nv 3nv v v
ker,(i2) = — wcsc(nv) ((i 277 [cos(—) ber_,(2) — bei_,(2) sin(—)) -G’z (cos(—) ber,(2) + bei,(2) sm(—))) /;
2 2 2 2 2
vglZ
03.20.16.0004.01

1 1 1
ker,(i2) = > 1+ D) ke, (2 + > (D" -Dikei,(2 - 2 21+ (=D") (og(i2) - log@) + mi (1 - (1)) ber,(2) -

1
7 1+ (1) -2i(1-(-1)") (log(i 2) - log(2)) bei, () /; ve Z

03.20.16.0005.01
ker,(—i2) =

3y 3nv 8% 8%
E 7 CSC(mv) [(—i 277 (005(7) ber_,(2) —bei_, (2 sin(T)] - (=i’ (cos(?) ber,(2) + bei,(2) sin(?))] liveZ

03.20.16.0006.01

1 1
ker,(-iz) = 5 A+ D) ker, (2 + E A--=D"ikei, (2 -

1
Z TA+ED)+2=1+ (=DM ilog(@ —2i (-1+ (1)) log(—i 2)) bel,(2) —

1
Z GEL+ (D) n+2AQ+ (D) log(-i - 21+ (-D") log(2) ber,(2) /;ve Z

03.20.16.0007.01

NSl U TR S
[«“/i_l ] 17 ( S( )berv( 1 2)+bei, (V-1 Z)Sin(%))]/;vetz

03.20.16.0008.01

kerV[\A/i_l Z] = %(1+(—1)V) kay(ﬁ z)+ % (1—(—1)V)z7keiv(4 = z)—

. berv( V-1 z) (i 1+ D) r-2(1+(=1)") |og({‘/7 z) +2(L1+ (-1 log(~(-D¥* z)) -

; bei, (V=1 2)(w (1 + (- 1) + 2(-1+ (-1 ilog(V =1 2] - 2i (-1 + (-1") log(~(-1** 7)) /; v e Z
03.20.16.0009.01

ken, (-1 2) = (D2 ke, (V-1 (V-1 2) +

%71(((—1)‘3/4 2 (\/_ z) — (-2 ) (4 -1 z)_y) cse(mv) ber,v(4 -1 z) iveZ
03.20.16.0010.01

ker,((-1)¥*2) = (1) kerV( V-1 z) +(=1)Y (Iog( V-1 z)— Iog(— V-1 z)) bery(4 -1 z) iveZliveZ
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03.20.16.0011.01
ker,((-1)¥* 2) = % 7T CSC(mr V) [((—1)3/4 z)_v ( V-1 z)v (cos(%Tv) ber_v( V—1 z) - sin(gizv) bei_y( V—1 z)) -
(1% z)v (\4/? z)_v (cos(ﬂ) berv( V-1 z) + beiv(\‘l/j z) sin(g))] LveZ
2 2

03.20.16.0012.01

ker,(-1)¥*2) = %(1+(—1)V) kerv( V-1 z) + %(—1+(—1)V)r;keiv( V1 z) _
% ber, (V=1 2) (i @~ (- 1") 7+ 2(L+ (-1 (log((-1¥* 2) - log(V -1 2))) -
% bei, (V=1 2) (1 + (-1 7~ 2¢ (4~ (- ") (log((~ 1% 2) - log(V =T 2))) ; ve z

03.20.16.0013.01

kerv(ﬁ ) = % z272 (24)‘3 (22 + (22 - \/; ) CO{S%V) + \/? ) ker,(2) + % sin(sizv) z272 (24)_% (\/? - zz] kei, (2 +
%n 22y (2~ (2)7) 2 (Z+V2 Jeotn +(2-47 ) csc(g)) ber, (2) +
Srr () o2 N (@) (VA -2) ()7 4 2l D beica v 2
Lpra(ey s a2 (2 VE )of 25 )2 o o(c2ve s EEWE (2 )22 )

1 v
ker,(2) + - 772 () ¢ (—4w (-1+ (—1)")7r22"(\/; - zz) -

[(_z Vit e*) V7 - 24+ g*) 22) ()" +2") (41092 - Iog(z“))) ber, () +
st (an(2 (AT (10T ) 2N (T e T2

4 (-1+4(-1)) (\/? - 22) (27~ (2)")100@ - 2" [\/? - 22) (2" -(2)"%) 1092 sn(%ﬂ)) bei,(2) +
St (Ve -2) (e caecan ()7 2) sn[g’%)) 6, v e Z

03.20.16.0015.01
ker_,(2) = cos(rr v) ker,(2) — sin( v) kei, (2)

Addition formulas

03.20.16.0016.01
(o) ) ) 22
ker, (21— 2) = ) (ben(zp) ket (21) - bei(2) ke, (@) /5 | —| < 1

k=—c0

Z

03.20.16.0017.01
(S ) ) 22
ker(z+2) = ) (bendz) ker, «(z,) - bein(z,) ke, (@) /; | = < 1

k=—oc0

4}
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Multiple arguments

03.20.16.0018.01

a-2N (N a a3
> - > n n
ker(z12) =7 Z TZ [COS(T] ker,(z) - Sin[T) keik+v(22)) LZ-1<1

k=0

Related transformations

Involving kei,(2)
03.20.16.0019.01
3. 4
x ﬂv) @_Z””/ /_1 7 .
ker,(2) + i kei,(2) = CSZ( ( ) |,V(x/—1 2)-

ZV

v

03.20.16.0020.01

1
ker,(2) + i kel (2) == KV( V-1 z) iy e |V( V-1 z) (—in—log(d) —4log(2) + 4log(L+)2) /;v € Z

03.20.16.0021.01

inv inv
e+ (~1¥2) w7
ker,(2) - ikei,(2) = m;(” ) ( ! D% 2 - ———— (27| v e

z (0¥ 2’

03.20.16.0022.01

-t
ker,(2) —ikei, (2 =

(ZnYV(\“/j z)+JV(\4/j z)(—u‘n+4log(z)—4log(\4/jz))) liveZ

Identities

Recurrence identities

Consecutive neighbors

03.20.17.0001.01

V2 v+1) _
ker,(2) = - — (ker,.,1(2) — kei,,1(2) — ker, (2
03.20.17.0002.01
V2 v-1
ker,(2) = — (kei,_1(2) — ker,_1(2) — ker,_»(2)

Distant neighbors

Increasing
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03.20.17.0003.01

EJ (_1)k (n-K! -2k 2k-n 1 1
ker, (2 = v+ 1)1 [(N+V) (cos(— (2k-3n) n) kern., (2) — sin[— (2k—-3n) 71) keinw(z)) +
kI (N=2K)! (-n=v) (v + D) 4 4

ln;_IJ (_1)k (-k+n-1)! 2-2k+n-1 2k-n+1
o KI(=2k+n=-D!(=n—v+ 1) (v+ 1)

1 1
(cos(z (2k-3n-1) n) kern,,+1(2 — sin(l—1 2k-3n-1) 77) kein+v+1(z)) /ineN

03.20.17.0004.01

Av+D(v+2) V2 v+1) V2 v+1)
ker,(9 = - T kei,,2(2) — ker,,2(2) + — ker,,3(2) — - kei,,3(2)

03.20.17.0005.01

2V2 v+2) (-2 +2v2+8v+6)
ker,(2) = keiv+3(z) +

Z

4+ (+2) 2V2 (v+2)(2+2/2+8v+6)
—— ke, + ker,.5(2) + ker,.4(2)

Z

03.20.17.0006.01

2y+2)(+3) 2V2 v+2)(2-2( +4v+3))
ker (9 = ———kei, 42 + kei,.5(2) +

zZ

(- 16(v*+ 102 + 3512 + 50 + 24)) 2V2 v+2)(2+2v2+8v+6)
kerv+4(z) - kerv+5(z)

z z

03.20.17.0007.01
V2 (v+3)(-3Z+16(v2 +6v+8) 2 +16(v* + 123 + 4912 + 78v + 40))

ker,(2) = - ke,.,5(2) +
7
V2 (v+3)(-32-16(v*+6v+8) 2+ 16(v* + 1273 + 4912 + 78y + 40))
25 kerv+5(z) -
2(0+2)(v+3) (- 16(v* + 10v® + 3512 + 50 + 24))
————kel,.6(2 » ker,.,6(2)

Decreasing
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03.20.17.0008.01
ker (9 = (1-v)pa
(2] o ks n- 1y 22een 2ina 1 1
Z (si n(— 2k+n-1) n) kei_p.y-1(2—cod — 2k+n-1) n] ker_mv_l(z)) +
S KN(=2k+n=D! (L= V) (-N+V+ 1) 4 4
EJ (_1)|< (n-ky! -2k 2k-n 1 1
(n=v) (co —2k+n) 71] ker,_n(2) — sin(— 2k+n) n] keiv,n(z)) /ineN*
o KI(N=2K) ! (1 - ) (v —n) 4 4
03.20.17.0009.01
V2 v-1) V2 v-1) Av-2)(v-1)
ker,(2) = ————Kkei, 3(2) + —————ker,_3(2) - ker, (2 - ———— ke, »(2)
z
03.20.17.0010.01
4v-2)(v-1
ker,(2) = ——————kei, 4(2 + ker, 42 +
2V2 v-2)(Z2+2v2-8v+6) 2V2 v-2)(Z2-2v*+8v-6)
kef,,_;;(Z) - keiv—3(z)
z z
03.20.17.0011.01
2V2 (v-2)(Z2-2/2+8v-6) 12(v-3)(v-2)
ker,(2) = > kéi, 5(2) + —————kei, 42 +
(- 16(v*~ 102 + 3512 — 50v + 24)) 2V2 v-2)(2+2v2-8v+6)
kerv—A(Z) - kerv—S(Z)
z
03.20.17.0012.01
2(6-3)(r-2) V2 (v-3)(32 -16(v*~6v +8) 2 - 16(v* - 123 + 492 - 78 + 40))
ker (2 = ——————kei, 62 + kei, _5(2) +

V2 (v-3)(-32-16(v2 - 6v +8) 2 +16(v* - 12/ + 4912 - 78v + 40))

P

z
(- 16(v* - 10v® + 35v2 — 50 v + 24))
z

kerv—ﬁ(z)

Functional identities

Relations between contiguous functions
03.20.17.0013.01

kerv(z) =

(kei,_1(2) + kei,,1(2) + ker,_1(2) + ker, 1 (2)
2\/7 v

Differentiation

Low-order differentiation

With respect tov

kerv—S(z) -
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03.20.20.0001.01

- cos(%n(Zk—Sv))d/(k—wwl) 2 2k

ker(vl’())(z) =2"rese(nv) 2 (—) +
pard k! T(k—v+1) 2
o cof3rk-v)uk+v+D) z o0 1
27 resc(nv) ZVZ (—) + —
e KIT(k+v+1) 2 4

(371 kei,(2 - n (4 cot(rrv) Iog(g) + n) ber,(2 - 4 (ﬂ' cot(mv) + Iog(g)) ker,(2) + 7 (7T cot(rv) -4 Iog( 2)) belv(z)) liveZ

03.20.20.0002.01

@10 = n 2271 S <—1>“‘k2‘kzk( S(l Jos .(1 Joenco)
n o @=-n2""nlz —— | coq — (k—n) x| bei(2) —sin| — (k—n) x| ber (2 |+
o (M=KKk! 4 4

1 1
S Tken@+ (- 1)" ber%0(z) - ber(2 92 /ineN

03.20.20.0003.01
n-1 (_ 1)n—k 2—k Zk
S (n-kk!

ke®¥(@) = (-)" 2" 2xn1z"

1 1
(cos(z (k—n) n) bei (2 - sin(z (k—n) 7r) berk(z)) +

1 1
5 (=D)"7) kein(2) — Z ber®%(z) + = ( 1)"ber?9(2) ;neN

03.20.20.0004.01

1 . .
ker:]l’(i)(z) =27 (3 ~D"x bei_n_l(z) —4 (log(z) - Iog(\/ 1 z)) (beiml(z) +einT ber_n_l(z)) P berml(z)) -

5 inm
_17B2"3 T\/—z_ni
(-1 e T _\‘7'? ZZZK( )(2[’] 2K)!

n!

[(—1)”«/7(—1+u')(¢/(k+ %)—w[k—n+ %)+e(l”)‘/?Z(Chi((l+i)\/?Z)—Shi((l+u')\/72)))+

imn 34 l 1
2(—1)'%:7*‘/?1(—17Ci((1+i)\/?z)—i«e2(’1)/ Z(w(k+ 5)—z/r(k—n+ 5))+Si((l+zi)\/72)))ik22k+

1 inm n- 1J

V12" aes \/—zzn Z,
ZzZK(Zk 1)( 2k+2n-1)!
0

k=

1
[( ¥ (1" *<l>3/“[ o2 2y (@+pV2 )+d/(k+ ) w(k—n+5)+e2 2ghi(2v-1 z))—

ic1kes sin(x“/?z)(Ci((1+i)x/?z)+w(k+ E)—¢[k—n+ %)+i$i((1+i)x/?z))+
(—1)kem7” cos({‘/jz)(Ci((1+i)\/72)—(//(k+ §)+w(k—n+ %)+i$i((1+ri)\/72)))rikzzk/; neN
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03.20.20.0005.01
T2

(1,0 _E _ _ Vil . _(_1\n _Q(_1\n i
ker®?, (2) = 7 nber 1(2 4(|og(z) |og( 1 z)) bei 1@ -(-1"ber 1(2|-3(-D"xbe @]+

3

inm 1
-1¥2" e Vo 772 2

- kZ;?k(an)(zn—zk)!u'k
[(‘/j ([Chi(z V-1 z)—lﬁ(k+ %)+(//(k—n+ %))sinh(4 -1 z)—cosh(4 -1 z) Shi(2 V-1 z)]+
A e o ) o)

n‘(—l)ke&% (cos(ﬁ Z)(Ci(2ﬁ2)+$(k+ %)—w(k—n+ %))+sin(\4/j z)Si(Z V-1 z))—

(ke 2 ((Ci(z V-1 z)—¢/1[k+ ;)+w(k—n+ ;)]sin(4 -1 z)—cos(4 -1 z)Si(Z V-1 z)]]zz"+

n-1

1 inm 1
-1%82 "2 Vi 22" 1z

n! ZZZK(an+1)(‘2"+2“—1)wk
[_{’/T [(Chi(2 V-1 z)+¢(k+g)—¢'(k—n+ %))sinh(4 -1 z)—cosh(4 1 z)Shi(z Vo] z))—

= (cosh(«“/? z)(Chi(zx“/Tz)—w[m g)+w(k—n+ %))—sinh(“ 1 z) Shi(z V-1 z))+

(ke 2 (005(4 -1 z) (Ci(Z V-1 z)—¢/1(k+ g)+¢(k—n+ %))+sin(4 -1 z)Si(Z V-1 z)]—
u’(—l)keg% ((Ci(z V-1 z)+w(k+ ;)—w(k—n+ %))sin(4 -1 z)—cos(ﬁ z)Si(Z V-1 z))]zz"/; neN

With respect to z

03.20.20.0006.01

oker,(2) 1
=- (zkei,_1(2) + zker, 1@ +V2 v kerv(z))
9z V2 z
03.20.20.0007.01
oker,(2 1

= —— (-kei,_1(2) + kei,,1(2) — ker,_1(2) + ker,.,1(2))
9z 2vV2

03.20.20.0008.01
a(Z ker,(2) z’

(kei,_1(2) + ker,_1(2)
0z V2

03.20.20.0009.01
0(z7 ker,(2) zv

(kei, 1(2) + ker,,1(2)
0z V2
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03.20.20.0010.0
ker (2 1

07 4

03.20.20.0011.0
&ker, (2 kei,_1(2)

oz Va2z

1

1

—kei, (2 +

Symbolic differentiation

With respect to v

03.20.20.0012.01
rle 1 zy2k "
ker™0(z) = —— —(—)
2| &k 2

i=0

“1(2

o<’1(2

With respect to z

2k O

= — (kei,_»(2) - 2kei,(2) + ke, »(2)

ker,.1(2)  (v(v+1)ker,(2)
+

V2 z zZ

(z) s‘n(% 7 (2k+3)
I'(k+v+1)

ovm

mom ) ) mj (_1)ii!SE]i’)Fj v i v . )
Z( ) ) A (=)7L Z - [(z cot(—) + 1) (i cot(—) - 1) — 2™ (j cot(xr v) + 1) (i cot(rv) — 1)]
J < 2 2 2

(5 coftrisv)

T(k-v+1)

—_——

2k 0

(=) ™1 2™ (; cot(r v) — 1) Z

Qv

™ (-1 i1Sh | (i cot(rv) + 1)
~ O i

i—0 2

(g)v OOSGK(Z k+3 v))

T'(k+v+1)

: LveZ
ov!
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03.20.20.0013.01

o"ker,(2)
o
n n m (- 1)k 22k-m =Mz meky Mk [EJ (—1)j k-2
z" Z(—l)”“"[ )(—v)n_mZ ker,(2) )|, — : (
frar m par (m-Kky! D @DIK=4]D!(—k=V+1); (V)
k-1
z _ |2 (-1 (-2j+k-1) Z\A4
— (Kei, (D) + ker,_1(2) — (—) ¥
2vV2 0 @DN(4]+Kk=D(=k=v+1); (")zjs1 ‘2
zZ ) (1) (=2j+k=-1)! Z\4i
—kei, (2 Z - - (—) +
4 QI+ D! (4] +K=D ! (~k=v+ 1)1 (M)pju1 \2
|<2] _
P _ 2 D) (=2j+k=-2! Z\4]
(ke 1@ — ke, 1) Y — : (5) [rinen
8vV2 0 @i+DI4]+Kk=3)N (=k=v+1D)zj41 (M2)42 2

03.20.20.0014.01

o"ker,(2) 1 .. _(1-v y 1 1 i
T 2v2 g DY 32 ooy (L= 1) 2 F | ——, 1= —; = (~N=v+1), = (-N—v+2), 1-v; —
4z 2 22 2 4
3inv 1-v v 1 1 1
%226 a p¥Pese(nv)T(L-v) 2™ HF [ - = —(-n—v+1), =(-n-v+2),1-v; —— iZZJ -
WP 2' 2 2 7 07)
3iny _(v+1 v+2 1 1 i
2272, 232 (i 4 cot(nv) T(v + 1) 27" ,F5 > ;= (=n+v+1), E(—n+v+2),v+1;7 -

1 .
2N-2v=2 oz OV 1302 4 cot(rv)) T(v + 1) 2"

v+l v+2 1 1 1
( , ;—(—n+v+1),—(—n+v+2),v+1;——(i22))/;ve,t_Z/\neN
2 2 2 2 4

03.20.20.0015.01

2F3

ke, (2 s, ] n )
— Tl ( ) 6 0= ) Keiak i@+ (L4 e @) +
97" Zi\ 2k
T
Do (g1 g ) A= KBt 2@ = (L ) ke @) | i
pard +1

03.20.20.0016.01

d"ker,(2) LI nEJ n+1 (n ey g n
o 27 D % m(zk)((“"‘ ) K€k ni(D) + (1 + ") Kera_ny(2)) =

(1+i)\/7(4k—n+v+l) ( n

2k+1 ) (i +iM Keigenisa(@ + (- 1+ kergnin@) [0 €N

z
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03.20.20.0017.01
n 1-n 2-n 3-n 1

ker, (2 1 z 1 —0 o o o 7 (FN+2v+2)
—V()z_Gg:g - =1, 14 44 41 4 L L1 s|inezZAnz2
oz 4 4 4 2Cn+v+2), %,Z(—n—v+2),Z(—n—v),z(—n+2v+2),0, 133
Fractional integro-differentiation
With respect to z
03.20.20.0018.01
3iny
aker (2 272 4 mz®Vcsc(nv)
ar rl-a-v)
1-v v l-a-v a+v iZ 3iny 1-v v l-a-v a+v 7
oF3 J1-—1-v, ,1- i —|+e 2 gFgl —, 1-—;1-v, ,1- ——||-
2 2 2 2 2 2 2 4
272 4 n27% cse(nv) v+l v l-a+v a-v iZ
oF3 ,—+1v+1, 1= e
rl-a+v) 2 2 2 4

inv v+1 v l-a+v a-v iZ
e 2 ,F3 > ,E+1;v+1, > ,1- > ;_T live”Z

03.20.20.0019.01
1. 1.
(ez @ (C1ykea ””(ZH‘V'”) (VM -k=D!T@K=-v +1)

104 |y|,1 . k
0 kerv(Z) _ 2\y|_2 Z—oz—\VI Z I_ N (_1)|V|—l 2|V\—2 Z_Q_M
oz = KITRk—-a—|v|+1) 4
k:{ 2 J+l

2

|22 (@%W“'V') + (-1 e‘i“”(“*'v‘”) (M - k=11 (10g@) - ¥(2k—a = v+ 1) + (v - 2K) [ i Zz]k
+

Kl(v|-2k-DITRk-a-v|+1) 4

T
o

o SN(7 7K+ V) + VD) T@K+IV+ 1) 7.2k

-2 - Z
o KI(K+ VD! TQRk-a+v|+1) 2

=S}

M o==1 vl-a Z

k=0

1 1.
(e_Z(MM)+(_1)kezmv|)g.~cl‘g;(z,2k+|v|) i 2
+

k! (k+[vD!

o

2-=2 jy+vl Jvl-e Z

k=0

(e-%@'"w” (-1 ei"”‘”) Tk+ v+ 1) (210g(2) + ik + 1) + Yk + ] + 1)) [,2 Zz]k
live”l

KI K+ D! T@Rk—a+|v|+1)

Integration

Indefinite integration

03.20.21.0001.01

1 .1l @z 1 %V;—l
fkerv(az)clz=—sz’6 —_ =
16 a4 4| 2y vy o2 1ol
47 4" 4 4 42
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Definite integration
03.20.21.0002.01

f t* e Pker, () dt =273 p*
0

3
[4VF(cx NIy -1) pZV[4(v l)cos( 2

3nv
(@-v)(@- v+l)sm( ) a 1 va v 3a v @ v 53 v 3 v 1
4Pl —+——— -+ -, — ==+l ———+ - =1l —, —— - —— || +
p? 4 2 4 4 4 4 4 4 4 4 4 2 22 2 p
v a/va/vla/vlafv3lvlv 1
I'—v-DI(e+v) —4(v+1)cos(—)4F -+ -+ -+ -+, -+ -+ = =+, -+, —— |-
4 444444424442222 p*
((Y+V)(C¥+V+1)Sin(ﬂ4v) ¢ v 1l a v 3 a v a v 53 v v 3 1
sl -+ -+ -+ -+ —+ -+, —+—+— =, —+1, -+ |||/
p? 4 4 2 4 4 4 4 4 4 4 4 2 2 2 2 p
1
Re(@+v) >0 /\Rete—v) >0 /\Retp) > -—— A\vez
V2
Integral transforms
Laplace transforms
03.20.22.0001.01
3ny 1 v1 v 3 v v 11 v v 1
Liker, ()] (@ =273 x2"3 4V+1co{—)csc(nv)z’-”24F3 e B e
4 4 4 2 4 4 4 4 2 2 2 2 A
v v v 1 v 1v 3v 1v 1v 1
D D La el 2 L L)
4 2 4 4 4 2 4 4 4 22 22 b
(v v 3 v v 5v 33y v 3 1
csc(m v) (v+2)sm(—)4F3 +— =+l —+—, -+ o, —+ 1 —+ o - — [ (22 -4y
4 4 4 4 4 4’4 2°2° 2 2 2 £
_(3nv 3 v v5 v 3 v3 v 3 v 1 1
sm( )4F3 - ooy e 1o~ — = — == ||| /i IRem) < 1 /\Re@ > - —
4 4 47 44 42 42 22 2 A V2

Mellin transforms

03.20.22.0002.01
Z—Vv

1
My[ker, ()] (2) == 222 cos(z n(z+ 2v)) F(T) F(HTV) /i R&(z+v)>0ARe(z-v)>0

Representations through more general functions

Through hypergeometric functions

Involving ,Fq
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03.20.26.0001.01
ker,(2) = 273 7% csc(n v)

3nv (33 v v z 3ny (1
23V’Zsin(—) oFsli = - - = 1= -— +23V*Zcos(—]z’V0F3 D=,
4 22 2 2 256 4 2

Involving ,Fq

03.20.26.0002.01
ker,(2) =

[ 3nv 11 v v 2 3nv 33 v y 2
4005(—]F(V)0F3 ===l = - — —er(V—l)Sin(—]oFs s === l-————|||/iveZz
4 2 2 2 2 256 4 2 2 2 2 256

Involving hypergeometric U

03.20.26.0003.01

iny

iny 4 2v\ | 72
ker,(2)=-2"27"¢ 4 mcsc(nv) (67 7 - (V -1 Z) )OFl[; v+1, %] +
iy ixy 2v _ iz
2727V e s mesc(ny) (e 2 (D)% 2 —zZV)oFl v+ L el

3invy

2v 1
2l VT \/7z-V(“-1 z) u(v+5,2v+1,2“—1 z)+

iy

1
e VYT (¥ U(v + 2 2r 41,217 z] Lvez

03.20.26.0004.01

iny

1 1
ker,@=2"te V¥ T V1 ZVU[V+ > 2v+1,2v-1 z)+(—1)vf4 21V 2\ 2y (v+ > 2v+1, 2= z] +
3iny - ﬂzz
273 eT(—wr—4Iog(z)+4log(4 -1 z)) z oFl[; v+1; —] +
4
sv 5 i 22
(-1 273 (in—4log(@) + 4log((-1)** 2)) 2’ oF 4| ; v + 1; e LiveZ

Through Meijer G

Classical casesfor thedirect function itself

03.20.26.0005.01

v+1
40 2 T 4
ker,(2) = Gl,Sg vy w2 2 ﬂ]/,—Zsarg(z)sz
4’4 4 4 2

03.20.26.0006.01
1

2 T

ﬂ'
v v v+2 2-vy l]/;—zsarg(z)s—

1 VY a0
ker_,(2) + ker,(2) = 5 cos(;) Grs| —

IN
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03.20.26.0007.01

ker, () — ker_,(2) l'(nV)G“°z4 -2 <oz < -
er,(2) - ker_,(2) = ——sin| — | — _ ——<ag =< —
Y ’ 2 N2 )7\ mp | -k, L 2, 2 o Ty =AEE =Y
Classical casesfor powersof ker
03.20.26.0008.01
1 3 1
2 1 z vr z T VES
kerv({l/;) = ngg(a‘ 0, %' %‘_£)+ 772 ngg[ﬁ 1 v4 11 v il 1)
16Vr 2 03 2333 ;
Brychkov Yu.A. (2006)
03.20.26.0009.01
1 z \/7 z E, §,V+ z s s
2 _ 40 < 1v v 60| < 4’4 2 T ~
ke’ = \/—60'4[64 3%z 2] Tt Ty P S Y [ ik
16Vn ST g g VS

Brychkov Yu.A. (2006)

Classical casesfor productsof ker
03.20.26.0010.01

COS(7r v) z

ker_, (V2 ) ker, (V2 ) = o=

16V

03.20.26.0011.01

1 3
cos( v) z , o, 1« z = n n
ker,V(Z) kerv(Z) = — Gg:g[& 0, %, 7 _E]+ g E Gg:g[l—e , V4 ij a1 [i——< al’g(Z) = Z
16V 01—5, 3 30 203
Classical casesinvolving bel
03.20.26.0012.01
1 z Sk 1 z 23
(4 4 30 32 12
bev(\/?)kerv(\/?)=§‘/761,5 64 v _v 3_"]_ 7/2\/_626[16 1y owl g v ﬂ]
it 2 bg 22 %5 3

Brychkov Yu.A. (2006)

03.20.26.0013.01

13
1 z 1 z iR
bei_,(VZ ) ker, (V2 ) = gﬁeézi(a ‘ 012, g)- —e‘;:i[ﬁ RN ]
8vV2an 0.3 5 =33V
03.20.26.0014.01
3v 1 3
1 z - 1 z 27 b bis
belV(Z)ker(Z):g\/FGig a 1 v2 v 3v]_ 7/2 Ggé E 1 v v+14 ‘ v 1V]/;—Zﬁarg(Z)SZ
0, 313 T 212\n 21 3 770,—5,7
Brychkov Yu.A. (2006)
03.20.26.0015.01
1 z 1 z 23y b b
bei_,(2 ker,(2) = =V Gogl — | 0, 3, -2, %]— cl=1 , .0, L.l =aum=-
8 64 8van 16 o, 3 TV 4 4
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Classical casesinvolving ber

03.20.26.0016.01

ben (7 e (7 = — V7 632

z
64

1
E (3V + l) . 1 G3,2 i
2@v+D) 2247

v v v+l 1 v 1-v
2 0% 2727

Brychkov Yu.A. (2006)

03.20.26.0017.01

v ({2 e (12) - Vi Gf;g[_

z
64

Nlw
<
+

NI

03.20.26.0018.01

1 z
ber,(2) ker,(2) = — Vr Gf’g —
8 ~| 64

1
E(3V+l) 1 32 ) Vs
1 1 + G| 7= v 1 v 1w |7y
03 5 -5 5;B@v+D) 2727 16102 2= 35,-2, =) 4 4

N =<

Brychkov Yu.A. (2006)

03.20.26.0019.01

1 20 z % 1 42 z %, ;.V‘F% Vg T
ber_V(Z) ka’y(z)z g\/;Gljs a 1 v o1y v + 637 E 1 1oy vy 1 vl /;—Zsal’g(z)s Z
0, 3 T3 303 8vV2n 0, 2 TVt
Classical casesinvolving powers of kel
03.20.26.0020.01
2 2 1 z
kei,(VZ ) +ker,(VZ) =—Gg"2(— 02, 1,—1)
“\ 64 2’2 2
8Vrn
Brychkov Yu.A. (2006)
03.20.26.0021.01
1 3 1
2 2 v z Z 2, v+
ke|(<‘/7) -kery(«“/?) =-—c¥ — aat 2
252 | 16 1 v ivoy vl 1
T2 2" 272" 27 2
Brychkov Yu.A. (2006)
03.20.26.0022.01
Kei (22 + ker 2_1G4,oz401v V'ﬂ<ar <7T
v(2" +ker,(2) —; o,4a 31T, /y—Z— g(Z)_Z
Brychkov Yu.A. (2006)
03.20.26.0023.01
\/; z 1, §, v+ : b4 Vg
k(@ -ken@’ = -2 GG |, g =A@y
F TR T A

Brychkov Yu.A. (2006)

Classical casesinvolving kel
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03.20.26.0024.01
keiv(ﬁ)kerv((‘/?)z_égeg:g[l_;

Brychkov Yu.A. (2006)

03.20.26.0025.01

o (17 37) - 2 o

16

1 s z
VI _K)__ o
272" 2) g\ 2 *°16
03.20.26.0026.01

kei,(VZ ) ker,(VZ ) + kei_,(VZ ) ker_,(Vz ) = 273 VT costry) GE 1_26

Brychkov Yu.A. (2006)

03.20.26.0027.01

keiv(x“/Y)kerv(x“/?) -kei,v(\“/?)ker,v(x“/?) =-2‘§x/7sm(7rv)6212[%‘ P _Z’_Z vt _]

o2'2" 2 272
Brychkov Yu.A. (2006)

03.20.26.0028.01

kei,(2) k ) = ! ﬂGGO
e, (2ker,2=--_.[ - G35 —
@kent sV 2 16

Brychkov Yu.A. (2006)

T

b
——=<a < —
V/ 2 9(2) 2

03.20.26.0029.01

sin(xv) 4’0[ z

3
4

P

kei_,(2) ker, (2 = Goa| —
16V

1 |«
1 v v 50
0% % -2--/z G
2' 2 2] g\ 2 2,6

z
kei,(2) ker,(2) + kei_,(2) ker_,(2) = —2"% vV cosnv) Ggg[ﬁ ‘

] Vs
O /1 _Z —arg(z)—

2’2" 27" 27

03.20.26.0030.01
/4

Vs
)/;——sarg(Z)s =
0 4 4

Brychkov Yu.A. (2006)

03.20.26.0031.01

T

b
——=a < —
/ 2 92

Blw

1
e
v v 1-v v+1 1

o2'2' 2 272

5 z
kei,(2) ker,(2) —kei_, (2 ker_(2) = -2"2 V7 sin(xv) eg;g[ﬁ ‘ 2

Brychkov Yu.A. (2006)

Classical casesinvolving ber, bel and kel

V4

4
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03.20.26.0032.01

o 7))o e 7) - § 7 i

Brychkov Yu.A. (2006)

03.20.26.0033.01

bei, (VZ ) kei,(Vz ) - ber, (V2 J ker,(VZ ) = - 1 Ggg[i

Brychkov Yu.A. (2006)

03.20.26.0034.01

per (V2 ke (7 + b (V2 ke (7 = -— Gg;g[_

Brychkov Yu.A. (2006)

03.20.26.0035.01

o 7 1) e ) - § 7 i

Brychkov Yu.A. (2006)

03.20.26.0036.01

1 (2 ;@v+D
bei, (2) kei,(2) + ber, (@) ker,(2) = ~ Vr Gro| — L [i——<ag2 =<
4 64 O, 2 E’_§’§(3V+1)
Brychkov Yu.A. (2006)
03.20.26.0037.01
A 13
bei, (2) kei, (2) - ber,(2) ker,(2) = — et A
e N e RE T Ty
Brychkov Yu.A. (2006)
03.20.26.0038.01
. ' 1 32 z %’ % n
ber, (2) kei,(2) + bei, (2) ker, (2 = - Gl =1, yuu v 1, |f-7=a0@=<
22Ve %z 70 4
Brychkov Yu.A. (2006)
03.20.26.0039.01
1 z £ad n s
bei, (2) ker,(2) - ber,(2) kei (2 = — V7 G — 2 R O CA
(2 ker,(2) (2 ke, (2) 2 b 15 oz ,%,g,—l,ﬂ/ 2 92 2

Brychkov Yu.A. (2006)

) Vs
/1_Z—arg(z)—

NI

PN
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Classical casesinvolving Bessel J

03.20.26.0040.01

3v
1 3inv v =3v+1 —
JV(\/4 -1 z)kerv(z)= geT\/?z’V(VA -1 z) Gig 1 V2 , ]—iGSg[— 1 Vz , 3v]+
032 72308v+D 033727
1 3 1 3
1 z g = s
32 44 32 a2 ,
\/_[62'6[1_6 0y ¥l 1 _v v ”GZG[ 1w v 1y o]]]/’"sarg(z)si
V2 V3 T3 T 33 2T 3
03.20.26.0041.01
J_V(\/4 -1 z) ker,(2) =
1 1
1 sixv -y ) z =(1-3v) pal ->@3v)
s efeZ] L 20 el )
0, 5,—515(1—3").5 0, E’_E’_E(3v)’§
1 3 1 3
et z i z i T b
[ngé[ﬁ 1-vy 4v 4l v v+l]+LGg:é[E 1 1-v 41/ ) v V+l]]] /;—Zsarg(z)s Z
\/771' 01 2 1_51 E: 517 E: 71_5101 517
Classical casesinvolving Bessel |
03.20.26.0042.01
1 3y
1 iy v 24 —(3V+ 1) -
(V-1 z)ker,,(z)zge_ VT (V=1 (e =] L, G — |+
0, 3 5,—5,5(3V+1) 0, 315 T3
1 3 1 3
1 [ 32[z4 211 J 32 z A 4 4
— | G5l — i Gyl — [,——=ag@2 =< —
g v v+l 1 v 1-v g 1 v v+l v 1 v
w 2 16 Ov E' Tr 51_517 16 E: E’ 71_515_510 4 4
03.20.26.0043.01
4,
I,V( -1 z)kerv(z)z
1 sinr \ o o2 2(@-3v) o -2@3v)
—e 4 \/72V( -1 Z) e [Grgl — 1 ik Gis 1 U+
0, 5,—515(1—31/),5 0, E’_E’_§(3V)’§
. 1 3 1 3
e iny z == z o n n
= [Gg’g[l_e . _41 4; , EJ_iegjg[l_e - _41 40 , EJ]]/;—Zsarg(z)sZ
2 2 T30 2 2 2% 35 3

Classical casesinvolving Bessel K
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03.20.26.0044.01
4 1 _sinv 4 v , ~30 z 1 vy
KV( -1 z)kerv(z)z-ﬁe 4 \/7( -1 z) (i +cot(mv)) 2" Gy, —& 0, il B
1 3iny 4 1% z
—~V 3,0 1 v v
—(E 4 \/72 ( -1 Z) CSC(ﬂ'V))GOA[—& 0, E,—E, 5]_
iy v
- 52 v (Y 1 11 1
e 4+ mler (\/ 1 Z) Csc(ﬂv)csc(ﬂ(v+4)) <, 2 V-3
35| L
a2 0. -viv, 2. -v—73
Binv -V
eTnS/ZzV(\/4—1 z) (—u‘+cot(7rv))csc(7r(v+ 3)) 11, 1 x
4 21 . 2 2" 4 4 .
G|t 1 1 /,V$Z/\—E<arg(z)50
42 0v, 3, -V, V=7
Classical casesinvolving gF1
03.20.26.0045.01
i\/; 1 3sinv
OFl(;v+ 1; T]kerv(\‘t/;): —e 4 \/7F(v+ 1)
- 30| 2 %V 30| Z %(5V+2) 1
22iGlz56_4 L 1:5a 2 v v g, Leye2 +\/_
7 iy a0 T Tz Y 2
1v 3 z v 3w
ngé - 47 4 i —ingg - i 4 4
| 5522 teman Boben) | 25 2 e-an den
03.20.26.0046.01
ivz
OFl[; 1-v; ]kerv(\A/?) =
1 s z 1(2-5v) z -3 5v)
e s VrTd-v)|2”2e |G — 4 iGY — 4
8 ’ _rov oy 1(2_5,,) 3 ' _y vy o2 _l(5y) 3
44 44 'y 48 4 14 'y
—imy v+l 43 v+l v+3
€ [ 3,2[_ 4’4 ]_ Gs,z[i 4 4 ]]]
2,6 2-v v v 3v v+2 1 26 2-v v v+2 v 3v 1
V2 16 2 T2 A 7.1(3‘/4‘2) 16 2T a1 7,1(3‘/4‘2)
03.20.26.0047.01
i
oFaf; v+ 1 —|ken (@ =
4
5y 1
1 sinv y z = z 76v+2)
T \/?r(v+1)[2‘z[iefjga o ., |+ G ale o ) +
> T 21—2(3"),7 7 T 21—1(31’),;(51""2)
1-v 3-v
1 c32 i e B
26 . _
2x 16| -3 522 22-3y), 2, -1@3)
g bis Fis
. ~3.2 47 4
EGZZG 1a 2-v v v+2 1 1 v]]/;——ﬁarg(Z)S—
16 T 2123, -7@y), -3 4 4
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03.20.26.0048.01

iz

0':1(;1—1/2 T] ker,(2) =
1 3inv ) 30 Z4 %(2—51’) 30 24 —%(51/) eﬂ'nv
—e s Vr TA-v) |27 |Gl — 1| — +
8 Clea| —x r 2 Lo 5y 3 ’ _rrore lig,, 3 2
4’4 44 "4 4'4 4 a4 "4 4
2 s 2 s n n
Gl — o Gl — t fi-—<ay® =~
g 2-y v v 3v v+2 1 g 2-y v v+2 v 3v 1
[ 16 2 11 2 TVZ(3V+2) 16 2T a7 712(31/"‘2) 4 4
Classical casesinvolving oF;
03.20.26.0049.01
N ivz
oF1|; v+ 1; kerv(\‘l/?):
4
5v 1
1 3inv v z — z 7 (5v+2) 1
5«3_ ) \/7[2_5 leig[a 2=y v v4 1 5v] Gig[ 2-v v v4 1 1 +
it Z’_Z(S ),7 =2 T Z,—Z(3V),—(5V+2) V2 r
Ly 3 , Ly 3
Gg’é— 47 4 _ic3?y 4 4
6] -5 5 @305 23y 6] 2 4 5 1@-30, 5B,
03.20.26.0050.01
~ ivz .
OFI[! 1- v, 4 ] kerv(\/?) =
1
1 3inv . z ~(2-5v) z -=(5v)
—e s Vr |27 |G3Y — 4 +iGY —
8 Clea| —x r 2 Lo 5y 3 ’ _rrorzs ligy, 3
4' 4" 4 4 "4 4' 4 4 4 ' g
—iny v+l v+3 v+l v+3
€ [ 3,2[2 4’ 4 ] i G32 4’4 ]]]
2,6 2-v v v 3v v+2 1 26| 1~ 2-v v v+2 v 3v 1
2 16 2 T a1 A 7.1(3‘/4‘2) 16 2T a1 7,1(3‘/4‘2)
03.20.26.0051.01
_ iz
oF1|; v+ L —|ken (2 =
4
1 sim o L7 2 o 2 16v+2)
P m|2z2 ﬂGljs a 2—-y v v 1 5y +Glj5 ™ 2-v v v 1 1 +
8 64 - T 27—2(31’),7 64 7 T 21—1(3"),—(5"*'2)
1-v  3-v
1 c32 i 4 4 B
2,6 y _
2n 16| -3 522 22-3y), 2, -1@3)
g T n
LGg:é 2-v v v+2 1 ) ) 1 V]]/;_Zﬁarg(Z)SZ
T 2123, -7@v, -3
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03.20.26.0052.01

- iz
y1-v, —|ker,(2 =

4
e—inv

OFl
1
12-5y) 7 -2 (5v)
; +i ig v v o v+2 1 3v +
64 it -206v, & V2 n

1 3inv
- v/2 inv 3,0
—e s Vr |27V |G| —

64

v v
AL

4 -l caga <
——<agd < —
4 g 4

47 4

vl v3
] . ~32

3,2
[GZ,G s

Generalized casesfor the direct function itself

03.20.26.0053.01
40 2

1 v+1
ker, (2 == -G
4 1,5 ]

1
"4

AN

e w i a2

03.20.26.0054.01

1 VY 40
ker_,(2) + ker,(2) = E cos(?) Gis

03.20.26.0055.01

1
ker,(2) —ker_,(2) = —— sin(—)
2 2

Generalized casesfor powersof ker

03.20.26.0056.01
a0 2 1 v 60
) 0’ G A

kerv(z)z = 0,4 y
16Vn 2v2 4

Brychkov Y u.A. (2006)

N
Nl
N =

Generalized casesfor productsof ker

03.20.26.0057.01
cos(r v) 4'0[ z 1 ) 1 /7 g

ker_,(2) ker,(2) = 0.4 , —
16V 2v2 4

Generalized casesinvolving bel

03.20.26.0058.01

.T
<
~————

V|

1
bei, (2) ker, (2) = 5\/7 Gig

Brychkov Yu.A. (2006)

v+1

03.20.26.0059.01
] _ 1 4.2

z

1
bei_,(2) ker, (2 = — Vr G(Z,jg[
8 2V2
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Generalized casesinvolving ber
03.20.26.0060.01
z

1
2vV2 4

1
ber, (2) ker, (2) = gﬁ Gre )

N

>
Brychkov Yu.A. (2006)

03.20.26.0061.01

1 1
ber_,(2) ker,(2) = — vr Gig -
8 2 \/7 4

Generalized casesinvolving powers of kel

03.20.26.0062.01

1 z 1
kei,(2)% + ker, (2> = —— Gé;ﬁ[ .-

8vVr 2vV2 4

Brychkov Y u.A. (2006)

03.20.26.0063.01

\/; z 1
kei,(2)” — ker,(2° = - —— G39| =, -
25 2 4

Brychkov Yu.A. (2006)

Generalized casesinvolving kel

03.20.26.0064.01

) 1 T 60
kav(Z)kerv(Z)=—§ > Gs7

Brychkov Yu.A. (2006)

03.20.26.0065.01

. sin(zv) wof 2 1
kei (2 kerv(z) = GO:4 v
16V 2

03.20.26.0066.01

kei,(2) ker,(2) + kei_,(2) ker_,(2) = 23 V7 cos(nv) ngg[

Brychkov Yu.A. (2006)

03.20.26.0067.01

kei,(2) ker,(2) —kei_ (2 ker_,(2) = T sin(rv) eg;g[

Brychkov Y u.A. (2006)

Bv+1)

]+

GZ
2\
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Generalized casesinvolving ber, bei and kei

03.20.26.0068.01

1 z
bei, (2) kei,(2) + ber,(2) ker,(2 = - V7 Gt ,
4 2V2
Brychkov Yu.A. (2006)
03.20.26.0069.01
. . 1 4 Z
bei, (2) kei, (2) — ber,(2) ker,(2) = - Gs7| =
2521 12
Brychkov Y u.A. (2006)
03.20.26.0070.01
z
ber,(2) kei,(2) + bei,(2) ker,(2) = — G334l -,
25271 12
Brychkov Yu.A. (2006)
03.20.26.0071.01
. . 1 30 2
bei, (2) ker,(2) - ber,(2) kei,(2) = — V7 Gig
4 2V2
Brychkov Yu.A. (2006)
Generalized casesinvolving Bessel J
03.20.26.0072.01
4,
JV( -1 z) ker,(2) =
l 3inv v zZ l
—e s Vr v (V-1 4 Gig[ -
1 3
A

V2

03.20.26.0073.01
iny

3,(V-1 2)ken@) = %«e‘sT Vr 2 (V-1 2)_V

Generalized casesinvolving Bessel |

13
E 7 Z’O ]
1 v v+l v 1-vy
4 0, E’ 51 T: _Ea T’ 0
3y
3 ]
! 1 v v 3y
4102337
1@Ev+)
2 . 30 2
v v 1 _EGLS ’
,5,—5,5(31""1) 2\/?
13
z 1 - 7
+mGg’§ - = 4
241 v 1 v
2'2" 2 2
of 21 -2@3v)
|-ic 2|
3 242 0, 3
13
z 1 - 7
. 32 22
G a1 v g
2’ 2 22022
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03.20.26.0074.01
4,
IV( -1 z) ker,(2) =

1 3y
11 . v z 1 S@Bv+1 z 1 >
_eZ(_s)MV\/?Z_V(A_l Z) [Gig[ ,é_l 1 v2 v 1 +iGi:g ’L_l 1 v2 v 3VJ+
22 0, 5 5,—575(3V+1) 22 0, 513173 5
1 3 1 3
1 32| 2 1 141 . 32| Z 1 14’1
\/—GZGE’Zozﬂz_xu R S I e R
V2 2222 2 22" 2202 2!
03.20.26.0075.01
I_V(4 -1 z) ker,(2) =
1
3iny | z 1 -5@v) z 1 5@ 3v)
—e 4 z( -1 z) e iGig , = N V2 N , +Gig , = 11 +
8 2\/7 410, 5,—5,—5(31’),5 2\/? 410, 51T 5( 3V)
—iry 13 13
e'” [Gs,z{z 1 23 ;32 z 1 24 ]]]
26| 51 1-v v 1 v v+l 2615 4| 1 1 v v v+l
272 (2405327 241222027
Generalized casesinvolving Bessel K
03.20.26.0076.01
1 3iny —v \/4 -1z 1
K(V-1 Z)ker,@=-—e = Va 2(V-17 (+cottxv) Gy M
16 ’ V2 4
22
4,
3iny v v-12z 1
+ Va7 (V=1 2) csotnv) Gy =102, -2, 5|
la2v2 4
Biny v
e_Tﬂs/ZTV(4—l Z) CSC(ﬂv)CSC(ﬂ(v+ l)) 1 11 1
4 y 7
Ggé[ﬁzi 24 L N 1]+
a2 0, -v,v, V"3
Binv
722 (V-1 2| (—i+cot(rv) v+ 1 11, 1
( ) CSC( ( )) Gg’éﬁz,— 2' 2 4 Ivez
' 210,v, % —y,v-1
42 ' 3 :
Generalized casesinvolving gF 1
03.20.26.0077.01
22 3!7I'V
oFiliv+1 — [ker,d = + Vr Tv+1)
4 8
5y
7 1 2 z 1 20v+2
2 2 lGig n 2-y v v ) 1 5y ig ' 2-vy v v +
4 - T Z"Z(?’ )s 7 2v2 4 =2 "1 ——(3V) (5V+2)
1-v 3-v v 3
3221 4 T4 ‘3'221 ' 2
GZG 5 v v v+2 1 2-v 1 _KGZ'6 P 2-v v v+2 1 1 v
2" 4 a1 4 2(2—31/), W —2(31/) 2 4 24 4 2(2—31’), _Z(3V)’ ~2
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03.20.26.0078.01

3:7rv

j 72
OFl(;l—v; IT]kerv(z) —e s VrId-v)

1 1
[Zv/z inv zG3O[ z E -2 ] 30 Z E 2(2-5) ]]
S ! v v ov+2 1 3y 15 ! v v w2 1 3y
2V2 4 it et SOy 2v2 4 —2 3 2 2@-5,
v+l v+3 v+l v+3
et z 1 =, ns z 1 - I
NS [G%[E'Z v vy ;_v :_2 L 3y42 ~iC3 2 4|2 _» ﬂ41 g_v L +2]J]
2n T o 1 8v+d) T T3 a0 2 g BvEd
Generalized casesinvolving oF;
03.20.26.0079.01
_ iz
oF1|;v+1; T ker,(2) =
1 am o Lz 1 X o 2z 1 Z6Bv+2)
P \/; 22 KG]-:S ' 2-v v v 1 5y 1:5 ' 2-v v v 1 1 +
8 2vV2 4 iy Z,—Z(3V),T 2vV2 4 7 "1 Z’_Z(SV)’Z(5V+2)
1-v  3- 1-v  3-v
z 1 — z 1 —, =
ngg 5' Z v v v+2 1 ) ) 2-v 1 —ng:g 5' Z 2-v v v+2 1 ) )
2 n —2 1 1@-3, 7, -7@Y) 1 a1 (23w, ——(3V)
03.20.26.0080.01
N iz
0F1[? 1-v T] ker,(2) =
1 s , z 1 -3 (5v) z 1 2@2-5v)
ge 4 \/7[2‘//2@””/ EGig ‘Z v v v+2 1 3v +Gig ‘Z v v vi2 1 *
2vV2 R et A0 s 2vV2 T le(z 5V) vy
o P m e
et [Gsz[f E 42 4 iGB’ZE E 4’4 ]]]
2,6 2-y v v 3v v+2 1 2,6 ! 2-v v v+2 v 3v 1
\/77'( 2 4 R T’Z(3v+2) 2 4 2T a1 T’Z(3V+2)

Representations through equivalent functions

With related functions

03.20.27.0001.01

1
ker,(2) = — > (bei,(2) — csc(rr v) ber_,(2) + cot(r v) ber,(2) /; v & Z

03.20.27.0002.01
ker,(2) = csc(rr v) kei_,(2) — cot(m v) Kei,(2) /; v & Z

03.20.27.0003.01

1
ker,(2) = - (2 Kv( V-1 z) (=) —7(~1)" YV(\/4 -1 z) +mbei,(2) — (log(4) + 410g(2) — 4log((1 + i) 2)) bery(z)) Livez
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03.20.27.0004.01

1 )
ker, (= 77" (-2)5 7 e
(12 o2 o (2 2 {5 o™

Ao el )2 )2 e

03.20.27.0005.01
1 1 3i

ker,(2) = Ee’%v z’V(\‘l/j z)v Kv( V-1 z) - Zne%v zv ( V-1 z)v Yv(ﬁ z) _
%(e"s% zV(4 -1 z)_y (i + cot(rr v)) —eaial zv (\4/? z)v cot(m/)) JV( V-1 z) +
T

T (T s T 2 (VT g oot (T g ivez
03.20.27.0006.01
ker,(2) = —%(—1)v (—z’7r+4log(z) —4log(\4/j z)) JV(H Z) + % (i)’ Kv(ﬁ Z) ~
%(—1)%\@(“ 17+ %iv (V=1 2)(~in - 4log@ + 4log(V-1 7)) ;v e Z

03.20.27.0007.01

ker,(2) =
—g(e-mvv(ﬁ z)+(3nrcos(nv)—sin(nv))Jv(«“/T Z))_w_%v ncos(ﬂv)lv(\yj z)+ ge‘SETM KV(«“/T z) e
%e’mTv Kv(ﬂ z)— %ef”V(Yv(ﬁ z)—u'Jv(4 -1 z)) 1
/i
Ve
z

03.20.27.0008.01

inv iny 2v -V
ker,(2) == %csc(nv) z’ (eT Y_V(“ 1 z) (67 (\/4 1 z) cot(m)—z”csc(m))(“ —1 z) +
iny inv 2v -v
s YV(\/4 1 z) (szcot(nv)—eT(\/4 1 z) csc(nv)) (\/“ ] z) +
a CVinY (¥ 2) 7" Y (1% 2) (((—1)3/4 z)zv cot(rv) — e 2 csco(n v)) +
@342(73”” ¥ 7Y (-1 2 QMTV 2" cot(mv) — —13/422V TV ve¢Z
(-1D¥2) Y, (-1n¥2) @) = (-D¥ 2" cscv) || /v &

03.20.27.0009.01
ker,(2) +ikei,(2) =
3i

e (“ 1 z)v KV( V-1 z) P g |V(x“/7 z) ({Tﬂ cso(n v) («"/T z)v et («“/T z)fy (i — cot(r v)) ZV) LiveZ

03.20.27.0010.01
Simv

e 2 KV(\/4 -1 Z) - 27117@_% cos(r v) IV( V-1 z) %’r <ag=n
ker,(2) +ikel,(2) = live”Z

e_% KV(4 -1 z) True
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03.20.27.0011.01
. Ve
ker,(2) —ikei, (2 = ——
2

3

(;‘% z‘V(4 —1 z)v Yv( V-1 z) + (@‘3’% zV(“ 1 z)_y (i+cotTy)—e & z-V(“ 1 z)v cot(ﬂv)) Jy( V-1 z)) LveZ

03.20.27.0012.01

-z (w'” YV((‘/T z) +(3i cos(nv) — () Jv(ﬁ z)) ¥ <aga) <n
ker, (2 —ike, (2 = liveZ

~2em (V=1 2)-i3,(V-1 7)) True
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