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Notations

Traditional name

Inverse of the Jacobi elliptic function sc

Traditional notation

sci(z| m)

Mathematica StandardForm notation

I nver seJacobi SC[z, m]

Primary definition

09.46.02.0001.01
z=sc(W|m)/; w==sci(z| m)
09.46.02.0002.01
z 1
SC‘l(ZIm)::f dt/;ze[R/\(l—m)22>—1
*JertVJa-me+1

Specific values

Specialized values

For fixed z

09.46.03.0001.01
sci(z] 0) == tan"1(2)
09.46.03.0002.01
1 z
sc‘l(z —) =—-ivV2 F[isinh"l(—]
2 V2
09.46.03.0003.01
sci(z| 1) =sinh *(2)

:

For fixed m

09.46.03.0004.01
s (=1 m) =i F(isinh™(1) | 1-m)
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09.46.03.0005.01
1
sc‘l(— -

o) (3

09.46.03.0006.01
0| m==0

09.46.03.0007.01

1 (1
sc’l(— ‘ m) =—i F[n?sinh’ (—) ‘ 1- m]
2 2
09.46.03.0008.01
(1| m) = i F(isinh (1) | 1-m)
09.46.03.0009.01
sl | m) =i K1 -m)

09.46.03.0010.01
sc (=i | m)==—-iK(@1-m)

Values at infinities

09.46.03.0011.01
sci(z] ) =0

09.46.03.0012.01
scl(z] —00) == 0

09.46.03.0013.01
scY(co | M) == K(m)

09.46.03.0014.01
st (—co | M) = —K(m)

General characteristics

Domain and analyticity

sc1(z| m) isan analytical function of zand mwhich is defined over C2.
09.46.04.0001.01

(z¢+m—sci(z|m:: (C®C)—C

Symmetries and periodicities

Mirror symmetry
09.46.04.0002.01

sc iz m) =sciz| m)

Quasi-reflection symmetry

09.46.04.0003.01
-1 -1
SC(-z|m)=—-sc(z| M)

Poles and essential singularities
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With respect tom
The function sc™(z | m) does not have poles and essential singularities with respect to m.

09.46.04.0004.01
Singm(sc'l(z | m) = {}

With respect to z

The function sc™1(z | m) does not have poles and essential singularities with respect to z.

09.46.04.0005.01
Sing (scH(z| m) == {)

Branch points
With respect tom
For fixed z, the function sc™%(z | m) has two branch points: m==
09.46.04.0006.01
Z-1

BPy(sc iz M) = {7 c;o}

09.46.04.0007.01

L Z+1
Rl SC(z| M), ==log
2

09.46.04.0008.01
Rn(scH(z ] M), &) =2

With respect to z

1
Vm—li

For fixed m, the function sc™(z| m) has five branch points: z = + i, z==+ Z = co.

09.46.04.0009.01
1 1

Ym-1 ’_\/m—l '

BP sz m) = {i, -,

)

09.46.04.0010.01
RAscHz|m), i) =2

09.46.04.0011.01
R(sc™Hz|m), —i) =2

09.46.04.0012.01

R

sci(z| m) ! ]:: 2
m-1

09.46.04.0013.01

1
Rz[sc‘l(z| m), — ) =2
m-1
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09.46.04.0014.01
R(sc™H(z| m), &) == log

Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat generic point z == z,

09.46.06.0007.01

1 7p(2mz-27+m-2)
<zl m) o scH(Zo | M) + z-27- Z-20%+...|/: (2> 20)
de(sc(zo | m) | m) ne(sc(zo | M) | m) 2(Z2+1)(mB-2-1)
09.46.06.0008.01
1 7o(2mz-27 +m-2)
sz m) o sc(zo | M) + z-2- (- 29+ O((z- 2)°)
de(sc™(zo | m) | m) ne(sc(zo | M) | m) 2(Z+1)(mz-2-1)
09.46.06.0009.01
1

schzim =sci(zo | m)+
de(sc(zo | M) | m) ne(sc2(zo | M) | m)

© 1kl D (A-Kgepz iyl (1 | - '
$1 2(-)-2 (1)(_) (_) A-mSR+1) ° (A-mZB+1)" @2-2)
S

1 Koo (k= j-1)!1(z) 21 3 SJ\2)s\2)j=s

N

Il
o

09.46.06.0010.01
1

szl m =scizo | m) +
de(sc(zo | m) | m) ne(sc(zo | M) | m)

o 1k (D2 A-mIT(j+ ) A-Roap 2% T (1 1 -mB+Z+1 k
Z—' , R = i =) —————|(Z~2%)
1 K% Vi (—j+k-D1(A-mZ2+1) 2 2 A-m(F+1)
09.46.06.0011.01
ak—l 1
_1 » \/2(2J+1 \/(l—m)z%+l o vV 2+1 v a-m2+1 ‘
schzlm =scz | m)+ D= /i 2= 2|2~ 2)
de(sc(zo | m) | m) ne(sci(z | M) | m) 5 K! 9zt

09.46.06.0012.01
sz m) o« ScHZo | M) (1+ Oz - %))

Expansionsat z==0

09.46.06.0001.02

m-2 3mP-8m+8
sci(z|m) o« z+ . 2+ o 2+...[,(z-0)
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09.46.06.0002.01

o -0 g 1
k
Sc—l(z| m) = Z e — 2[:1(_, -k — -k _) 2kl
4 (2k+ k! 2 2 1-m
09.46.06.0013.01
scH(z| m) « z(1+ O(Z))
Expansions at generic point m == mg

09.46.06.0014.01

2VZ2+1Ja-my2+1

scH(z| m) o sci(z] mp) +
6 dc(scX(z| myp) | mo) nc(scX(z | mp) | my)

3135 9
(Fl[—; -, = = -2, Zz(mo—l)](m—mo)+ EzzFl(— 333 -7, zz(nb—l))(m—nb)2+...] /; (M- my)

09.46.06.0015.01

2VZ2+1Ja-my2+1
6 dc(sc(z| my) | mo) ne(sc(z | my) | mp)

sc iz m) o sc7i(z | my) +

3135 9 515 7
Fi| = = = = -2, Z2(my -1 |(m- —ZF| = =, = = -2, Z(my - 1) [ (m=mp)? + O((m—my)®
(1(2 '3 3 (my ))( mo)+ 1[2 '3 3 (my )]( mp)® + O((m—my) )]
09.46.06.0016.01
o (—)kyx z2k1 11 1 3 1 1-my
cstzim=)" Fl[k+ = ookt ok o, ——](m—mo)k
k:okz(2k+1)r(§—k) 22 2 2 2 2

09.46.06.0017.01

iVAZ+1 (A-mpA+1 ® (=1)k
\/ \/ Z( ') EIIipticF<°’k)(isinh_1(z),1—mo)(m—mo)k

szl m = se7hz| my) -
de{sc(z | mp) | my) nefsc(z| my) | M) iz

09.46.06.0018.01
scH(z| M) o cH(z| M) (1+ O(M— my))
Expansionsat m==0

09.46.06.0003.02

(Z+tan2) -z 3 (—5 Z-3z+3(2+ 1)2 tan‘l(z))

sci(z| m) o« tan~1(2) + m+ M+ ... /; (M- 0)
4(z +1) 64(2 + 1)
09.46.06.0004.01
Akl (1)
S 1 3
sciz| m) = ZJZFl(k+ — k+Lk+ —: —zz)nf‘/; Im <1
K12k +1) 2 2
09.46.06.0019.01
E) 2 " 2 i
© \2 1 j— 1!
sc’l(zlm):z X tan*l(z)——z(J ) e/ Iml < 1
koo (k!)? 275 Z+1

(2),
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09.46.06.0005.01
© o (_l)] (m_l)k22j+2k+l (1] (1)
j k

scHz|m) = -
];é 2j+2k+1)jlk! \2/;\2

09.46.06.0006.01
1.1.1
[ 2' 2

2 2 _22]

1Ix1x1]
=zF

3.

Eny

-1
szl m) =zF 550

09.46.06.0020.01
sci(z| m) o« tan~1(2) (1 + O(m))

Integral representations

On the real axis

Of thedirect function

09.46.07.0001.01
2 1
dtf;zeR N@-mZ>-1

° \/t2+1 \/(1—m)t2+1

sci(z| m) =

09.46.07.0002.01

) VA-mZ+1 ndscizlm|m) 2 1
scH(zlm = f dt/,
VZ+1 *JesiJa-me+1

R (Im(2272+1)=O/\2272+l<0/\Im((l—m)2272+1)=0/\(1—m)2272+1<0)

VA-mZ+1 ndscizlm|m) 2 1
scHzim =sc iz | M)+ f dt/:
VZ2+1 Vi1 VJa-me+1

= 3, frer 0crel) (Im((‘r (2-2) + 2> +1) =0 /\ (r (2~ 2) + 20>+ 1 <0 /\
Im((l—m)(-r(z—zo)+zo)2+1):0/\(1—m)(r(z—zo)+zo)2+1<0)

09.46.07.0003.01

Differential equations

Ordinary nonlinear differential equations

09.46.13.0001.01
W@+(2A-mZ-m+2)zw (2’ =0/, W2 =scl(z| m)

Transformations
Transformations and argument simplifications

Argument involving basic arithmetic operations
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09.46.16.0001.01
sci(-z | m) = —scH(z| m)

Identities

Functional identities
09.46.17.0001.01
(M-DZ2Z+1) scw(z) + W(zo) | ) +

2Z(M-DZ+(M-DZ+2(M-2)Z - 1) - Z) CWzy) +W(Z) | M? +(Z - zg)2 =0/ W2 ==sc Xz m)

Differentiation

Low-order differentiation

With respect to z

09.46.20.0001.02
asci(z|m)  nd(sci(z|m) | m)

0z 2+1
09.46.20.0002.01
asc iz m) 1
p; = /;ze[R/\(l—m)22>—1
z

B \/22+1 \/(l—m)22+1

09.46.20.0003.02
P sci(z| m) z(2(m-1)Z +m-2)nd(sc™ (z| m) | m)

o2 (Z+1°(m-12-1)

09.46.20.0011.01

g
P sc(z| m) Z+1 dn(scizIm | m) 2z Vam 2

oz Vi-m-12 oz

With respect tom

09.46.20.0004.01
ascl(z| m) (Z+1)E(am(scX(z] m) | m) | m) + (m—1) (2 + 1) scX(z| m) - mznd(sc ™ (z| m) | m)

om 2(m-1m(Z+1)

09.46.20.0012.01

ocizlm ZV1-m-1Z nd(SC‘l(ZIm)Im)F(s 135
= 1 . N

om 6VZ+1

09.46.20.0013.01

ascl(z| m) iV1-(m-1)2Z nd(sc(z| m)| m) oF(i snh (2 |1-m)

om \/Z om
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09.46.20.0014.01
asc(z| m) 1

om 2m-my2+1
(((m— 1) \/22+ 1 z—zi\/—m22+22 +1 E(u’sjnh‘l(z) |[1-m-my1-m-1)7Z s}z m)) nd(sc™(z| m) | m))
09.46.20.0015.01

asc(z| m) B 1

gm 2m-my 2+1
11 13
((\j 1-(m-1) 7 FI(E; > _E; 5;_22' (m—l)zz)z+(m—1)\/zz+l z—m\/—m22+22+1 sc‘l(z|m))

nd(sc™(z| m) | m))

09.46.20.0005.02

asciz|m)  nd(sc iz m)|m) V1i-(m-12Z E(sin‘l(m z)‘ ﬁ)

om 2m Vm-1V2+1

09.46.20.0006.02
8Psci(z| m)
A
(Z+1)((m=-1)Z - 1)(@m-2) E(am(sc™(z| m) | m) | m) + (m— 1) F(am(sc™ (z | m) | m) | m)) -
mz(4n? Z+Z-m(52 +3)+ 1)nd(sc(z| m) | m)) /(4(m- D2 n? (Z + 1) (m-1) 2 - 1))

=B(Z+1)((m-DZ-1)scHz|mm-172+

09.46.20.0016.01
8Psci(z| m)
an?
—((1— (m-12) (—417 @m-DE(lsnh '@ |1-m)(1-m-1) 2

3/2 3/2
) _

-2m@Bm-Yscizim(1-m-1)7)
2m-1zyZ2+1 (2(m—1)(2m—1)22—3m+2))

nd(sc™'(z| m) | m))/(S(m— 1)?n? \/H (m-1nZ- 1)2)
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09.46.20.0017.01
#sciz|m
% =|-15(2+1)((m- D2 -1 sz m) (m-1)° -
]

(Z+1)((m-1)Z-1)|(28m? - 23m+8)((m-1)Z — 1) E(am(sc™ (z| m) | m) | m) +

-mZ+72+1
(m-1)m —— z+ (11 Z - 18mZ + 77 - 11m+ 7) F(am(sc*(z| m) | m) | m) ||+
+1

mz(23m 7 — P (597 +35) 2 +5(2 + 1) +3n? (187 + 207 + 5)-m(237 + 357 + 12))

nd(scX(z| m) | m) / (Bm-1°m? (2 +1)(m-1) 2~ 1))

Symbolic differentiation

With respect to z

09.46.20.0018.01
sci(z| m)
07"

nd(sc | m [m) it (DA =My

=6,5¢ Xz m) -

Y(DG)() a-m @y @-mz ey e

j
k=0

Z+1 o (n—j-11@p 21 2
09.46.20.0019.01
o"scl(z| m) nd(sc™(z| m) | m)
_ =y lzm ————————
ikl Z+1

1 1 -mZ+Z+1
oo
2 2 1-m(@+y)

et (D2 Ao m) 20 (- m 2 +1) (5) @y [
21

Z (n—j-1)!

i=0

09.46.20.0020.01

an—l 1
Pz m) Vi-m-D2Z ndscizim|m) Vo Vamzea
—— = sz M+ fineN
0" azn—l
Z+1

09.46.20.0007.01
j-n+1

[uN

Nscizim  27iaZt(n-Dindscizm) | m) -t (A-m)™iTt (2 4+ 1)7'- (1-mZ+1)

a7 2+1 o jtn-j-or(d-j)r(i-n+3)
1-j j1 1 j-n+2 j-n+1 3 1 )
Fol —, - = —j;1+ —|,F , Ji-n+ -1+ fineN*
2 >’ % J 22]2 1 > > J > 1-m2

With respect tom
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09.46.20.0008.02

o ‘1(z|m) 22“*1( ) V(@-m2Z+1 ndsciz| m) | m) 11 1 3
F[n+— — n+£ n+5 -2, (m- 1)22)/ neN

2’2

ot @n+VZ2+1

09.46.20.0021.01

"scl(z| m) iV1-(m-12Z nd(sciz|m|m) " F(isinh’l(z) [1-m)
/ineN

T ann

gnt VZ+1

Fractional integro-differentiation

With respect to z
09.46.20.0009.01

9”sci(z| m x1x Lz

57;')—1l Vr fxéxé[sz 22 _2m-nZ|hzeR A\m-nZ <1
e g _ e
> 5

With respect tom
09.46.20.0010.01
1.1.1
scizim  zmevT 555 20 mZ2
P N fizeR \(m-1Z <1

== Ficox1 )
an 3o1-a;
2 /Zz+1 oil-a Z+1 2+1

Integration

Indefinite integration

Involving only one direct function

09.46.21.0001.01
1 de(sc(z| m) | m)

fsc‘l(zl mdz=scz|mz- Iog[ +nc(sci(z| m) | m)]
Vv1-m Vvi-m

Involving only one direct function with respect tom

09.46.21.0002 01

fsc‘l(z|m)clm ( \/—zE(nsmh ‘Wi-m z)

) VZ+1V1-mZ2+2 —1)/ze[R/\(1 mzZ>-1

Representations through more general functions

Through hypergeometric functions of two variables

09.46.26.0001.01
111,
21202 (m_1)22,_22]

~1 1x1x1
sC (z|m):—zF1§0§0[

3...
5m

Through other functions
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I nvolving some hyper geometric-type functions

09.46.26.0002.01

11
sci(z| m) ::zFl(—; - = = =2 (m—l)zz)/; ZE[R/\(m—l)22< 1

09.46.26.0003.01

1113 Z i
z Fl[—'— oo s m )/;ZE[R/\(m—l)ZZ<1

sci(z| m) =

m 2222 2+1 A+1

Representations through equivalent functions

With inverse function

09.46.27.0001.01
so(sci(z|m) | m) =2z

With related functions

Involving cd™?

09.46.27.0002.01
sci(z| m) = i(cd_l(izl 1-m-K@d-m)/;zeRAmeR

Involving cn—t

09.46.27.0003.01

sc‘l(z|m)==n'cn‘1(\/22+l ’1—m)/;0<z< 1Am>1

Involving cs™t

09.46.27.0004.01

1
sci(z| m)==cs (—‘m)/;z>0/\m<1
z

Involving dc™?

09.46.27.0005.01

1
scl(z|m)==u'[K(1—m)— dc’l(—iz )]/;ze[R/\0<m<l
Vv1i-m 1-m
Involving dn™*
09.46.27.0006.01
1
sci(z| m) = dn_l[iz 1——)—u’K(1—m)/;z<1/\m<0
1-m 1-m
Involving ds™t
09.46.27.0007.01
i ¥ i m-1
scHz|m=-——ds |- —|/;z>0Am>1
m zvm m
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Involving nc™*
09.46.27.0008.01
1
sci(z| m) = —nc’l(rzz —)—n‘K(l—m) /i-1<z<1Am>0
m m

Involving nd™*
09.46.27.0009.01
scizim=ndiz|m-iK@-m)/;zeRAmeR

Involving ns™t

09.46.27.0010.01
i

sciz| m) = —ins‘l(— 1—m)/;0<z< 1Am>0

V4
Involving sd~*
09.46.27.0011.01

1 1
sc iz m) == —sd’l(zx/ﬁ‘ —)/; z<1Am<0
m m

Involving sn~!

09.46.27.0012.01
sci(z|m)=—-isnt@z|1-m)

Involving elliptic integrals

09.46.27.0013.01
slzlm=-iF(isnh '@ |1-m) /|2 <1

09.46.27.0015.01

iV (@-mZ+1 ndsc izl m|m)
VZ2+1

= A preroeray (IMZ T +1) =0 A\ 272 +1<0 \Ima-m 22+ 1) =0\ a-mZ*+1<0)

sz m =~ F(isnh™@|1-m)/;

09.46.27.0016.01

iV (@-mZ+1 ndisc(z| m)| m)

scizlm=scz | m) - (Fi dnh (2 | 1-m)-F(i sinh *(z) |1-m)/
VZ+1
= 3 frer 0<r<1) (Im((f 2-2)+2)2+1)=0/\ c@-2)+2)?+1<0/\
Im(L-m) (r(@-2)+2)°+1)=0/\ A-m (t@-2) +2)° +1< o)

Involving other related functions

09.46.27.0014.01

sci(z| m)= -

elog(z, z; a b) /; {a, b, zl}=={2—m,1—m, ;}/\ﬁ+az§+bzl—z§==0/\z>o/\m<l

o)
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History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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