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Notations

Traditional name

Inverse of the Jacobi elliptic function nc

Traditional notation

nc(z| m)

Mathematica StandardForm notation

I nver seJacobi NC[z, m]

Primary definition

09.43.02.0001.01
z=nc(w|m) /; w==nc(z| m

09.43.02.0002.01

2 1
nc‘l(zlm)::f dt/;ze[R/\22>1/\(1—m)22+m>O
! \/t2—1 \/(1—m)t2+m

Specific values

Specialized values

For fixed z

09.43.03.0001.01
nc(z] 0) == sec}(2)

09.43.03.0002.01
» 1 1\2
)::zz\/? Fsn™@]-1)- r(—) fiz>1
42x 4

09.43.03.0003.01
ncl(z| 1) = cosh (2)

1
nc’l(z —
2

For fixed m

09.43.03.0004.01

28 m-1
nci(-1|m=— K(—)
m m
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09.43.03.0005.01
i m-1 Vg

- bl
vm m 6

09.43.03.0006.01

m—l)

i
nc 0| m=—— K[—
m m

1
nc‘l(— —
2

)

09.43.03.0007.01
1 i m-1 b
o (5| == (K5 )- G
2 m m 6
09.43.03.0008.01
ncX1im=0

)

09.43.03.0009.01

—1,. _ i m-1 _ s—1.
nc (ulm)--\/_ K| —— |- F|sin (@)
m m

)
)

09.43.03.0010.01

nc (=i | m) = . (F(sin*l(u')
m

Values at infinities

09.43.03.0011.01
nc(z| c0) =0

09.43.03.0012.01
nc(z] —00)=0

09.43.03.0013.01

nc(co | M) == —

1-m

09.43.03.0014.01

1 m 2i m-1
nc (—co | M) == K( )+ K( )
1-m

General characteristics

Domain and analyticity

nc-1(z| m) isan analytical function of zand mwhich is defined over C2.
09.43.04.0001.01

(z+m)—nc izl m:: (CRC)—C

Symmetries and periodicities

Mirror symmetry
09.43.04.0002.01

nc(z| m == nci(z| m)
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Quasi-reflection symmetry

09.43.04.0003.01

2i (., |m-1
nci(-z|m=—— F(sm 2 )+ ncizim/;m<1

m

Poles and essential singularities
With respect tom

The function nc™1(z | m) does not have poles and essential singularities with respect to m.

09.43.04.0004.01
Sing, (nc™H(z| m) = {}

With respect to z

The function nc™1(z | m) does not have poles and essential singularities with respect to z.

09.43.04.0005.01
Sing,(ncH(z| m) = {}
Branch points

With respect tom
For fixed z, the function nc~(z| m) has two branch points: m== % m = .

09.43.04.0006.01

BPr(nct(z|m) = {% 60}

09.43.04.0007.01

R

nc izl m i] = log
y 22 -

09.43.04.0008.01
Rm(nc(z| m), &) =2

With respect to z
. . -1 . . . _ . m _ o~
For fixed m, the function nc=(z| m) hasfive branch points: z = + 1, z==+ 4/ 1 Z=oo.

09.43.04.0009.01

o L1 m m

A(nc (z|m))__{ I R T ,oo}
09.43.04.0010.01

Rnc(z|m), 1) =

09.43.04.0011.01
Ro(nc(z| m), 1) =2
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09.43.04.0012.01

m
Rlncrz|m), [ —— |=2
m-1
09.43.04.0013.01
m
Rlncrzim), - | —— |=2
m-1

09.43.04.0014.01
Ro(nc™(z| m), &) ==log

Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.43.06.0001.02

nc Xz m) oc i K(1—m)+

V1-7 2m-1 8m?-8m+3
[ 2+ 25+...)/;(Z—)0)
VvmAyZ2-1

6m 40 m@

09.43.06.0002.01

1-7 o
ncl(z|m) =i K(L-m)+ Z

ﬁm pary
N

nctzlm«iK@l-m+ ——(1+0(7))

VmyZ2-1

= o
FETTRAE

— —k ——k l)ZZK+1
+l)k' 2 m-1

’\.l;

09.43.06.0007.01

Expansionsat m==0

09.43.06.0003.02

1 1 3 1
nclzimesect @+ —|zsecr @ - [1-— |m+ —|3sec @B +(2-57) [1-— |mP+.../;(M>0)
4z Z 647 2

09.43.06.0004.01

1
© |3 1y 1 (11 31
nc-l(z|m)==2@[£r(k+—)-—ZFl(— — -k - —]]mk/ Im <1
z 2 2

ok | 2k 2 2' 2
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09.43.06.0008.01

1)? (1-2) G-
-1 2k -1 L S 2 ! .
nc izl m = seci(2) - Z mk/; Iml <1
e . 1
o (k1) 7 (3)

2z 1—22

09.43.06.0005.01

2 . 2
17k 2k §) j+k+1 kK 21-2k(1) (1)
(1)z’(21+km -Dkz 2j2kmk

0 00

+ZZ 2j+2k+Dk!(j+Kk!

111
nci(z|m =Km-—-|- -
z 2|<:0j:o(2k+1)(5)_k!(j+k+1)! k=0 j=0

j

09.43.06.0006.01

1 O 331
. PRI izl
ncl(z| m)=K(m) - —|F3 22 - —, — |+ =F&11 s s —m
z L5 z Z) 2 255 7

N

3
>

09.43.06.0009.01
nc(z| m) o sec™(2) (1 + O(m))

Integral representations

On the real axis

Of thedirect function

09.43.07.0001.01
z 1
nc‘l(zlm)zzf alt/;ze[R/\22>1/\(1—m)22+m>0

' \/t2—1 \/(1—m)t2+m

09.43.07.0002.01

VZ-1dsncizlm|m) 1

ncizim = dt/,
V-mZ+Z+m l\/t2—1 \/(1—m)t2+m
S (lm(((z— Dr+1?*-1)=0/\(z-Dr+1*-1<0/\

Im(@-m) (z-Dr+1?+m =0/\ @-m(@-Dr+1?+m<0)

09.43.07.0003.01

VZ-1dyncizlm|m 2 1

nc izl m =nc iz | m) + dt/;
V-mZ+Z+m z"\/tz—l \/(1—m)t2+m
N R (Im((‘r (2-2) + 2>~ 1) =0 /\ (r (2~ %) + 20>~ 1 <0 /\
Im(L-m) (r(2-20) + 22 +m) = 0 /\ (1~ m) (r 2~ z) + 2> + m< 0)

Differential equations

Ordinary nonlinear differential equations



http: //functions.wolfram.com

09.43.13.0001.01
W@ +(2@A-mZ+2m-1)zw(@°®=0/; W@ =ncl(z| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.43.16.0001.01
m-—

nci(-z|m) = z—h F(sin’l(z) 1) +ncizim/m<1

m

Identities

Functional identities

09.43.17.0001.01
(M=-1)(Z-1)Z-(m-1)Z+m)ncwz) + Wz) | m)2 — 2z, z, NCW(zy) + W(Z) | m) + (Z-1Y)m+Z(m-(m-1)2)=0/;
W(2) == nc1(z| m)

Differentiation

Low-order differentiation

With respect to z

09.43.20.0001.02
anclz|m dsnciz| m)| m)

0z -mZ+2Z+m
09.43.20.0002.01
ancl(z| m) 1
= fizeR \Z>1/\@-mZ+m>0
z

\/22—1 \/(1—m)22+m

09.43.20.0003.02
nclzim  z(-2Z2+2m(Z2-1)+1)dsnc (| m | m)

07 (Z-1)(-mZ+ 2 +m)°

09.43.20.0011.01
g
nclzim  VZ-1d{nctzlm|m V21 Vamzem
Za V-mZ+Z+m 9z

With respect tom

09.43.20.0004.02
anct(z|m  msd(nci(z| m) | m) - z(E(am(nc(z| m) | m) | m) + (m=- 1) ncY(z| m))

om 2(m-1)ymz
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09.43.20.0005.01

anci(z| m) i [(1—m)\/1—z2 z
= +
V-mZ+Z+m

_1 ~1
Vm (E(si nt2 m—) - E(m—) - F(si n2
m

m

om _2(m—1)m

")

z>1Am>0

09.43.20.0006.02
ncl(z| m) 1

= [3 nc(z] m) (m- 1% + Fam(nc™(z| m) | m) | m) (m—1) +
an? 4(m-1)%nm?

(4m-2)E(am(nc(z| m) | m) | m) +

m(4(Z2 -1 +(2-52)m+ Z) sd(nc iz | m) | m)
Z+m(z-2) ]

09.43.20.0012.01

Bnc izl m) 1
om*  8(m-1°n?
1
(-23(m-1)m-8) E(am(nc™*(z| m) | m) | m) - (m- 1) (11 m-7) Flam(nc™ | m) | m) | m) + ————
(m-1Z- m)3

[;[m[(l—m)z / m[; - 1]+ 1 cd(nc(z| m) | m) (—m22+22+m)3+(m(22—l)—22)(23(22—1)2

m4+(—5924+8322—24)m3+(5424—4822+9)mz+(1122—23z4)m+524)

sd(nci(z| m) | m)] -15(m-13(m-1)7Z - m)3 nc(z| m)]]

Symbolic differentiation

With respect to z

09.43.20.0013.01
a"nci(z| m) .
— =ncl@zImd, +
0z

ds(nc(z| m) | m) n-1 (=M j2

J iv(1y (1 , _ »
: —— Z(—l)k(lj()(—J [—) m-i*Z-1) " (@-mZ2+m)” inen
-mZ+Z+m H-j-11(2272" 1 5 2/k\2/j«

09.43.20.0014.01

a"nct(z| m) . ds(nct(z| m) | m)
—_— =nclzI M —m8¥
07 -mZ+Z+m
j—n+ j 2j-n+ -1
(1 221 1)) 210 (- m) 2+ m) (E)j(l—n)zm,j),2 11 _mZeZ2em
- oF| = -ji=-],—————|/ineN
=y (n—j-D! 2 2 (m-1)(Z-1)
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09.43.20.0015.01

a"nci(z| m)

Bn_l
VZ-1ddnct@im|m) 21 Jamzm

1

/ineN*

=nci(z| m)é, +

oz V-mZ+Z+m

ozt

09.43.20.0007.01
Fnctzim 2 a2 tm-Ddgne e m|m) et @-mr (2 -y (@-m2em)
07" -mZ+Z+m i j!(n—j—l)!l“(%—j)l"(j—n+g)
1-j) j 1 1 j-n+2 j-n+1 3 m
2F1(—,——;——j;1——]2F1 , Cj-n+ = 7+l)/;neN+
2 2 2 2 2 2 1-mZ

With respect tom
09.43.20.0008.02

)"V

2n+ 1)1“(%—n)

a"nci(z| m)
am’

Fractional integro-differentiation

With respect to z
09.43.20.0009.01

iz* 1
S

«/_ m I'(1-a)

With respect tom
09.43.20.0010.01

Q‘/_ 1 glein2

= - l><0><l

zZ

a*nc(z| m)

0z

3 nc(z| m)
ont

Integration

Indefinite integration

Involving only one direct function

09.43.21.0001.01
1

1.1.1 ..
5551

1\ 11 1 3 1
1 Fifn+ = = n+ = n+ = 1-— m|1-—|[[/;neN
22 Z Z

Z, (1—i)22]/;—1<z< 1AmeR

; 1 1
1-—,m 1——] /iz>1AmeR
2,, 1-o; ra

de(nci(z| m) | m
( | ) +sc(nc(z| m) | m)

fnc’l(z| mdz==nciz|mz-
1-m

log

1-m

Involving only one direct function with respect tom
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09.43.21.0002.01

fnc‘l(z I m)dm=

2[2—2\/m—m22+z2
- +
VZ&-1

Vv1i-m [E[isinh"l[ tom ]
vm

m ] [ _ _1[\/1—m z]
—|-Eglisnn ————
m-1 \/ﬁ

wrl T ) e ) m]]]
isinh +Flisnh | ——— | ——||/;z>1Am>0
\/F m-1 \/ﬁ m-1

Representations through more general functions

Through hypergeometric functions of two variables

09.43.26.0001.01

1
1 L
ncl(z| m) = K(m) - . [Féiéié[ 2

Through other functions
Involving some hypergeometric-type functions

09.43.26.0002.01

i 1 iz 1113 1
nC_l(Z|m)== FK(].——]— Fl(a; E, E: E;Zz, (1——)22)/:—1<Z< 1AmeR
m m m

3

09.43.26.0003.01

j 1113 m-1) 7 m-1
nciz| m = ! [zFl[E;E,E;E;ZZ,( ) ]—K( — ]]/;(z>1\/z<—1)/\(1—m)22+m>0

m m

Representations through equivalent functions

With inverse function

09.43.27.0001.01
ne(nc ™z m) | m) =2z

With related functions

Involving cd™?

09.43.27.0002.01
m-1

)/;—1<z<1/\m>0

nc(z| m) == L cd’l(z
N m

m

Involving cn~t

09.43.27.0003.01
ncizim=icnz|1-m/,-1<z<1lAmeR
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09.43.27.0004.01

1
nc(z| m) == cn‘l[— m) /iz>1AmeR
z

Involving cs™t

09.43.27.0005.01

1 m
nciz|m=——— (K(—l) - u’cs‘l[u’ z
1-m m-—

1-m

Involving dc™?

09.43.27.0006.01

1 1
nc iz m)=- dc” (z

)/;0<z<1/\m>1
1-m

m-1

Involving dn™*

09.43.27.0007.01

1
nc(z|m)==— dn"l(z
m-1

1-m

Involving ds™t

09.43.27.0008.01

j m-1 vm
ncl(z| m) = \/E_ K[—] —zzds'l[—

m m z

Involving nd™?

09.43.27.0009.01

1
—)/;—1<z<1/\m>0

1 -1
nc(z|my=——nd (z
m

m

Involving ns™t

09.43.27.0010.01

1
ncXz|m=——— (K(l) - ns‘l(z
Vvi-m m-1

m-1

Involving sc™t

09.43.27.0011.01

1 m-1
nci(z|m = (u K(—) - sc’l[—u' z
m m

1

m

Involving sd™*
09.43.27.0012.01

i m-1 o iz
nci(z| m) = K[—) -sd
m m m

Involving sn~t

))/;z>l/\m<1

)/; -1<z<1A0<m<1

1—m]/;z>0/\m>0

))/;z>1/\m<1

—))/;—1<z<1/\m>0

m]/;—1<z<1/\m>0
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09.43.27.0013.01

i m-1
nc(z| m) == \/E_ [K(—) —sn‘l(z
m m

m-1

))/;O<z<1/\m>0

m

Involving elliptic integrals

09.43.27.0014.01

m-1 m-1
—)—K(—))/;z> 1Am>0

nc izl m)= - [F(si n@
vm m m

m

09.43.27.0016.01
nc Xz m) =

VZ-1dgnci(zlm)|m V1-7 1
i [m) /[——1)z2+1 F(sin‘l(z)
V-mZ+Z+m \/22—1 \/(1—m)22+m m

= A rer perey (IM((@- DT+ D2 -1) = oA@-Dr+12-1<0
Im((1-m) (z- D7+ D2 +m) =0 /\ A-m) (- D7+ 1?+m<0)

09.43.27.0017.01

VZ-1 dgnctz|m|m)
V-mZ+Z+m

nc iz m =nc iz | M) +

Vi-Z [(3-1)Z+1F(snte| %) 1-2 [(2-1)F+1 Fsn'@) | %)

= 5

VZ2-1Ja-mz+m VZ-1Ja-mZ+m
= A reroeray (M0 2= 2) + 207 - 1) =0 \ (12— 2) + 202 - 1< 0 \
Im(L-m) (v (2-20) + 22 +m) = 0 /\ (1-m) (r (2— ) + z? + m< 0)

Involving other related functions

09.43.27.0015.01

1 m
nc(z| m) = elog(zy, 2; a, b)—K(—) /;
Vv1i-m 43 m-1
2m-1 m
{a, b, zl}::{ T E,f}/\zﬁ+az§+bzl—z§::0/\0<z<l/\m>1
History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)

/s
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