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Notations

Traditional name

Inverse of the Jacobi elliptic function dn

Traditional notation
dn’l(z| m)

Mathematica StandardForm notation

I nver seJacobi DN[z, m]

Primary definition
09.41.02.0001.01
Z=dnw|m)/; w== dn"l(zl m)

09.41.02.0002.01

1 1
dn’l(z|m)==f dt/;—l<z<1/\22+m>1
y4

\/1—t2 \/t2+m—1

Specific values

Specialized values

For fixed z
09.41.03.0001.01
dn‘l(z| 0)=%

09.41.03.0002.01

1 8(1+i)n3?
E 2T VZREn@|2)

1\2

r(-3)
09.41.03.0003.01

dn"l(zl 1= %ch"l(z)

dn"l(z
2

For fixed m
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09.41.03.0004.01

1
K(—)/; m>1
1-m

dn"l(—l | m) ==
m-1

09.41.03.0005.01

o 1 1 b 1 1
P S R PO
2 vm—1 \ \6[1-m 1-m
09.41.03.0006.01
1 1
dn""(0|m) = K(—)/;m>1
1-m

m-1
09.41.03.0007.01
(1 1 1 7
il bl o
2 m-1 1-m 6
09.41.03.0008.01
dnl@aim=0

1
)i
1-m

09.41.03.0009.01

dn{(v1i-m | m) =K@m/;0<m<1
09.41.03.0010.01

1 1 1
dn G| m) = (F(i snh (1) ’ —) - K(—)) /;0<m<1
vm—1 1-m 1-m

09.41.03.0011.01

dn~t(—i | m)=—

1 1
(F(u’sinh_l(l) ‘ )+ K(—D /;0<m<1
1-m 1-m

m-1
Values at infinities
09.41.03.0012.01
dn"l(zl ) =0
09.41.03.0013.01
dn(z] —c0) == 0
09.41.03.0014.01
dnY(eo | M) =i K(1L-m)

09.41.03.0015.01

dr-t B 2 1 ' .
(—oo | M) == Km —-iK@l-m/m>1
m-1 -

General characteristics

Domain and analyticity

dn~Y(z| m)isan analytical function of zand mwhich is defined over C2.

09.41.04.0001.01
(z+m)—dn 1z m):: (C®C)—C
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Symmetries and periodicities

Mirror symmetry
09.41.04.0002.01

dn’l(z | m) = dn’l(z| m)

Quasi-reflection symmetry

09.41.04.0003.01

dnt=z|m) =dnz|m - F[sin‘l(z)

-
1-m

m-1

Poles and essential singularities
With respect tom

The function dn~(z| m) does not have poles and essential singularities with respect to m.

09.41.04.0004.01
Sing_(dn~*(z| m) == {)

With respect to z

The function dn=%(z| m) does not have poles and essential singularities with respect to z.
09.41.04.0005.01

Sing (dn(z| m) == {}

Branch points
With respect tom

For fixed z, the function dn™1(z| m) has two branch points m=1-27, m= .

09.41.04.0006.01
B?’m(dn’l(z| m) ={1- 7, &}

09.41.04.0007.01
Rm(dn‘l(z |m), 1-7)=log

09.41.04.0008.01
Rm(dn_1(2| m), &) =2

With respect to z

For fixed m, the function dn‘l(z| m) has six branch points: z==0, z=+1,z=+V1-m, 2z

09.41.04.0009.01
BP(dn (z|m) ={0,1, -1, V1i-m,-V1i-m, &)

09.41.04.0010.01
‘Rz(dn’l(zl m), 0) = log

= co.
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09.41.04.0011.01
Rdn(z| m), 1) =2

09.41.04.0012.01
Rz(dn"l(z |m), —1) =

09.41.04.0013.01

Rz(dn'1(2| m,Vv1li-m ) =2

09.41.04.0014.01

RAdn*(z| m), —V1-m ) =

09.41.04.0015.01
R(dn*(z| m), &) == log

Branch Cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.41.06.0001.02

1 ) 2-mzZ (8-8m+3n?)Z
_Z -

1
dn"l(zl m) o K( -
1 6(1-m 40 (-1 + m)?

m-1

—...J/; (z->0)

-m

09.41.06.0002.01
_ 1
o @-m(3)

. 1 1
dn""(z| m) = K( ) -

K 1 1
zFl(—, -k — -k 1- m)z2k+1
m-1 1-m 2

S @2k+ k! 2

09.41.06.0007.01

dn’l(z| m) o«

1
K(—)(1+O(z))
m-1 ‘1-m

Expansionsat m==0

09.41.06.0003.02

Vi-m( 1 m  9n?
1+Z+E+m log(-m) +log(4) +

dn"l(z| m) o

log4) -1  3(6log@) -7
- g(4) m+( g(4) )mz+...)—

m-1 128

3(—3z3+52+ 3(2- 1)2 tanh’l(z))
m+...|/; (m-0)

zy1-2 |tanh® 1 [tanhl(z) 1 ]
+ - + m+
z  1-Z 64z(2-1)

/—22_1 z 4

09.41.06.0004.01

1 3
Z—zFl(—, k+1; —; zz)m“/; Iml <1
2 2

VA-1 k0 k!

dn"l(z | m) ==

1 K( 1 )_z 1-7 w(%)k
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09.41.06.0005.01
mE 21 (j + k! (%)k

ZZ @j+1j'k! fim<d

dn’l(z | m) =

09.41.06.0008.01

1)\ 2 1\,
_ o |5 k |=—) (j-D!
dn izl m = ! K(llm)_ 1-Z 2(2) tanhl(z)+gz(l_zz - e/ Iml < 1
m-1 - «/zz—l k=0 (k1) =1 (E)J

09.41.06.0006.01

. 1 1y zy1-2 L33
dn~(z| m) = K( )— Fa it Z,m
m-1 2_1 T

09.41.06.0009.01

tanh™(2) (1 + O(m))

-t Y1-m m
(z| m o« -——— log _Z 1+ O(m) —

2Vvm-1 Jf—l

Integral representations

On the real axis

Of thedirect function

09.41.07.0001.01

1 1
dn’1(2|m==f clt/;—l<z<l/\22+m>1
z

\/l—t2 \/t2+m—l

09.41.07.0002.01

V1i-7 cs(dn_l(z| m|m 1

dn’l(z| m = dt/,
VZ+m-1 *Ji-2 Ye+m-1
e I (Im(l—((z— Dr+1?) =0 \1-(@-Dr+12<0
Im((z- D7 +12+m-1)=0/\ (z-D7+1?*+m-1<0)

09.41.07.0003.01

V1-2Z cfdnMzim)|m) (= 1

dn'z|m) =dn"tz | m) - dt/;
VZ+m-1 *J1ioe Yeimo1
= Ar jrer 0<r<1) (lm(l—(T (Z-20) +20)%) = 0/\ 1-(t(z—-29) + 20)? < O/\
Im((x (- 20) + 2)* +m-1) =0 /\ (r (2~ 2) + 2)? + M- 1< 0)

Differential equations

Ordinary nonlinear differential equations
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09.41.13.0001.01
W@ -(22+m-2)zw(@°®=0/; W2 = dn iz m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

-
1-m

Products, sums, and powers of the direct function

09.41.16.0001.01

dn(-z| m) =dn "z m) - F(si 2

m-1

09.41.16.0002.01

mzz -+ (1-2)Z+m-1)(1-3)(F+m-1)
m-(1-2)(1-2)

dn’l(zl | m) + dn’l(zz | m) = dnl[

:

Identities

Functional identities

09.41.17.0001.01
(Z+m+(Z-1)(-Z) - 1) dn(W(zy) + W(Z) | m)? — 2mz, 2, dn(W(zy) +W(Z) | M) + (Z+m-1)Z+m-1)(Z-1)=0/;

W2 = dnY(z| m)

Differentiation

Low-order differentiation

With respect to z

09.41.20.0001.02
gdntzim  cgdn @i m|m)

oz Z+m-1
09.41.20.0002.01
6dn’1(z| m) 1
p = /;—1<z<1/\22+m>1
z

\/ 1-27 \/ Z+m-1
09.41.20.0003.02
#dnizim  z(2Z2+m-2)cgdn | m) | m)

07 (Z-1)(Z+m-1)
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09.41.20.0011.01
1

g+
#dn Yz m) Vi-2 Cs(dn"l(z| m|m iz JzZma
oz VZ+m-1 9z

With respect tom

09.41.20.0004.01
adnlz|m  E(am(dn |m | m)|m)+m-1)dn 'z| m - zso(dn z| m) | m)

om 2(1-mm

09.41.20.0005.01

adn"Yz|m 1 Vi1-2 z 1 1 1
$:2_ + (E(sin"l(z) 1—)—E(1—))]/;0<z<1/\m>1
om m (m—l)\/22+m—l Vm-1 - -
09.41.20.0006.02
Pdn Yz m)
o

—  [3dntzImm-12+ F(am(dn‘l(z [m) | m)|m)(m-1)+@m-2) E(am(dn‘l(z [m) | m) | m)+
4(m-1>%m?

((3—5m)23+(—6mz+9m—3)z+(m—1)\/;(22+m—1))sc(dn’1(z| m | m)

Z+m-1

09.41.20.0012.01

#dn Yz m)
om
1
— [(-23(m-1)m-98) E(am(dn’l(z| m | m)| m)-(m-1)(11m-7) F(am(dn’l(z| m | m) | m)+
8(m- 1> P (Z+m-1)°

((z2+m—1) [(m(SSm—40)+15)25—(m—1) (10m—7)\/;z“+5(m—1) (M(15m-17) + 6) 2 + 15(m— 1)?

@Bm-1m+ 1)z—(m—l)2\/;(11mz—18m+7(3m—2)22+7))

sc(dn"l(z| m) | m) - 15(m-1)3(Z + m- 1)3 dn}(z| m))]

Symbolic differentiation

With respect to z
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09.41.20.0013.01

6"dn’1(z|m)
ar
cfdntzim [ m) =t (L= i iy (1 . .
Sndn ™z | m) - . i — Z(—l)“k(J)[—) (—J (1-A) " @+m-1" jinen
Z+m-1 ‘Zm-j-11Ey2 o kA2 2]
09.41.20.0014.01
dn Yz m) »
———— =6p,dn "(z|m) —
0z
j 92j-n+1 2 j-n+l -if1
Cs(dn_l(zlm)|m) g (= 1)i 2211 2j-ne (22+m—1) (E)j (1= My pj-2 . [1 1 Z+m-1
- oFif—=. -} -], ———|/ineN
Z+m-1 o (=j+n-1! 2 2 1-2
09.41.20.0015.01
B an—l 1
dn Yz m) » V1-2 cgdn Yz m) | m) iz 2
———— =6pdn (z| M) - /ineNt

-1
o7 VZ+m-1 oz’

09.41.20.0007.01
dn Yz m) 2121 (n- 1! cs(dn"l(z| m | m) n-

N

(Z-1)" (Z+m-2 "™

07" Z+m-1 = j!(n—j—l)!I“(%—j)l‘(j—n+§)
1-j j 1 1 j-n+2 j-n+1 3 m-1
2F1(—,——:——J;1——]2 1[ , vl=n+—; +1]/;neN+
2 2 2 pia 2 2 2

With respect tom

09.41.20.0008.02

1
Mdntzim  Vx m-1p "2 1 1 1 11 13 2
== nzFl(—,n+—;1; —)—ZZFl — = n+—; — 22 —||/;neN
om’ zr(l—n) 2 1-m 2 2 2 2 1-m
2
Fractional integro-differentiation
With respect to z
09.41.20.0009.01
o dntz| m P K( 1 ) 2 Vr 510 %,l; %; %; 2 z )
== - 2x0x0[ 3_, a ! '
oz Vm-1rd-o ‘=M ym-1 Pe1-2n 1-m
—1<z<1/\22+m>1/\m>0

With respect tom
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09.41.20.0010.01
—1 _
o%dn " (z| m) MmYVar  _1.1x2

N~

N~

N~
=
[EnY
3

s F1><O><1 3 > +
2\/; > 1-a -2 1-27
et ot e )l
né T—arD) - > g& " /iz>1A-1<m<
Integration

Indefinite integration

For thedirect function with respect to z

09.41.21.0001.01

fdn"l(z| mdz=dn z|mz-i log(i cn(dn"l(z| m | m) + sn(dn_l(z| m) | m))

For the direct function with respect tom

09.41.21.0002.01

1
fdn‘l(z|m)dm——2«/ [(1_m) E(sin_l(z) l—]]/;z<1/\m>1

Representations through more general functions

Through hypergeometric functions of two variables

09.41.26.0001.01
1.
>
2, m]

an el m = — K[ ) e lelxl[ '
VZ-1

0x1x0

Nlw NI

m-—

Through other functions

Involving some hypergeometric-type functions

09.41.26.0002.01

B 1 1 11
dn"(z| m) = K( )_ZFl = =,
Vot L \1-m 2' 2

Representations through equivalent functions

3 2
;E;Z2 - ]J/ —1<z<1/\22+m>1/\m>0

With inverse function

09.41.27.0001.01
dn(dn’l(zl m | m)=2z

With related functions
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Involving cd™*

09.41.27.0002.01
1

1
dn‘l(z| ms=—— cd'l(z

)/;—1<z< 1Am>1
m-1

1-m

Involving cn~t

09.41.27.0003.01

1
dntz|m) = —cn‘l(z —)/; —1<z<1lAm>1
m

m

09.41.27.0004.01

» Z+m-1
dnzlm=cnY | — [m|/;0<z<1Am>1
m

Involving cs™t
09.41.27.0005.01

1 1 i
dn 'zl m = (uK( ]+cs’1(f
vi-m 1-m z

m
—))/;—1<z< 1Am>1
m-1

Involving dc™?
09.41.27.0006.01
dn’l(zl m) == 2K(m)+zzdc’l(z| 1-m/;-1<z<1Am<0VzeRAm>1

Involving ds™t

09.41.27.0007.01

B 1 1 1 (Vvm-1 |1
dn""(z|m) = K( )— ds —1/;0<z<1Am>1
m-—1 ‘1-m/ m VYmz |M
Involving nc™t
09.41.27.0008.01
B i 1
dn"z|m=-——nc|z|1-—|/;z<1Am>1
m

m

Involving nd™?

09.41.27.0009.01

1
dn_1(2|m) = nd_l(— m)/; -1<z<0Am<0Vz<lAm>1
z

Involving ns™t

09.41.27.0010.01

» 1 1 . 1
dn "(z| m ==—(K(—)—ns (—
vm=-1 1-m z

1
—))/;—1<z< 1Am>1
1-m

Involving sc™t
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09.41.27.0011.01

. 1 1 m
dn""(z| m) = (K(—)—isc‘l(—iz ))/;—1<z<1/\m>1
m-1 1-m m-1
Involving sd~!
09.41.27.0012.01
1 1 1 i i ivm z 1
dn " (z| m) == K[ )+ sd 1-—|/i-1<z<1Am>1
m-1 ‘1-m/ m m-1 m

Involving sn~t

09.41.27.0013.01

dn"l(zl m) ==

! )—K(i))/;zeﬂ{/\22+m<l/\m>0

1-m 1-m

=t

m-1

09.41.27.0014.01

» 1 1 1
dn"(z| m) = (K(—)—srrl(z —))/;—1<z<1/\m>1
Ym-1 \ \1-m 1-m
09.41.27.0015.01
» 1-2
dnzim=sn"Y | — [m|/0<z<1Am>1
m

Involving elliptic integrals

09.41.27.0016.02

dn"l(z| m) == —

1 1
(K(—)—F(sin"l(z) —))/; (z<1Am>1V(Zd<1A0<m<1)
1-m 1

m-1

09.41.27.0018.01

dn‘l(z| m =

V1i-7 cs(dn’l(z|m)|m) 1 m K( 1) 1 Z+m-1
VZ+m-1 Vm \V m-1 VZ+m-1 m-1

- 37,(TGR,O<T<1} (Im(l— (z-Dt+ 1)2) = O/\
1_((Z_l)TJrl)z<()/\lm(((z_1)“'1)2+m_1)=0/\((2—1)1'+ 1)2+m—1<0)

1-m

09.41.27.0019.01

V1-7 cs(dn'l(z| m) | m)
VZ+m-1
1 ) 1 zZ+m-1

1 /22+m—1 o
F(sin (2
122+m—1 m-1 1 /z§+m—l m-1

- 3r,(re[R,0<T<l} (Im(l_(T (Z_ZO) +Zo)2) = 0/\ 1- (T (Z—Zo)+ 20)2 < 0/\
Im((r(z—zo)+zo)2+m—1)=O/\(T(z—zo)+zo)2+m—1<0)

dn"l(z| m) = dn_l(zo | m)—

-m

Involving other related functions

F(si n2
1

1
F[sin‘l(ZO) ‘ —) /;
1-m
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09.41.27.0017.01

i

dn(z| m) == - (K(1-m) +elog(z, ; a b)) /;

o)

{a,b z}={m-21-m, 22}/\zf+azf+bzl—z§==0/\0<z<1/\m>1

History

—N. H. Abel (1826)
—A.G. Greenhill (1892)
—L. M. Milne-=Thompson (1948)
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