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Notations

Traditional name

Inverse of the Jacobi elliptic function cs

Traditional notation
detzIm

Mathematica StandardForm notation

I nverseJacobi DC[z, m]

Primary definition
09.40.02.0001.01
z=dc(w|m)/;w== dc"l(zl m)
09.40.02.0002.01

dcY(z|m ==f2;dt/;ze[R/\22>1/\22—m>0/\m<1
1

t2-1 Vt2-m

Specific values

Specialized values

For fixed z
09.40.03.0001.01

dclz| 0) = seci(2)
09.40.03.0002.01

1
dc‘l(z 5) =V2 (K@ -Fsn'@|2)/z>1

09.40.03.0003.01
dc"l(zl =%
For fixed m

09.40.03.0004.01

wrcam= ()
c(-1|m=—K|—|//m>1
m m
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09.40.03.0005.01

o 1 1 1 |1l
dc (—— m) ==—(K(—)+F(— —))/;m>1
2 vm m 61m
09.40.03.0006.01
» 1 1
dc0|m = —K[—)/; m>1
m m
09.40.03.0007.01
41 1 1 |l
dc (—‘m) ::—(K(—)—F(— —))/;m>1
2 vm m 61 m

09.40.03.0008.01

dc '@ m=0
09.40.03.0009.01
. 1 1 . 1
dc @G| my=—— (K(—] - F(sm (@) —]) /im>1
\/H m m
09.40.03.0010.01
1 1 1 . 1
dc (=i m)= —— (K(—)+ F(sm () —)) /im>1
\/ﬁ m m

Values at infinities

09.40.03.0011.01
dc(z] ) =0

09.40.03.0012.01
dc(z| —0) =0

09.40.03.0013.01
dc (oo | M) = K(m)

09.40.03.0014.01

- .y 2 (1) _
C(—o|M=-2iKQL-mM+ —K|—|-KmM/m>1
m m

General characteristics

Domain and analyticity

dc izl myisan analytical function of zand mwhich is defined over C2.
09.40.04.0001.01

(zxm)—dc X z|m):: (C®C)—C

Symmetries and periodicities

Mirror symmetry
09.40.04.0002.01

dc_l(z | M) == dc"l(z | m)
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Quasi-reflection symmetry

09.40.04.0003.01
-1 - 2 — 1 -1
dc " (-z|m=——F|sin (2| —|+dc ~(z| m)
m m

Poles and essential singularities

With respect tom

The function dc2(z | m) does not have poles and essential singularities with respect to m.
09.40.04.0004.01
Sing_(dc™ (2| m) = {}

With respect to z

The function dc™1(z | m) does not have poles and essential singularities with respect to z.

09.40.04.0005.01
Sing (dc™H(z| m) = {}

Branch points
With respect tom

For fixed z, the function dc‘l(z| m) has two branch points: m = 72, m = &.

09.40.04.0006.01
BPm(dc"l(z | m) ={Z, &}

09.40.04.0007.01
Rm(dc’l(zl m), Z) = log

09.40.04.0008.01
Rm(dc‘l(z | m), &) =2

With respect to z

For fixed m, the function dc™*(z | m) has six branch points: z=0,z=+1,z==+*Vm, z=c.

09.40.04.0009.01

BPZ(dc"l(z| m)={0,1, -1, Vvm, -vm, &}
09.40.04.0010.01

Rz(dc’l(zl m), 0) = log
09.40.04.0011.01

R(dc (z| m), 1) =2

09.40.04.0012.01
R(dcH(z| m), -1) =2
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09.40.04.0013.01

R,(dc ™ (z| m), \/H) =2

09.40.04.0014.01

Ry(dc ™ z | m), —vm ) =2
09.40.04.0015.01
Rz(dc‘l(zl m), &) = log
Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.40.06.0001.02
K(l) @+mz2 (3+2m+3nm?)7P
J— —_— Z_ i
6m 40n?

dc? !
c T (z| M) o« ——
m

...]/; (z-0)

09.40.06.0002.01
k(1
(L ( 2 )k

1 1
Z 2F1(—, -k ——k; m)Z2k+l
ym Seksnk P N2 T2

1 1
dc iz my= — K(—) -
Vmom

09.40.06.0007.01

5 1 (1

dc (z|m o« —— K(—) 1+ 0(2)
m m

Expansionsat m==0

09.40.06.0003.02

1 1
dclz|m) o sec i@ + — [zsec‘l(z) + [1-—
4z 2

09.40.06.0004.01

me)k[m(mz) S CREERY

dctzim=) — - Fq| —
;;k! @k+Dk!  2k+1”

M +.../; (M- 0)

3
m+ ——

1
3sect @2+ (372+2) [1-—
647°

Z

09.40.06.0008.01

1 2
© |2 1 1 Kk —11z2i
dc’l(z|m):Z:—k2 sscl@+-z [1-— Z% mE /i m < 1

o (k1) 2 2 4 (E)J_
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09.40.06.0005.01

(2) Bt

|

dc’l(z|m) =K(m) -
é; iTk'2j+2k+1)

09.40.06.0006.01

N

1.1
- 22
dc ™z | m) = K(m) - - F}iéié[

N | P

m
2 )

N w

09.40.06.0009.01
dc iz m) o« sec(2) (1 + O(m))

Integral representations

On the real axis

Of thedirect function

09.40.07.0001.01

dcY(z|m ==f2;dt/;ze[R/\22>1/\22—m>0/\m<1
1

t2-1 Vt2-m

09.40.07.0002.01

Z-m sn(dc™(z|m) | m) fz 1
1

dt/,
VZA-1 Vi2-1 yt2-m
= 3 rerperey (IM((@- DT+ D2 -1) = oA@-Dr+1?-1<0
Im((z-D7+12-m =0\ (z-D7+12-m<0)

dc_l(zl m) =

09.40.07.0003.01

VZ-m sn(dc’l(z| m|m 2 1 "
VZ&-1 “Ve-1y#-m

= 3t frer 0<r<1 (Im((T (z—-279) + 20)2 - 1) = O/\
(r@-2)+ 2 -1<0 /\Im((r (z-2) +2)° ~m) = 0 \\ (r (2~ 2) + 2° ~m <)

dc™zIm) = dc Mz | m) + /;

09.40.07.0004.01

VZ-m sn(dciz|m) | m) foo 1
VZ2-1 -1 V-m

= 3r (rer 0<r<1) (Im(‘rzzz—l)=0/\7222—1<O/\Im(‘rzzz—m)=0/\7222—m<0)

dc’l(z| m) = K(m) — dt/,

Differential equations

Ordinary nonlinear differential equations
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09.40.13.0001.01
W@ +(22-m-1)zw(@°® =0/, w2 = dectz| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.40.16.0001.01

2
dc_l(—z| m)= —— F[sin_l(z)

1 -1
—)+dc (z| m)
m m

Identities

Functional identities

09.40.17.0001.01
(Z-1)Z -2 +m)dcw(z) +W(2) | m)? — 2(m- 1) 2, z, do(W(z) + W(Zp) | M) + (Z-1Y)m+Z(m-2)=0/,

W(2) == dc"l(zl m)

Differentiation

Low-order differentiation

With respect to z

09.40.20.0001.02
adcz|m  sn(dc iz m | m)

0z Z-1
09.40.20.0002.01
adci(z| m) 1
p; = /;ZE[R/\22>1/\22—m>0/\m<1
z

Z-1+vZ-m

09.40.20.0003.02
d2dc izl m) z(-2Z2+m+1) sn(dc’l(z| m | m)

o7 (m-2)(2-1)°

09.40.20.0011.01
1

67
#dcizim  Vm-Z s(dctzim|m 1z V2

- 0z

ik 12

With respect tom
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09.40.20.0004.01
adcz|m  E(am(dc™ @i m)|m)|m) - @-mdc iz m)

om 21-mm

09.40.20.0005.01

odc? 1 1-7 1
cleim ‘/72+,/_m (E(—] (sm @
m

om 2m(1l-m) \/ﬁ

09.40.20.0006.02

)]]/ ze[R/\22>1/\z2 m>0/\m<1

1-m 2 )3/2

Pdc Nz m) 1 msc(dc’1(2| m) | m) (—z2—m
ot Am-12n? 2

+

4m-2) E(am(dc’l(z| m [ m) [ m)+(m-1) F(am(dc’l(z| m | m) | m) + 3(m-1)2 dc iz m

09.40.20.0012.01

a3dc Yz m) 1
of 8m-1°m2(m-2)
Z(m-2)((-23(m-1)m-8) E(am(dc_l(z| m | m)| m)-(m-1) (11 m-7) F(am(dc"l(z| m | m) | m)) -

(m-— 1)22]3/2
+

m- 72

[—m(llm2 -(8Z+7)m+47) sc(dc’l(z| m | m)[

15(m-137(m-2) dc iz m)]

Symbolic differentiation

With respect to z
09.40.20.0013.01
6"dc"1(z| m)
oz

sn(de ™zl m) | m) =t (DI Q-2

bcteim- SRS SEG) e

-1 io(n—j-1l @21

09.40.20.0014.01
o dc‘l(zl m)

=, dc Mz m) -
P (z|m)
Sn(dC_l(Zl m) | m) g (=17t 22i-ntl 2j-n+l (22 - m)_j (%)J A= Nrn-j-2

-1 3 (n-j-1!

Fl 1 Z-m N
____—n
21212J221/€

09.40.20.0015.01
1 an—l 1
odctzim VZ-ms(dcizim|m ~ Vzq Jzm
T:dc (| mon + - /ineN*t
2_1 oz
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09.40.20.0007.01
dcizim  2"txz(n-1)!sn(dc (z|m)|m)n 1 (22—1)7J (zz—m)kn+1
oz Z-1 i jtm-j-or(3-j)r(i-n+ )
1-j j 1 1 j-n+2 j-n+1 3 m
zFl(—,—— - 1——]2F1[ ; :J—n+—:1——)/:n€N*
2 22 2 2 2 2 2
With respect tom
09.40.20.0008.02
Ndctzim ()" itVr 22t 11 1 31 m am" _(11
= Fl(n+—; — N+ =N+ —=; —, —]+—2F1[—, —;1—n;m)/;neN
ant’ (2n+1)F(%—n) 22 2 2 2 2 2 2 2
Fractional integro-differentiation
With respect to z
09.40.20.0009.01
avdc (z|m) 7o 1y 2Vr a0 3L55 2
= [—)— Faroeo| 5, o Z —|hz>1Am<1
07 Ymra-o '™ Vm St M
With respect tom
09.40.20.0010.01
vdctzlm)  ame _ (11 meVr 113335 1 m
== zFl(—, —;1—a/;m)— 120x1 —, —|/,z<0Am<0Vz>1Am<1
ant 2 2 2 2z g;;l_a; 2 2
Integration

Indefinite integration

Involving only one direct function

09.40.21.0001.01

fdc z|mdz=dcz|mz- Iog(no(dc_l(z| m) | m) + sc(dc™(z| m) | m)

Involving only one direct function with respect tom
09.40.21.0002.01

fdc"l(z|m)dm 2\/_(( ) [sm )

))/;—1<z<1/\m> 1Vz>1Am<1
m

Representations through more general functions

Through hypergeometric functions of two variables
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09.40.26.0001.01

1.1.1,
20202

m
3.
n Z

N | P

1
de ™tz | m) = K(m) - . F%iéié[

|

I nvolving some hyper geometric-type functions

Through other functions

09.40.26.0002.01

o 1 [ 1 1113 Z
dc™(z| m) = — K[—)—zFl —— = =2 —|lrz>1Am<1
vm m 2222 m

Representations through equivalent functions

With inverse function

09.40.27.0001.01
dc(dc'l(z| m | m) ==z

With related functions

Involving cd™?

09.40.27.0002.01
dc‘l(z | m) = cd’l(—

1
"
z

09.40.27.0003.01

1 1 1
dc iz m) = —(K[—)—cn‘l(\/ 1-7 ‘ —))/;O<z< 1Am>1
v Ulm m

m

Involving cn=t

Involving cs™t

09.40.27.0004.01

dcz| m) = % (K(i) —i cs*l(f

1
1——))/;z< 1Am>1
m m z

m

Involving dn™?

09.40.27.0005.01
dctzIm =2iK@d-m)—idnY(z|1-m)

Involving ds™t
09.40.27.0006.01
» 1 iz 1
dc ~(z| m) = K(m) + ds |- ——1/;0<m<1
1-m Vi-m [1-m

Involving nc™*
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09.40.27.0007.01

dc"l(zl m) ==

nc‘l(z

)/;z>0/\m>1

1-m m-1

Involving nd™?

09.40.27.0008.01

1
1——]/;z>0/\m>0

i
dclz|m) = - — nd’l(z
m

m

Involving ns™t

09.40.27.0009.01

. 1 (1 1
dc (z| m)= — (K(—) - ns’l(—
m m z

1
—))/;z< 1Am>1
m

Involving sc™*
09.40.27.0010.01

dc™ _ ) PPN
(z]m)y=——|K a +iSC iz
VYm

m-1
])/;m>1

m

Involving sd™*
09.40.27.0011.01

» 1 1 1 4[zv1l-m
dc (z|m)::—K(—)— [l

m ‘M Vi-m vm

m

m-1

]/;—1<z<1/\m>1

Involving sn~!

09.40.27.0012.01

dcz|m) = % [K[%) - sn’l(z

1
—))/;—1<z< 1Am>1Vz>1Am<1
m

Involving elliptic integrals
09.40.27.0013.01

5 1 1 |1
dc (z|m)::—\/_[K[—)—F(sm (2 —])/;—1<z<1/\m>1\/z>1/\m<1
m m

m

09.40.27.0015.01

sn(dc Yz m) | m Z-m
dc izl m =dc iz | m) + ( [m \/;
21 z

Vi-2 m- 22

F(si n’l(z)

Ve iyzmV " m EiyEm ) "

= 3t frer 0<r<1) (Im((r 2-2)+2)°-1)=0/\ c@-2)+2)°-1<0/\
Im((r(z—zo)+zo)2—m)=0/\(T(z—zo)+zo)2—m< O)

1) Vi-3 m-z

1
F(sin*l(zw ‘ —) /i
m
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09.40.27.0016.01

sn(dc’l(z| m | m)

Vz2-1

- 3 frer 0crel) (Im(rzzz—l):0/\1222—1<0/\Im(1222—m):0/\7222—m<0)

dc iz m) = K(m) -

72—
sz VZ Flesc @ |m) /:

Involving other related functions

09.40.27.0014.01

dog(z, z;a,b) /;{a, bz} = {-m-1,m, 22}/\zi+az§+bzl—z§==0/\z> 1/\m<1

dc"l(zl m) == K(m) +
)

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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