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Notations

Traditional name

Inverse of the Jacobi elliptic function cs

Traditional notation
csX(z| m)
Mathematica StandardForm notation

I nver seJacobi CS[z, m]

Primary definition
09.39.02.0001.01
z=csw|m) /; w==cs(z| m)
09.39.02.0002.01
$_1(Z|m):f°" - dtf;izeR \Z-m>-1
2

\/t2+1 \/tz—m+1

Specific values

Specialized values

For fixed z
09.39.03.0001.01
csY(z] 0) == cot™1(2)
09.39.03.0002.01
1 (1
—) ==—i F[ismh [—)
2 z
09.39.03.0003.01
csi(z] 1) =cschi(2)

3

cs‘l(z

For fixed m
09.39.03.0004.01
1 m » 1
(K(—) —i F(u’sinh @ ‘ —))
m-1 1-m

csi(-1]m)=
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09.39.03.0005.01

(3] 5)

1
cs‘l(— -
2

csH0|m) ==

m) =—iF(isnh (| 1-m) -
m
{os
m-1
1
cs‘l(— ‘ m] =-iF(isnh™@2|1-m)

o 1 m
(F (ismh (1)‘ )+K(—))
1-m m-1
09.39.03.0009.01

cs @ | m=—iK@d-m)

1-m

09.39.03.0006.01

1-m

09.39.03.0007.01

09.39.03.0008.01

cs i1 m ==

1-m

09.39.03.0010.01
csH—i | m)=iK(@1-m)

Values at infinities

09.39.03.0011.01
cs}(z| 0)==0

09.39.03.0012.01
csHz]|—00)=0

09.39.03.0013.01
cs Yoo |M)==0

09.39.03.0014.01

cs Y (—co | M) =

1-m

General characteristics

Domain and analyticity

cs~X(z| m) isan analytical function of zand mwhich is defined over C2.
09.39.04.0001.01

(z¢+m)—csiz|m:: (C®C)—C

Symmetries and periodicities

Mirror symmetry
09.39.04.0002.01

csi(z|m) =csi(z| m)

Quasi-reflection symmetry
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09.39.04.0003.01
N N 2i
cs(-z|m=cs(z|m) -

1
F[i snh (2 —J
1-m

1-m

Poles and essential singularities
With respect tom

The function cs™1(z| m) does not have poles and essential singularities with respect to m.
09.39.04.0004.01

Sing, (csH(z| m) = {}

With respect to z

The function cs~2(z | m) does not have poles and essential singularities with respect to z.

09.39.04.0005.01
Sing (cs™H(z| m) = {}

Branch points
With respect tom

For fixed z, the function cs~(z| m) hastwo branch points; m = 1+ 72, m = &.

09.39.04.0006.01
BPr(cs™Hz|m) = {1+ 2, &)

09.39.04.0007.01
Rm(cs(z| m), 1+2Z) ==log

09.39.04.0008.01
Rm(cs(z| m), &) ==log

With respect to z

For fixed m, the function cs~(z| m) hasfive branch points. z = + i, z==+ Vm-1, z = &.

09.39.04.0009.01

BPcsHzIm)={i, —i, Vm-1,-Vm-1, &}
09.39.04.0010.01

RcsHz|m), i) =2
09.39.04.0011.01

Rcs™Hz|m), —i) =
09.39.04.0012.01

RcsHz|m), Vm-1 ) =2

09.39.04.0013.01
RcsHzIm), -Vm-1 ) =2
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09.39.04.0014.01
R(csH(z| m), &) == log
Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.39.06.0001.02
m-2 8-8m+3n?

1
cshzlmwi K(—)—K(l—m)— [1_ N
I-m ‘1-m m-1\ 6m-1 40 (m- 1)

z“—...])/; (z-0)

09.39.06.0002.01

!
© (M-1) z(i)k 1 1
72&[—, -k — -k 1—m)z2k+l
2k+1)k! 2

csMz|my=i ! K(i)— K@d-m) -
2

k=0
09.39.06.0007.01

1 1
cs Xz m)oi K(—J -K@1- m)] (1+0(2)
1-m ‘1-m

Expansionsat m==0
09.39.06.0003.02

(Z+1)cot (2 - 3 (—3 Z-5z+3(2+ 1)2 cot‘l(z))

csX(z| m) o cot™1(2) + m+ M+ ... /; (M- 0)
4(z +1) 64(2 + 1)
09.39.06.0004.01
(3) 72k-1
o 1 3 1
cs iz m) ==ZL2F1[k+ — k+Lk+—; ——)mk
£ 2k+ 1) k! 2 2" 2

09.39.06.0008.01

1) 2

oo (‘ 1 z2+1 (j—l)'

csizlm = : cot™t (z)——zz m</; Iml < 1
k=0 (k!) (2 1

09.39.06.0005.01

o D), )
csH(z|m) = ZZ Jk( ) ( )Hk

Zi=0i-0 j!k!z(g)j+k

72i-2k ok
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09.39.06.0006.01

1,1
1 L5 1 m
csiz|m = ;Fﬁgﬁ[ S — —]

3..1.
iy 22

09.39.06.0009.01
csi(z| m) « cot™(2) (1 + O(m))

Integral representations

On the real axis

Of thedirect function

09.39.07.0001.01

o 1
CS‘l(ZIm)==f dt/;zefR/\zZ-m>-1

\/t2+1 \/tz—m+l
09.39.07.0002.01
VZ-m+1 ndlcstzim|m) 2 1

cstzlm =cs iz | M) - dt/;
VZ+1 ZO\/t2+1 \/tz—m+1
7 3r freRr,0<r<1) (Im((r Z-20)+20)*+1) = 0/\(7’ (Z-29)+2)°+1< O/\
Im((r (z- 20) + 29)> — M+ l)=0/\(r(z—zo)+zo)2—m+1<0)

09.39.07.0003.01

VZ-m+1 ndcszim|m) 1

csHzim) = dt/,

E ‘ \/t2+1 \/tz—m+1
EET (.m[(z+ () 1] —o\(z+taf )] +1<0/\

ol o o)

Differential equations

2
—m+1<0]

Ordinary nonlinear differential equations

09.39.13.0001.01
22 -m+2)zw(@® +W' (2 =0/, W2 = cs}(z| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations
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09.39.16.0001.01
N N 2i
cs(-z|m=cs(z|m) -

1
F(i snh (2 —J
1-m

1-m

Identities

Functional identities

09.39.17.0001.01
(Z-2) cswiz) +wizo) | m)* +
2(-B4+(-B+2M-2Z+m-1)Z + (M- 1) B) cSWZ) + WZ) | M? + (Z 2 + m- 1)2 =0/; W) =cs X (z| m)

Differentiation

Low-order differentiation

With respect to z

09.39.20.0001.02

dcsiz|m  nd(csizim) | m)
oz a Z+1
09.39.20.0002.01
acsHz|m) 1
- izeR \Z-m>-1
0z

B \/22+1 \/22—m+1

09.39.20.0003.02
Pcesizim)  z(2Z2-m+2)nd(cs(z| m) | m)

07 (Z+17 (Z-m+1)

09.39.20.0011.01
1

)—m ™M
estzim  VZ-m+1ndestzim|m) V2 J2mr

97 /zz+1 0z

With respect tom

09.39.20.0004.02
acsi(z| m) (Z+1)E(am(cs ™z m) | m) | m) + (m—1)(Z + 1) cs X(z| m) - mznd(cs ™ (z| m) | m)

om 2(m-1m(Z+1)

09.39.20.0005.01
acsHz|m) 1 VZ+1z
—EmM+ivi-m E(i snh (2

om i 2m(m-1) \/m

1

)+(1—m)K(m)]/;ze[R/\m<1
1-m
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09.39.20.0006.02
9%csi(z| m) 1

an? 4(m-172n? (Z-m+1)

3(Z-m+1)cs iz m)(m- 172+ (Z - m+ 1) ((4m-2) E(am(cs™(z| m) | m) | m) + (m— 1) F(am(cs(z| m) | m) | m)) +

mz(Z +m(-32 +4m-5) + 1) nd(cs ™ (z| m) | m)
Z+1 ]

09.39.20.0012.01
8cs izl m)
omt
1 1
- [— (-Z2+m-1) ((23(m— 1Hm+8)(-Z +m-1)E(am(cs *(z| m) | m) | m) + (m-1)
3 212
4m-1°m?(Z-m+1)

[m 1- m z+(11m—7)(—22+m—1)F(am(cs1(z|m)|m)|m))]+
+1

15(m-1°(Z +1)(Z-m+1) cs Xzl m) -
2(22+1)( m (Z+1)(Z-m+1) cstzIm

mz(@BmGEm=-4)+5 7 -5(m-1)(M(7m->5)+2) Z + (m-1)>(M(23m- 13) + 5)) nd(cs ™ (z| m) | m))

Symbolic differentiation

With respect to z

09.39.20.0013.01

Mes izl m)

o

nd(cs Xz m) | m) -1 (=1)) (L -y b ooiv1y (1 _ i
5. sz m) ( | )Z 202 Z(J)(_] (_) (Z+1) Z-m+1)7 nen
Z+1 = (n-j-11@zg2int i kI 2/ 2]«
09.39.20.0014.01

"csi(z| m)
—— =Sz m) -

oz

nd(cs‘l(zl m | m) . (—1)i 22i-m1 2j-n+1 (22 -m+ 1)_J (%)J L —Nyn-j-2

1
2+1 3 (n-j-1!

— === /ineN

[1 1 Z-m+1
F .
21
2 2 Z+1
09.39.20.0015.01

1

6n—1 - -
6nCS_l(Z| m) \, 22 -m+1 nd(CS_l(Zl m) | m) 2+1 \/m

=6pcs iz m)— /ineN*t

a7 \/H ozt
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09.39.20.0007.01

csL(z| m) 2¥1x 2t (n- 1! nd(csi(z| m) | m) n- (Z+ 1)71' (Z-m+ 1)17rHl
Zn = - ‘ . ) 1 ) . 3
g Z+1 1:0J!(n—j—l)!l"(z—j)l"(J—n+§)
1-j i1 1 j-n+2 j-n+1 3 1-m
2F1(—v__;__];1+_]2|:1[ ; vl-n+ - +1]/;nem+
2 22 2 2 2
With respect tom
09.39.20.0008.02
Mestzim ()Y 22t 11 1 3 1 1-m
= N+ N+ — N+ —; ——, — /ineN
Ju @n+1r(3-n) 2 2 7
Fractional integro-differentiation
With respect to z
09.39.20.0009.01
8" csi(z| m) 7 i 1 i N7 a0 3135 2
4z T ra K(l )_K(l_m) B a.. _22'—1 /
A-a){ym-1 —-m m-1 S5 1-30 m-
-1<z<1Am<0
With respect tom
09.39.20.0010.01
oestzim mVr .33 5L 1 m
py == Fiox1 s , /iz>0Am<1
o241 snl-a Z2+1 2+1

Integration

Indefinite integration

Involving only one direct function

09.39.21.0001.01

fcs‘l(z| m) dz==zcs ™ (z| m) + log(ds(cs (z| m) | m) + ns(cs™ (z| m) | m))

Representations through more general functions

Through hypergeometric functions of two variables

09.39.26.0001.01

1 1
1 > 155 1 m
CS_l(Z| m) = — F2x0x1[ 2 20 = _]
z

Through other functions
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I nvolving some hyper geometric-type functions
09.39.26.0002.01
1 1113 1 m-1
cstzIm=-Fyf ==, =5~ -—, —|izeR Am-Z <1
z (272'2°2° 20 2

Representations through equivalent functions

With inverse function

09.39.27.0001.01
csles ™zl m) | m)=2z

With related functions

Involving cd™?

09.39.27.0002.01

i

cd’l(i z

1
csHzIm=iK@l-m- )
1-m

v1-m

Involving cn=t
09.39.27.0003.01

VZ2+1

4

csi(z|m)=icn?t

1-m|/;z>0Am>0

Involving dc™*

09.39.27.0004.01

csXz|m)= i[
1-m

1
—)—K(l—m))/;0<z<1/\0<m<1
1-m

Involving dn~?

09.39.27.0005.01

csXz|m) = m[

m
—)— K(l—m)]/; z>0Am<0
m-1 1
Involving ds™t
09.39.27.0006.01
iz |m-1

vm

i
csXz|m)= ds‘l[
m

]/;ze[R/\m<O
m

Involving nc™t

09.39.27.0007.01

i 1
Cs‘l(zlm)::m'K(l—m)——nc‘l(riz 1——)/;ze[R/\m<1
m

m

Involving nd™?
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10

09.39.27.0008.01

i
csi(z|m) = nd"l[— m)—iK(l—m)/;z> 0AmeR
z

Involving ns™t

09.39.27.0009.01
cstzlm=-inst(-iz|1-m)
Involving sc~*

09.39.27.0010.01
1 1 1
cstzlm=sc-|m
z
. -1
Involving sd
09.39.27.0011.01

-1 _ 1 —1
cs(z|m=——od
m

[m

1
—)/;z>0/\me[R

z m

Involving sn~!
09.39.27.0012.01
i
csXz|m)= —isn’l(— ‘ 1—m)/; z>0AmeR
4
Involving elliptic integrals

09.39.27.0013.01

1
cstzim)=—i F(u‘ sinh‘l(—)

1—m)/;z>0/\me[R
VA

09.39.27.0014.01

1 1
cs iz m) ==u'[ K(—)—K(l—m)]— F(u'sinh*l(z) —)/;ze[R/\0<m<l
1-m 1-m m—1 1-
09.39.27.0016.01
csHzim =
—2+m-1 L -1 1 —Z+m-1 . -l 1
iy Z-m+1 ndcs(z|m) | m) m-1 F('Zsmh (Z)‘ 1—m) m-1 F(”S'nh (Z°)| ﬁ)
cs Yz | M) + _

VZ+1 VZ-m+1 V#-m+1

7 3r freRr,0<r<1) (Im((r (Z-20)+20)*+1) = 0/\(7 (Z-29)+2)°+1< O/\
Im((t (z- 20) + 29)* — M+ l)=0/\(r(z—zo)+zo)2—m+1<0)

/i
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09.39.27.0017.01

iZndlcstzim|m) | 2+1 [Z-m+1
2+1 z z

csizim =~ Flicsch™@ | 1-m)/;

[.m[(z+tan(g))il]=o Alzraf ) +1 <0\
of(eeif 5 mer)=oA ()

Involving other related functions

2
—m+1<0)

09.39.27.0015.01

cs Xzl m)==— dog(z, z;a b) /; {a, b, z}={2-m 1-m, 22}/\zi+az§+bzl—z§=:0/\z>0/\m<l

Z

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-=Thompson (1948)



http: //functions.wolfram.com

12

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.

© 2001-2008, Wolfram Research, Inc.



