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Notations

Traditional name

Inverse of the Jacobi elliptic function cd

Traditional notation
cd ™z m)

Mathematica StandardForm notation

I nverseJacobi CD[z, m]

Primary definition
09.37.02.0001.01
z=cdw|m)/;w== cd"l(zl m)

09.37.02.0002.01
1

cd iz m) = f '
fV1-2 Y1-me

dt/;-1<z<1lAm<1

Specific values

Specialized values

For fixed z

09.37.03.0001.01
cd (2] 0) = cosY(2)

09.37.03.0002.01

=)l
— | == — | = n
2 2 sn@

09.37.03.0003.01
cdlzlD =&

Cdfl(z

g

For fixed m

09.37.03.0004.01
cd Y (=1 m) = 2K(m)
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09.37.03.0005.01
cd‘l(— -

1 n
o)A
2 6

09.37.03.0006.01
cd’l(O | m) == K(m)

m) + K(m)

09.37.03.0007.01
41 b
cd (— ‘ m] =K(m) - F(— ‘ m)
2 6
09.37.03.0008.01
cdl@|m=0
09.37.03.0009.01
od (@ | m) == K(m) - F(sin*() | m)

09.37.03.0010.01
od (—i | m) = K(m) + F(sin ') | m)

Values at infinities

09.37.03.0011.01
cd(z] ) =0

09.37.03.0012.01
cd (z| —0) =0

09.37.03.0013.01

o emim=— (]
(co | M) = — K| =
m m

09.37.03.0014.01

. 1 1
cd “(—co | M) =2K (M) - —K[—)
m m

09.37.03.0015.01
. i 1
cd (foo|m=——K|—]|/0<m<1
“m 'm
09.37.03.0016.01

i 1
cd H(=ico|m ==2K(m)——K[—)/;0<m<1

General characteristics

Domain and analyticity

cd‘l(z | m) is an analytical function of zand mwhich is defined over C2.

09.37.04.0001.01
(zsm)—cd Xz|m):: (C®C)—C

Symmetries and periodicities
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Mirror symmetry
09.37.04.0002.01

cd Xz m) = cd Yz m)

Quasi-reflection symmetry

09.37.04.0003.01
cd_l(—z | m)=2K(m) - cd"l(z| m)

Poles and essential singularities
With respect tom

The function cd1(z | m) does not have poles and essential singularities with respect to m.

09.37.04.0004.01
Sing, (cd (2| m) = ()

With respect to z

The function cd™(z | m) does not have poles and essential singularities with respect to z.

09.37.04.0005.01
Sing (cd H(z| m) = {}
Branch points
With respect tom

For fixed z, the function cd~*(z| m) has two branch points: m =

1l
81

, m

No|

09.37.04.0006.01

1
BSDm(cd"l(zl m) == {; &)}
09.37.04.0007.01

1
Rm[cd"l(zl m), —) ==log
Z

09.37.04.0008.01
Rm(cd‘l(z| m), &) == log

With respect to z

For fixed m, the function cd™%(z| m) has five branch points:z =+ 1,z==+

1 -
—, Z=5.
Vm CT%
09.37.04.0009.01
1 1
BPfcd @lm)={1,-1, —, -—, &}
vm vm

09.37.04.0010.01
Rocd (z| m), 1) = 2
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09.37.04.0011.01
Rocd 'z m), 1) =2

09.37.04.0012.01

1
Rz[cdl(z| m), —) =2
m

09.37.04.0013.01

1
Rz[cd"l(zl m), — —] =2
m

09.37.04.0014.01
Rcd ™ (z| m), &) == log

Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansions at generic point z== z

For the function itself

09.37.06.0007.01

B B z-2 zo(—2ng+m+1)
cd Xz m) o cd Yzo | M) - 0 v Z-20*+.../; (2> Zp)
Ji-2Z2 J1-m2Z 1-mz)
09.37.06.0008.01
. ) -2 zo(—2m23+m+1)
cd ™z | m) o cd "tz | M) - (2- 20+ O((z- 2)°)

ﬂ \/ﬁ 3/2 m Z%)S/z

© ] k1 (1-Kogej)-2
cdzlm=cd @z m-) — ——
1 K 2o (k= -1 2z0) 20

09.37.06.0009.01

S o2 e na e

09.37.06.0010.01

cd iz m) =
- Z kel
x g g (a-mz)
od (2o | M) + - > 1 3
(m—1) nd(cd™"(zo | ) | m) sd(cd™ (zolm)|m k=1 j=0j!(k—j—l)!r(z—j)r(j—k+ 5)
1-j 1 1 j-k+2 j-k+1 3 1 )
P =] [P p— , j—k+—1- —|(z-2)
2 2 2 2(2) 2 2 2 ng

09.37.06.0011.01
cd ™ zIm) o« cd H(zg [ M) (1 + Oz~ 29)



http: //functions.wolfram.com

Expansionsat z==0

09.37.06.0001.02

m+1 3+2m+3n?

cd (z| m) o K(m) - z— - Z-...[(@z-0
40
09.37.06.0002.01
()
o 1 1 1
cd 'z m =Km- )’ . 2F1(_v -k = -k —) 2412 <1
Zekspk T N20 T2 Tm

09.37.06.0012.01
cd Yz | m) o« K(m) (1 + O2)

Expansions at generic point m == mg

For the function itself

09.37.06.0013.01

1 3135 3K(my) 3E(my)
cd Yz m o« cdz| my) + - —z3F1(—; N —;zz,zzmo)— o + T (M=) +
6 2'2'2'2 M me-ng
1 —2E(mg) + 2K(mp) + My (4 E(Mp) — SK(mp) + 3K(mp) mp) 3 5157
z ——z5Fl(—; - = —;22,22%] (Mm—mp)? +
2 4(mo_1)2m(2) 20 2 2 2 2
o [i (M= my)
09.37.06.0014.01
1 3135 3K(my)  3E(mMy)
cd Yz m o cd iz my) + — —z3F1[—; - = —;zz,zzmo]— mo + mo (M-my) +
6 2'2'2' 2 Mo my—me
1(-2E(my) + 2K(mg) + my (4 E(my) — 5K(mpy) + 3K(mg) mg) 3 5157
— ——stl(—; B —;zz,zzrrb) (M—mp)? +
2 4(mo - 172 M8 20" 2'2'2'2
O((m-my)®)
09.37.06.0015.01
© 11 (11 —DkV 7 2k 11 3
cd_l(z|m)==Z— —nn‘gkzFl(—, —1-k; mo)—()—ﬂFl(k+—, —,k+—;k+—;22,mozz) (m-mo¥
Ly |2 2' 2 @k+1(:-K) 2’2" 2 2

09.37.06.0016.01
cd ™ (z| m) « cd (2| my) (1 + O(M - my))

Expansionsat m==0

09.37.06.0003.02

1 3
cd Xz m) « cosi(2) + Z(\/ 1-72 z+ cos‘l(z))m+ &(2\/ 1-7 (222+3)+3cos‘1(z))mz+ . /i (m>0)

09.37.06.0004.01
1) (1) (1) g2k
ﬂ(Z)k(Z)k (2)k22 (

C@k+nk St

=S}

cd iz m) = Z

k=0

1

2’

1
+ o
2

3
k+ —;
2

2k!? 22) i



http: //functions.wolfram.com

09.37.06.0017.01

1) 2 . .
cd"l(zlm)ziz(Z)k cost(2) + -z ZK:(J_D!ZZJ mk/; iml < 1

koo (k1?2 2z o (%)]

09.37.06.0005.01

(1)j (l)knf(ZZHZKH

2)i\2

cd Yz m) == K(m) —
@l ( ;g{ 2j+2k+1Dj'k!

09.37.06.0006.01

N
N =

’

1,
cd @zl m) =K m)- zFi;g;g[ 2 mZ, 22]

N w

09.37.06.0018.01
cd 2z m) o« cosL(2) (1 + O(m)

Integral representations

On the real axis

Of thedirect function

09.37.07.0001.01
1

1
cdYz| m) = f
fy1-2 y1-me
09.37.07.0002.01

Vi-mZ sn(cd’l(z| m|m 1

cod izl m = dt/;
Vi-2 fV1-2 J1-mt?

e T (Im(l—((z— Dr+1?) =0 \1-(@-Dr+12<0
ImL1-m(@-Dr+1?%)=0/\1-m(@-Dr+17?< 0)

dt/;-1<z<1lAm<1

09.37.07.0003.01

cdlzIm =cd(z | m) - dt/;

V1-m2Z sn(cd 'z m) | m) fz 1
12 oJioe J1i-me

= Jrfrer 0<r<y) (Im(l - (T(z-20)+20)°) = o/\
1-(r(z-2)+ 272 <0 /\ IM1-m((z-2)+2)) =0 /\ 1-m(r(2-2) + 2)? < 0)

Differential equations

Ordinary nonlinear differential equations

09.37.13.0001.01
W@ +(2mZ -m-1)zw (2% =0/, W2 == cd '(z| m)
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Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

09.37.16.0001.01
cd’l(—z | m)=2K(m) - cd’l(z| m)

Identities

Functional identities

09.37.17.0001.01
(Z-1)mZ -mZ + 1) cdw(zy) + W(2,) | Mm%+ 2(M-1) 2, 2, cdW(zy) + W(Zo) | M) + B + 2 (1-mZ)=1/, W2 = cdz| m)

Differentiation

Low-order differentiation

With respect to z

09.37.20.0001.02
acd X z|m)  sn(cd @zl m)|m)

0z -1
09.37.20.0002.01

6cd’l(z|m) 1
= /i-1l<z<1lAm<1

oz Vi-2 J1-mZ

09.37.20.0003.02

#cdtzim  z(-2mZ+m+1)sn(cd ‘(z| m) | m)

o7 (2-17(m2-1)

09.37.20.0011.01
1

§——082r
2cd iz m) Vi1-mZ snfed *zlm|m) iz Jimz

97 1-2 0z

With respect tom

09.37.20.0004.01
acdY(z| m) E(am(cd’l(z| m | m) | m)+(m-1) cd iz | m)

om 2Q1-mm

09.37.20.0005.01

acd ™ z|m 1 my1l-2 z
@l )== +E(m)—E(sin_l(z)|m)+(m—1)cd"1(z|m) li-1<z<1Am<1
om 2(1-mym 1-mZ2
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09.37.20.0006.02
Pcd Yz m 1

m-1 \¥
= (mz2 sc(cd‘l(z| m | m)( ] +
ilia 4(m 1)? m? mz -1

4m-2) E(am(cd_l(z| m | m) [ m)+(m-1) F(am(cd_l(z| m) | m) | m) + 3(m-1)2 cd(z| m)J
09.37.20.0012.01
#cd iz m) 1
ot Am-1°nP(2mA-2)

(mZ -1)((-28(m-1)m-8) E(am(cd"l(zl m | m)| m)-(m-1)(11m-7) F(am(cd"l(zl m | m) | m)) -

-1 3/2
[—mz2 (M(11m-7)Z-8)+4) sc(cd"l(zl m) | m)[ m ] +
mz -1

15(m-1°(mZ-1) cd Yz m)]

Symbolic differentiation

With respect to z
09.37.20.0013.01

6"cd’1(z| m)

T =

,_‘

snfcd ™ @im|m =l (- Ny

oA @M —— ki(')( 2.6) -2t a-ma) fnen

-1 o(n—j-1! g2t

Il
o

09.37.20.0014.01
ed Yz m)

=cd Yz més, +
97"

= === ineN

(Cd z|m) | m) n-1 22i-n+l pyj 2j-n+l (1— mZz)ﬂ (%)J A -Mym-j-2 1 1 1-m#2
E
22 Tmp-2

1M

n-j-1!

09.37.20.0015.01

B an—l 1
aned H(z| m) » V1-mZ sncd ™zl m | m) V12 Vimz
———— =cd 'z M) 6 - fineN*
a7 12 971

09.37.20.0007.01
a"cd‘l(z|m) K& n-2"t(n-Dlsnfed 'zlm |m) ot it (1-2) (1—m22)J_n+1

M

oz Z-1 i jtm-j-or(2-j)r(i-n+ )
1-j j 1 1 j-n+2 j-n+1 3 1
2F1———2——11——]2 1[ ) ;j——n;l——]/;neN+
2 2 2 v 2 2 2 mZz

With respect tom
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09.37.20.0008.02

edtzim YV 1-mZ cd(sniz|m)|m)

anm’ 12
3

1) 2
”(z)n 1 1 n 11 1

zFl(n+—,n+—;n+1; m)—gFl(n+—; —,n+—;n+—;22,m22) /ineN
2n! 2 2 2n+1 2 2

2+l (%)

09.37.20.0016.01

cd zlm)  V1-mZ cd(sni(z|m) | m) o"(K(m) - F(sin’l(z) | m)

om” 12 o’

/ineN

Fractional integro-differentiation

With respect to z

09.37.20.0009.01

Fodtzlm  Kmze _ 2 L5a
_ NI Brog| o 2L 2mZ|fi-1<z<lAm<1
0z F(l—a) > _E"’
With respect tom
09.37.20.0010.01
oedzim  ame (11 meVT Z 100355 1
= 2 1(—, —;1—a;m)—7 1x0x1 Z mZ|/;-1<z<1Am<1
Integration

Indefinite integration

Involving only one direct function

09.37.21.0001.01
log(vm sd(cd™*(z| m) | m) - nd(cd*(z| m) | m))

vm

Involving only one direct function with respect tom

fcd‘l(zl mdz== zcd'l(z| m) +

09.37.21.0002.01
1
fcd‘l(z| m)dm== Z(E(m) - = (zE(sin‘l(z) |m)+m-1zFsn'@|m+V1-2 y1-mZ )+(m— 1)K(m)) /;
YA
-l<z<1lAm<1

Representations through more general functions

Through hypergeometric functions of two variables
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09.37.26.0001.01

N~

zFi3-d mZ, 22]

1.1,
[2’ 2’

cd tzIm) =K m) -

Through other functions
I nvolving some hyper geometric-type functions

09.37.26.0002.01

,zz,mzz)/;—1<z< 1Am<1

N -
N -
N w

1 1
cd “(z| m) = K(m)—zFl(E;
Representations through equivalent functions

With inverse function
09.37.27.0001.01

cd(cd"l(zl m | m) =z
With related functions

Involving cn—t
09.37.27.0002.01

cd’l(z|m)::K(m)—cn’1(\j 1-7 ‘m)/;0<z< 1Am<1

Involving cs™t

09.37.27.0003.01
1
))/;O<z< 1A0<m<1

1
cd Yz my= — [K[—)+iCS_l(—iZ 1-—
W m m
Involving dc™?

09.37.27.0004.01
m)/; z<0Am<0Vz<l1lAm<l1

cd’l(z | m) = dc’l(—
z

Involving dn™*

09.37.27.0005.01

m-1
)/;—1<z<1/\m>1
m

L
cd_l(z |m)=-—— dn"l(z
m

Involving ds™t

09.37.27.0006.01
1 m
/iz>0AmeR
m-1

cd’l(z| m) = K(m) — dsl[
Vi-m Vvi-mz

Involving nc™*
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09.37.27.0007.01
j 1

r
cd izl m = - nc‘l(z )/;—1<z<1/\m<1

1-m

Involving nd™?
09.37.27.0008.01
cd_l(zl m) == —ind"l(zl 1-m/;zeRAmM<O0

Involving ns™*

09.37.27.0009.01

1 1
—)—K[—))/;—1<z< 1Am<0

—1 _ 1 -1
cd " (zlm=——|ns"|z
m

m

Involving sc™t

09.37.27.0010.01
cd_l(z| m=Km -isc(-iz|1-m/;zeRAmeR
Involving sd™*

09.37.27.0011.01

m
cd Yz | m) = K(m) - sd"l(zx/l—m ‘m)/;—1<z<1/\m<1

1-m

Involving sn~t

09.37.27.0012.01
cdtzim=Km-siz|m/zeRAmeR

Involving elliptic integrals

09.37.27.0013.01
od(z| m) = K(m) - F(sin™(2 | m) /; m¢& (L, o)

09.37.27.0015.01
Vi-mZ sn(cd’l(z| m | m)
Vi1-7
e T (lm(l ~(@-Dr+ ) =0 \1-(@-Dr+1? <0\
Im1-m(@-Dr+1?%)=0/\1-m(@-Dr+17?< 0)

cdzlm = (K - F(sin ™2 | m)) /;

09.37.27.0016.01

V1-mZ sn(cd"l(z| m | m)
Vi1-2

= Jrrer 0<r<yy (Im(l - (1(z-20)+20)°) = o/\
1-(r(z-2) + 2 <0\ IM(1-m(r 2-2) + 2)?) =0 /\ 1-m(r (z- ) + 2)? < 0)

cd izl m =cdt(z | m - (F(si nl2 | m) - F(si nY(zo) [m)/;

Involving other related functions
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09.37.27.0014.01

cdXz| m) = K@m) + eog(z;, ;a, b) /;

Z

{a, b, zl}=={—m—1, m, %}/\zﬁ+az§+bzl—z§==o/\(0<z< 1AmeR)\/z<-1Am>1

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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