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Notations
Traditional name

Inverse nome

Traditional notation
q'@

Mathematica StandardForm notation

I nverseEl |i pti cNomeQ[z]

Primary definition

09.52.02.0001.01
8

w (2ki]
gl =16z /il2d<1
1;:![22"‘1 + 1]

Specific values

Values at fixed points

09.52.03.0001.01
q'0)==0

09.52.03.0002.01

1
-1 e ™) = —
q(e™) >

General characteristics

Domain and analyticity

q~(2) isan analytical function of zwhich is defined inside the unite circle of the complex z-plane.

09.52.04.0001.01
z—q 2 c—C

Symmetries and periodicities
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Mirror symmetry
09.52.04.0002.01

)

Periodicity

No periodicity

Poles and essential singularities

On the boundary of analyticity | | == 1 the function g~1(2) has a dense set of poles.
09.52.04.0003.01
Sing (a7 @)=} /; 1q] =1
Branch points
The function g~1(2) does not have branch points.
09.52.04.0004.01
BPAq(2) = 1)
Branch cuts

The function q~1(2) does not have branch cuts.

09.52.04.0005.01
BCAa'@) =1}

Natural boundary of analyticity
The unit circle |g| == 1 isthe natural boundary of the region of analyticity.

09.52.04.0006.01
AB(q(2)) = {7}

Series representations

Generalized power series

Expansions at generic point z== 7,
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09.52.06.0003.01
(4w-1wKw)?)

a2 o« qHz) - —— -2+
2z

(AWK W)? - 4Ew) KW) + 7%) (2(w - 1) wK(w)?)
(z-2)" -
7 378 zg

(4 (2w + w— 1) Kw)* + 12 EW)? K(W)? + 67 WK(W)? — 6 E(W) (4w K(W)? + %) K(W) + %) (2— 20)° +

(Aw-DwKw)?)

-y (16 (2W? + 3w —w—2) KW)°® + 247° (2w + W — 1) K(w)* — 96 E(W)® K(w)® + 22 7* wK (w)? +
Ve
T2EW)? (4wWKW)? + %) K(w)? + 37° — 2E(W) (48 (2w + w— 1) K(W)°® + 727° wK(W)® + 11 7% K(w)))
(W=D wKwW)?) (z-29)* - W (16(2w* + 6W* + W2 — 4w - 3) K(w)® +
157105
4077 (2w + 3w — w— 2) K(W)® + 240 EW)* K(w)* + 351 (2w? + w — 1) K(w)* — 240 Ew)® (4w K (w)? + 7
Kw)® + 257° wK(W)? + 37 + 15 EW)® (32 (2w + w — 1) K(W)°® + 48 12 wK(w)* + 7 7* K(w)?) —
5EW) (32(2w* + 3wW? —w—2) K(W)" + 4877 (2W? + W — 1) K(W)* + 421* wK(w)® + 57° K(w)))
2-2)°+... ;2= ) AW=0q""(Z)
09.52.06.0004.01
q@ o« g H(20) (1 + 0z - 29))

Expansionsat z==0

09.52.06.0001.01
qY(2) « 16z- 1282 + 7047 — 30727 + 11488 2° — 384002 + 1176327 — 335872 + 9047847 -
2320128 71° + 5702208 1 — 13504512 72 + 30952544 7'° — 68901 888 74 + 149403264 7'° -
316342272 7'® + 6554457927' — 1331327616 7'° + 2655115712 7" - 5206288384 2° + O(Z*) /; (- 0)

09.52.06.0005.01

(1+23, (-1 zkz)4

qTl@=1- "
(1+232,7%

09.52.06.0002.01
a2 «16z(1+02) /; (z— 0)

Expansionsat z==

09.52.06.0006.01
72 272 372 4r2 572 672
XD o« 1- 16 + 1289 — 704 ¢ + 3072 ¢/99 — 11488 ¢/*92 + 38400 ¢'92 —
772 812 9n2 1072 1172 1272
117632 ¢! + 33587299 — 904784 ¢'™? + 2320128 /9> — 5702208 ¢'9? + 13504512 ¢'%@ —

1372 1472 1572 1672 1772

30952544 ¢'°9? + 68901888 ¢'°%® — 149403264 ¢'®? + 316342272 ¢'9? — 655445792 ¢'® +

1872 1972 2072 [ 2172

1331327616 ¢'® — 2655115712 ¢'? + 5206288384 ¢'9? + Q| ¢'®? ] L1 <1A@zZz->1
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09.52.06.0007.01
4

K2 72
1+2%2, (1K e'°9‘2)]

P
qa-@= :

K2 72
[1 +2 z;‘;l«e'wm]

09.52.06.0008.01

2 272

e'ow] 12 <1A@z-1)

b

q_l(z) x1-16¢'92 + O

Product representations

09.52.08.0001.01
o 2kiq)®
,1 .
qg-(2=16z [ ] /i1 <1
1,1 #1411

Differential equations

Ordinary nonlinear differential equations

09.52.13.0001.01
2KW(2)* W2 - 1) W2

W (2) = /W@ =g
7 2(K(1 - wW(2) (KW(2) — EW(2))) - E(1 - W(2)) K(W(2)))

09.52.13.0002.01
32W (2°W2)* - 2W (2°W@)°® - 6 2W' (22 W2 - ZW(2* W22 + W (2> W22 +
32W (@2 W22 - 22 W@ - DPW@WP @ W22+ ZW (@ W2 - 2ZW(@)* =0/, W2 =q (2

Identities

Functional identities

09.52.17.0001.01

2wW(Z)w(2)? - w(zz)2 W(2)” - W(2)? - 16 W(Z) W(2) + 16W(Z) = 0/, W(2) = 0 *(2)
09.52.17.0002.01

\7 1-w@)(1-wWZ)) + \7W(Z) wWz') =1/ wW2=q"® /\ 0<z=<1
09.52.17.0003.01

Voute2viB-2vu=0/; u==m/\v=zm/\Re(z)>0
09.52.17.0004.01

V- +5(V - )R -4v(1-u*u=0/;u=+ g2 /\v:: Vale /\052s1

09.52.17.0005.01

W -8V U +28V0 U8 — 56\ P + 70V Ut - 562 13 + 28V2 L2 — 8vu+ V2 = 0/; u==+ g }(7) /\v:: Vat@ /\Os z<1
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Differentiation

Low-order differentiation
09.52.20.0001.02
ol  (4(1-9@) @) K(a @)

0z 271—2

09.52.20.0002.02
RPqla 4 K(q‘l(z))2 (a*@-1)a92 (4 at@ K(q‘l(z))2 -4E(q2)K(a @) + 7r2)

07 2
09.52.20.0003.01
Foio  8K@'@) (@'@-1)qt@
0z o bl
24E(q'(2) a2 K(q‘l(z))3 +6 (2 E(q‘l(z))2 + 72 q‘l(z)) K(q‘l(z))2 -6 E(q(2)K(a @) + 714)

4

(4@ @+1)2a@-)K(a @)

09.52.20.0004.01
qte 8K (T2~
ot iy
(16(a*@ +1)(2 T2 +ql@) - 2) K(a@)’ - 98E(q @) (0@ + 1) (2a7 @ - )K(q @)’ +

24(2q @ E(Q @) -7+ 222 4@ + 22 47 @) K(a @) - 4BE(q @) (2E(a @) + 37 4@ K(a @)’ +

272 (36E(q @) + 11722 0@ K(a @) - 227 (a7 @) K(a (@) + 37°)
09.52.20.0005.01
Fqle  2K0) (o -1)qi@
07 02

(16(20'@" +607@° + 0@ - 497 @ - 3)K(a @)’ - 160E(q @) (4@ + 1) (207@" + 4@ - 2 K(a X)) +
6

('@ +1) (24 qi@ E(q‘l(z))2 -12 E(q‘l(z))2 -2n%+2n? q‘l(z)2 + 72 q‘l(z)) K(a™(2)
240E(q71(2) (4 a2 E(q‘l(z))2 —n?+2a° q‘l(z)2 +7° q‘l(z)) K(q‘l(z))5 +
5 (48 E(q‘l(z))4 +1447° 9742 E(q‘l(z))2 -7 +147* q‘l(z)2 +77 q‘l(z)) K(q‘l(z))4 - 3022 E(q(2)

(8 E(q’l(z))2 + 772 q’l(z)) K(q’l(z))3 +57% (21 E(q’l(z))2 +57° q’l(z)) K(q’l(z))2 -257°E(q @) K(a @) + 3718)

Operations

Limit operation

09.52.25.0002.01
limgi2=1
z-1"



http: //functions.wolfram.com

09.52.25.0001.01

a2 - (-30727 + 7042 - 1287 + 16 Z)
lim =

z-0 24

Representations through equivalent functions

With inverse function

09.52.27.0001.01
g l(g(m) =m

With related functions

Involving theta functions

09.52.27.0002.01
9,00, 2"

q'@=
9500, 2*

09.52.27.0003.01

\/T() 92(0, 2% 95(0, 2° + 31(0, 2 84(0, 2
qg-2 =
3200, 2* + 340, 2*

Involving Weler strass functions

09.52.27.0004.01

o (w1; G, Ga) ]“ \

I T w3
ql[exp[ )) = eXP(2 (w3 ¢ (w1; G2, G3) + (w1 + w3) { (w3; G2, U3))) [—
0 (w1 + ws3; G2, G3)

w1
{w1, w3} = {w1(2, G3), W3(G2, G3)}
09.52.27.0005.01

i7 w3 & — 63
o)
w1 € -8

w
(w1, Wg, w3} = (W1(Ts, Gs), ~@1(Gs, Gs) — W3(G, Ga), wa(Gp, G} /\ A= exp[m' —3) /\ &= p@ni & g \neiL 23
w1

09.52.27.0006.01

3 2 2 3 : -1 L¢3
g (2m* -3m? -3m+2) - 1083 (M —-m+1) =0/, m=q }{exp|ni — /\ {w1, w3} == {w1(G2, Ga), W3(T2, Ga)}
w1

Involving other related functions

09.52.27.0007.01
A2 =q*(e'"?) /; Im(2) > 0

Zeros

09.52.30.0001.01
q'@2=0/,z=0
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Theorems

The solutions of the quintic t® =t + p==0

The solutions of the quintic t° —t + p == 0 can be expressed in terms of g~ (C. Hermite). For one of the roots we
have (o € R):

253/4\/_W[\/75gn(p) [( 1)3/4[ 5‘1 @—gzm) +i\8/q1(e2§\7;)]

[0 ] Jo e ) foeseea /7 - oot

History

—C. Hermite (1858)
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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