
Fibonacci2

Notations

Traditional name

Fibonacci polynomial

Traditional notation

FnHzL
Mathematica StandardForm notation

Fibonacci@n, zD

Primary definition
05.12.02.0001.01

FnHzL � â
k=0

f n-1

2
v

n - k - 1

k
zn-2 k-1 �; n Î N

Specific values

Specialized values

For fixed n

05.12.03.0001.01

FnH0L � sin2
Π n

2

05.12.03.0002.01

FnH1L � Fn

05.12.03.0003.01

FnH-1L � F-n

05.12.03.0018.01

FnH4L �
1

2
 F3 n

05.12.03.0019.01

FnH11L �
1

5
 F5 n



05.12.03.0020.01

FnH29L �
1

13
 F7 n

05.12.03.0021.01

FnH76L �
1

34
 F9 n

05.12.03.0022.01

FnH199L �
1

89
 F11 n

05.12.03.0023.01

FnH521L �
1

233
 F13 n

05.12.03.0024.01

FnH1364L �
1

610
 F15 n

05.12.03.0025.01

FnH3571L �
1

1597
 F17 n

05.12.03.0026.01

Fn Up-1

5

2
�

Fn p

Fp

�; n Î N+ ì p Î N+

05.12.03.0004.01

FnH-2 äL � -H-äLn+1 n

05.12.03.0005.01

FnH2 äL � - än+1 n

For fixed z

05.12.03.0006.01

F0HzL � 0

05.12.03.0007.01

F1HzL � 1

05.12.03.0008.01

F2HzL � z

05.12.03.0009.01

F3HzL � z2 + 1

05.12.03.0010.01

F4HzL � z3 + 2 z

05.12.03.0011.01

F5HzL � z4 + 3 z2 + 1

05.12.03.0012.01

F6HzL � z5 + 4 z3 + 3 z

http://functions.wolfram.com 2



05.12.03.0013.01

F7HzL � z6 + 5 z4 + 6 z2 + 1

05.12.03.0014.01

F8HzL � z7 + 6 z5 + 10 z3 + 4 z

05.12.03.0015.01

F9HzL � z8 + 7 z6 + 15 z4 + 10 z2 + 1

05.12.03.0016.01

F10HzL � z9 + 8 z7 + 21 z5 + 20 z3 + 5 z

General characteristics

Domain and analyticity

The function FnHzLis defined over N Ä C. For fixed n, the function FnHzL is a polynomial in z of degree n. 

05.12.04.0001.01Hn * zL �FnHzL � HN Ä CL �C

Symmetries and periodicities

Parity

05.12.04.0002.01

FnH-zL � H-1Ln-1 FnHzL
Mirror symmetry

05.12.04.0003.01

FnHz�L � FnHzL
Periodicity

No periodicity

Poles and essential singularities

With respect to z

The function FnHzL is polynomial and has pole of order n at z = ¥� .

05.12.04.0004.01

SingzHFnHzLL � 88¥� , n<<
Branch points

With respect to z

The function FnHzL does not have branch points.

05.12.04.0005.01

BPzHFnHzLL � 8<
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Branch cuts

With respect to z

The function FnHzL does not have branch cuts.

05.12.04.0006.01

BCzHFnHzLL � 8<
Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

05.12.06.0018.01

FnHzL µ FnHz0L + â
j=0

f n-1

2
v

n - j - 1

j
z0

n-2 j-2 Hz - z0L 1 +
z - z0

2 z0

+ ¼ �; Hz ® z0L
05.12.06.0019.01

FnHzL µ FnHz0L + â
j=0

f n-1

2
v

n - j - 1

j
z0

n-2 j-2 Hz - z0L 1 +
z - z0

2 z0

+ OIHz - z0L2M
05.12.06.0020.01

FnHzL � Π â
k=0

n 1

k !
 2k-2 n cos2

Π n

2
 z0

1-k
3F

�
2 1, 1 -

n

2
,

n

2
+ 1; 1 -

k

2
,

3 - k

2
; -

z0
2

4
+

2k sin2
Π n

2
z0

-k
3F

�
2 1,

1 - n

2
,

n + 1

2
;

1 - k

2
, 1 -

k

2
; -

z0
2

4
Hz - z0Lk

05.12.06.0021.01

FnHzL � â
k=0

n 1

k !
 â

j=0

f n-1

2
v

n - j - 1

j
Hn - 2 j - kLk z0

n-2 j-k-1 Hz - z0Lk

05.12.06.0022.01

FnHzL µ FnHz0L H1 + OHz - z0LL
Expansions at z � 0

05.12.06.0001.01

FnHzL µ sin2
Π n

2
+

n

2
 cos2

Π n

2
z +

n2 - 1

8
sin2

Π n

2
z2 +

In2 - 4M n

48
cos2

Π n

2
z3 + ¼ �; Hz ® 0L

05.12.06.0023.01

FnHzL µ sin2
Π n

2
+

n

2
 cos2

Π n

2
z +

n2 - 1

8
sin2

Π n

2
z2 +

In2 - 4M n

48
cos2

Π n

2
z3 + OIz4M
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05.12.06.0002.01

FnHzL � sin2
Π n

2
â
k=0

f n-1

2
v J 1-n

2
N
k

J n+1

2
N
k

J 1

2
N
k

k !
 -

z2

4

k

+
n z

2
cos2

Π n

2
 â

k=0

f n

2
-1v I1 - n

2
M
k

I n

2
+ 1M

k

J 3

2
N
k

k !
 -

z2

4

k

05.12.06.0003.01

FnHzL � sin2
Π n

2
 2F1

1 - n

2
,

n + 1

2
;

1

2
; -

z2

4
+

n z

2
 cos2

Π n

2
2F1 1 -

n

2
,

n

2
+ 1;

3

2
; -

z2

4

05.12.06.0004.01

FnHzL µ sin2
Π n

2
+

n

2
cos2

Π n

2
 z H1 + O@zDL �; Hz ® 0L

05.12.06.0005.01

FnHzL � â
k=0

f n-1

2
v

n - k - 1

k
zn-2 k-1

Expansions at z � 2 ä

05.12.06.0006.01

FnHzL µ -n än+1 1 -
ä In2 - 1M

6
 Hz - 2 äL -

In2 - 1M In2 - 4M
120

 Hz - 2 äL2 - ¼ �; Hz ® 2 äL
05.12.06.0024.01

FnHzL µ -n än+1 1 -
ä In2 - 1M

6
 Hz - 2 äL -

In2 - 1M In2 - 4M
120

 Hz - 2 äL2 + OIHz - 2 äL3M
05.12.06.0007.01

FnHzL � -n än+1 â
k=0

n-1 H1 - nLk Hn + 1Lk

k ! J 3

2
N
k

ä

4

k Hz - 2 äLk

05.12.06.0008.01

FnHzL � -n än+1
2F1 1 - n, n + 1;

3

2
;

1

4
ä Hz - 2 äL

05.12.06.0009.01

FnHzL µ -n än+1H1 + OHz - 2 äLL �; Hz ® 2 äL
Expansions at z � -2 ä

05.12.06.0010.01

FnHzL µ -H-äL1+n n 1 +
ä

6
 In2 - 1M Hz + 2 äL -

1

120
In2 - 1M In2 - 4M Hz + 2 äL2 + ¼ �; Hz ® -2 äL

05.12.06.0025.01

FnHzL µ -H-äL1+n n 1 +
ä

6
 In2 - 1M Hz + 2 äL -

1

120
In2 - 1M In2 - 4M Hz + 2 äL2 + OIHz + 2 äL3M

05.12.06.0011.01

FnHzL � -n H-äLn+1 â
k=0

n-1 H1 - nLk Hn + 1Lk

k ! J 3

2
N
k

 -
ä

4

k Hz + 2 äLk
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05.12.06.0012.01

FnHzL � -n H-äLn+1 2F1 1 - n, n + 1;
3

2
;

-ä Hz + 2 äL
4

05.12.06.0013.01

FnHzL µ -n H-äLn+1 H1 + OHz + 2 äLL �; Hz ® -2 äL
Expansions at z � ¥

05.12.06.0014.01

FnHzL µ zn-1 1 +
n - 2

z2
+

Hn - 4L Hn - 3L
2 z4

+ ¼ �; H z¤ ® ¥L
05.12.06.0026.01

FnHzL µ zn-1 1 +
n - 2

z2
+

Hn - 4L Hn - 3L
2 z4

+ O
1

z6

05.12.06.0015.01

FnHzL �
21-n Π zn-1

GI n

2
M  â

k=0

n-1 Hn - k - 1L !

k ! GJ n+1

2
- kN  K1 -

n

2
O

k
-

4

z2

k

05.12.06.0016.01

FnHzL � zn-1
2F1

1 - n

2
, 1 -

n

2
; 1 - n; -

4

z2
�; n > 0

05.12.06.0017.01

FnHzL µ zn-1 1 + O
1

z2
�; H z¤ ® ¥L

Integral representations

On the real axis

05.12.07.0001.01

FnHzL =
n

2n à
-1

1

z2 + 4 x + z
n-1

 â x �; n Î Z

Of negative order

05.12.07.0002.01

FnHzL �
n!

H2 n - 1L !

1

z2 + 4

¶n-1 Iz2 + 4Mn-
1

2

¶zn-1
�; n Î N+

Generating functions
05.12.11.0001.01

FnHzL � @tnD 
t

1 - z t - t2
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05.12.11.0002.01

FnHzL � n! @tnD 
ã

t z

2

z2 + 4

ã
1

2
t z2+4 - ã

1

2
H-tL z2+4

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

05.12.13.0001.01

Iz2 + 4M w¢¢HzL + 3 z w¢HzL + I1 - n2M wHzL � 0 �; wHzL � c1 FnHzL +
c2

z2 + 4
4

P
n-

1

2

1

2
ä z

2

05.12.13.0002.02

Wz FnHzL, 1

z2 + 4
4

 P
n-

1

2

1

2
ä z

2
� -

ã-
1

2
ä n Π I3 + ã2 ä n ΠM n

Π Iz2 + 4M3�2

05.12.13.0003.01

w¢¢HzL +
3 gHzL g¢HzL
gHzL2 + 4

-
g¢¢HzL
g¢HzL w¢HzL +

I1 - n2M g¢HzL2

gHzL2 + 4
wHzL � 0 �; wHzL � c1 FnHgHzLL + c2 

1

gHzL2 + 4
4

P
n-

1

2

1

2
ä

2
 gHzL

05.12.13.0004.01

Wz FnHgHzLL, 1

gHzL2 + 4
4

 P
n-

1

2

1

2
1

2
ä gHzL � -

ã-
1

2
ä n Π I3 + ã2 ä n ΠM n g¢HzL

Π IgHzL2 + 4M3�2

05.12.13.0005.01

w¢¢HzL +
3 gHzL g¢HzL
gHzL2 + 4

-
2 h¢HzL
hHzL -

g¢¢HzL
g¢HzL w¢HzL +

I1 - n2M g¢HzL2

gHzL2 + 4
-

3 gHzL h¢HzL g¢HzL
IgHzL2 + 4M hHzL +

2 h¢HzL2

hHzL2
+

h¢HzL g¢¢HzL
hHzL g¢HzL -

h¢¢HzL
hHzL wHzL � 0 �;

wHzL � c1 hHzL FnHgHzLL + c2 
hHzL

gHzL2 + 4
4

P
n-

1

2

1

2
ä

2
 gHzL

05.12.13.0006.01

Wz hHzL FnHgHzLL, hHzL
gHzL2 + 4

4

 P
n-

1

2

1

2
1

2
ä gHzL � -

ã-
1

2
ä n Π I3 + ã2 ä n ΠM n hHzL2 g¢HzL

Π IgHzL2 + 4M3�2

05.12.13.0007.01

z2Ia2 z2 r + 4M w¢¢HzL + Ia2 H2 r - 2 s + 1L z2 r - 4 Hr + 2 s - 1LM z w¢HzL + Ia2 IHr - sL2 - r2 n2M z2 r + 4 s Hr + sLM wHzL � 0 �;
wHzL � c1 zs Fn Ha zrL + c2 zs 

1

a2 z2 r + 4
4

 P
n-

1

2

1

2
1

2
ä a zr
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05.12.13.0008.01

Wz zs FnHa zrL, zs

a2 z2 r + 4
4

 P
n-

1

2

1

2
1

2
ä a zr � -

a ã-
1

2
ä Π n I3 + ã2 ä Π nM r zr+2 s-1 n

Π Ia2 z2 r + 4M3�2

05.12.13.0009.01

w¢¢HzL +
-2 a2 HlogHsL - logHrLL r2 z - 4 HlogHrL + 2 logHsLL

a2 r2 z + 4
 w¢HzL +

1

a2 r2 z + 4
 I4 logHsL HlogHrL + logHsLL - a2 r2 z IIn2 - 1M log2HrL + 2 logHsL logHrL - log2HsLMM wHzL � 0 �;

wHzL � c1 sz FnHa rzL + c2 
sz

a2 r2 z + 4
4

 P
n-

1

2

1

2
1

2
ä a rz

05.12.13.0010.01

Wz sz FnHa rzL, sz

a2 r2 z + 4
4

 P
n-

1

2

1

2
ä a rz

2
� -

a ã-
1

2
ä Π n I3 + ã2 ä Π nM rz s2 z n logHrL

Π Ia2 r2 z + 4M3�2

Identities

Recurrence identities

Consecutive neighbors

05.12.17.0001.01

FnHzL � -z Fn+1HzL + Fn+2HzL
05.12.17.0002.01

FnHzL � z Fn-1HzL + Fn-2HzL
Distant neighbors

05.12.17.0003.01

FnHzL � H-1Lf m

2
v H-zLm-2 f m

2
v I-z2M 1-m

2
+f m

2
v
 U m-1

2

-
z2

2
- 1 Fn+mHzL +

H-1Lf m-1

2
v H-zL1-m+2 f m

2
v I-z2Mf m+1

2
v-

m

2  U m

2
-1

-
z2

2
- 1 Fn+m+1HzL �; m Î N+

05.12.17.0004.01

FnHzL � H-1Lf m

2
v zm-2 f m

2
v I-z2M 1-m

2
+f m

2
v
 U m-1

2

-
z2

2
- 1 Fn-mHzL + H-1Lf m-1

2
v z1-m+2 f m

2
v I-z2Mf m+1

2
v-

m

2  U m

2
-1

-
z2

2
- 1 Fn-m-1HzL �;

m Î N+

Functional identities

Relations of special kind

05.12.17.0005.01

Fn+1HzL Fn-1HzL - FnHzL2 � H-1Ln
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Differentiation

Low-order differentiation

With respect to z

05.12.20.0001.01

¶FnHzL
¶z

�
2 n Fn-1HzL + z Hn - 1L FnHzL

z2 + 4

05.12.20.0002.01

¶2 FnHzL
¶z2

�
4 Hn - 1L n Fn-2HzL + 2 z n H2 n - 5L Fn-1HzL + IHn - 2L z2 + 4M Hn - 1L FnHzL

Iz2 + 4M2

Symbolic differentiation 

With respect to z

05.12.20.0005.01

¶m FnHzL
¶zm

� â
k=0

f n-1

2
v

n - k - 1

k
Hn - 2 k - mLm zn-2 k-m-1 �; m Î N

05.12.20.0003.02

¶m FnHzL
¶zm

� 2m-2 Π n z1-m cos2
Π n

2
3F

�
2 1, 1 -

n

2
,

n

2
+ 1; 1 -

m

2
,

3 - m

2
; -

z2

4
+

2m Π  sin2
Π n

2
z-m

3F
�

2 1,
1 - n

2
,

n + 1

2
;

1 - m

2
, 1 -

m

2
; -

z2

4
�; m Î N

Fractional integro-differentiation

With respect to z

05.12.20.0004.01

¶Α FnHzL
¶zΑ

� 2Α-2 Π z-Α

z n cos2
Π n

2
3F

�
2 1, 1 -

n

2
,

n

2
+ 1; 1 -

Α

2
,

3 - Α

2
; -

z2

4
+ 4 sin2

Π n

2
3F

�
2 1,

1 - n

2
,

1 + n

2
;

1 - Α

2
, 1 -

Α

2
; -

z2

4

Integration

Indefinite integration

Involving only one direct function

05.12.21.0001.01

à FnHa zL â z �
2 Fn+1Ha zL - z FnHa zL

a n
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05.12.21.0002.01

à FnHzL â z �
2 Fn+1HzL - z FnHzL

n

Involving one direct function and elementary functions

Involving power function

05.12.21.0003.01

à zΑ-1 FnHzL â z � - 2Α-n-1 zΑ z + z2 + 4
1-n

-z z + z2 + 4
-Α

HΑ + n - 1L 2F1

1

2
Hn - Α + 1L, 1 - Α;

1

2
Hn - Α + 3L; 1

4
z + z2 + 4

2

z + z2 + 4
2 n

+

4n Hn - Α + 1L cosHΠ nL 2F1

1

2
H1 - Α - nL, 1 - Α;

1

2
H3 - Α - nL; 1

4
z + z2 + 4

2 � HH-Α + n + 1L HΑ + n - 1LL

Summation

Multiple sums

05.12.23.0001.01

â
k1=1

n â
k2=1

n

¼ â
kp=1

n

∆n-Új=1
p k j

ä
j=1

p

Fk j+1HzL � â
j=0

dn�2t p - j + n - 1

j

p - 2 j + n - 1

p - 1
zn-2 j �; n Î N ì p Î N+

Representations through more general functions

Through hypergeometric functions

Involving 2F1

05.12.26.0001.01

FnHzL � sin2
Π n

2
 2F1

1 - n

2
,

n + 1

2
;

1

2
; -

z2

4
+

n z

2
 cos2

Π n

2
 2F1 1 -

n

2
, 1 +

n

2
;

3

2
; -

z2

4

05.12.26.0002.01

FnHzL �
n

2
-z2 sin3

Π n

2
- z cos3

Π n

2
2F1 1 -

n

2
,

n

2
+ 1;

3

2
;

z2

4
+ 1

05.12.26.0003.01

FnHzL � -n än+1
2F1 1 - n, 1 + n;

3

2
;

2 + ä z

4

05.12.26.0004.01

FnHzL � -n H-äLn+1 2F1

1

2
- n, n +

1

2
;

1

2
;

2 - ä z

4

05.12.26.0005.01

FnHzL � zn-1
2F1

1 - n

2
, 1 -

n

2
; 1 - n; -

4

z2
�; n > 0
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Involving pFq

05.12.26.0006.01

FnHzL �
1

2 z2 + 4

 

2 0F0 ; ; n log
1

2
z + z2 + 4 - 0F0 ; ; n -ä Π - log

1

2
z + z2 + 4 - 0F0 ; ; n ä Π - log

1

2
z + z2 + 4

Through other functions

Involving some hypergeometric-type functions

05.12.26.0007.01

FnHzL � än-1 Un-1 -
ä z

2

Representations through equivalent functions

With elementary functions

05.12.27.0001.01

FnHzL �

2-n z + z2 + 4
n

- H-1Ln 2n z + z2 + 4
-n

z2 + 4

05.12.27.0002.01

FnHzL �
ãn logHwL - H-1Ln ã-n logHwL

z2 + 4

�; w �
1

2
z + z2 + 4

05.12.27.0003.01

FnHzL � -
2 än+1

z2 + 4

 sin n cos-1 -
ä z

2

05.12.27.0004.01

FnHzL �
expI2 n sinh-1I z

2
MM - H-1Ln

expIn sinh-1I z

2
MM z2 + 4

05.12.27.0005.01

FnHzL �
1

z2 + 4

 KH1 - H-1LnL coshKn sinh-1K z

2
OO + H1 + H-1LnL sinhKn sinh-1K z

2
OOO

05.12.27.0006.01

FnHzL �
1

z2 + 4

 2 sin
Π n

2
sin n sin-1

z2 + 4

2
+ H1 + H-1LnL sinhKn sinh-1K z

2
OO
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05.12.27.0007.01

FnHzL �
1

z2 + 4

 
sinHΠ nL

z
 z sin

Π n

2
- -z cos

Π n

2
cos n sin-1

z2 + 4

2
+

2

-z
 -z sin3

Π n

2
- z cos3

Π n

2
sin n sin-1

z2 + 4

2

05.12.27.0008.01

FnHzL �
2 H-1Ln+1�4

2 - ä z z - 2 ä
 ã-

ä Π n

2  sin 2 n csc-1
2 H-1L3�4

z - 2 ä

05.12.27.0009.01

FnHzL � -
2 H-äLn+1

z2 + 4

 sin 2 n sin-1
1

2
2 - ä z

05.12.27.0010.01

FnHzL � -
2 än+1

z2 + 4

 sin 2 n sin-1
1

2
2 + ä z

Zeros
05.12.30.0001.01

FnHzL � 0 �; 2 ä cos
j Π

n
�; n Î Z ì j Î Z

History

– M. Bicknell (1970)
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