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Notations

Traditional name

Fibonacci polynomial

Traditional notation

Fn(2

Mathematica StandardForm notation

Fi bonacci [n, z]

Primary definition

05.12.02.0001.01
ex PR
Frn(2) = Z ( )2"’2"’1 /ineN

k
k=0

Specific values

Specialized values

For fixed n
05.12.03.0001.01
(7N

Fo(0) == sin (7)
05.12.03.0002.01

Fa(D) =Fy

05.12.03.0003.01
Fa(-1) =F_

05.12.03.0018.01
1

Fn(4) = — F3p
2
05.12.03.0019.01

1
Fn(11) = — Fsp,
5
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05.12.03.0020.01

1
Fa(29) == — F
n 13 7n

05.12.03.0021.01

1
Fn(76) == a Fon

05.12.03.0022.01

1
Fn(199) == — F
n 89 11n

05.12.03.0023.01

1
Fa(521) == —F
n 233 13n

05.12.03.0024.01

1
Fn(1364) == — F
n 610 15n

05.12.03.0025.01

1
Fn(3571) = Fi7n
1597

05.12.03.0026.01

2

V5 Frp
Fo[Upa| —|[=—/ineN* ApeN*

05.12.03.0004.01
Fn(=2i) = —(=i)™!n

05.12.03.0005.01
Fa(2i)=—i""n
For fixed z

05.12.03.0006.01
Fo(2=0

05.12.03.0007.01
Fi(@=1

05.12.03.0008.01
F.(2 =2

05.12.03.0009.01
Fa@=7+1

05.12.03.0010.01
Fu2) =2 +22

05.12.03.0011.01

Fs(2=2+32+1

05.12.03.0012.01
Fe(2=2+4Z7 +3z
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05.12.03.0013.01
F/(2==2+52+62+1

05.12.03.0014.01
Fe(2=7 +62+102 +4z

05.12.03.0015.01
Fo@=2+72+152+102+1

05.12.03.0016.01
Fio@=2+87 +212+207 +5z2

General characteristics

Domain and analyticity

The function F(2)is defined over N ® C. For fixed n, the function F,(2) isa polynomial in z of degreen.
05.12.04.0001.01
nN+x2—F@::N®C)—C
Symmetries and periodicities

Parity

05.12.04.0002.01
Fn(-2) = (- Fn(2

Mirror symmetry

05.12.04.0003.01
Fn(@ =Fn(2

Periodicity

No periodicity

Poles and essential singularities
With respect to z
The function F(2) is polynomial and has pole of order nat z = .
05.12.04.0004.01
Sing (Fn(2)) = {{, n}}
Branch points
With respect to z
The function F(2) does not have branch points.

05.12.04.0005.01
BP(Fn(2) == {}
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Branch cuts

With respect to z

The function Fj(2) does not have branch cuts.

05.12.04.0006.01
BCAFn(2) = {}

Series representations

Generalized power series

Expansions at generic point z== z

For the function itself

05.12.06.0018.01

12

2

n
Fa(2) o FoZo) + ), (

j=0
05.12.06.0019.01

5]
Fol@ o Fo(zo) + )

i=0

n-j-1

i %

)

05.12.06.0020.01

n—.

. 2
272 (2-29) {1+
2z

n1 n B nn k 3-k ZS
Fn(2 ==«/72— 2k-2ncos2(—)z;‘k3|:2 L1-— —+L1-— — ——|+
i 2 2' 2 2" 2 4
o z(ﬂn) « =4 1-n n+1 1-Kk 1 k % ( "
sin = — — 1= |-
2 ) T T 2" 4 Z°
05.12.06.0021.01
51 2 n-j-1 -2 jk-1
Fn(Z ::Z—Z( j )(n—Zi—k)kzo Tz
k=0 k! j=0
05.12.06.0022.01
Fn(z) o Fn(zo) (1 + O(Z_ ZO))
Expansionsat z==0
05.12.06.0001.01
any N an n2-1 an n?—4)n n
e (20« Doog ) e Tt a0 2 P gl MM e
2 2 2 48 2
05.12.06.0023.01
Ny N n -1 n n2—4)n n
Fn(z)ocsinz(?)+5cosz(?)z+ sinz(—)22+( ) cosz(?)zs+0(z“)
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05.12.06.0002.01

emlel (FL 15, [5] 2 (ﬂn]t——m—z)keﬂ)k[ zz]

Fn(2) = sin2(7) Z 2 + — cos

k=0 (%)kk! 2
05.12.06.0003.01
(7N 1-n n+1 1 2\ nz mn nn 3 7
Fn(2 == sin (—)2F1 — — o=+ = cosz(—) Fi|l-= —+1 - ——
2 2 2 2 4 2 2 2
05.12.06.0004.01

Fr(2) o sinz(ﬂ) + 1 cosz(ﬂ—n) z(1+0[2) /; (z—- 0)
2 2 2

05.12.06.0005.01
ex P
R =y, (")

k=0

Expansionsat z==21i

05.12.06.0006.01

i(n?-1) (n?-1)(n?-4)
Frn(2) oc —ni™Y 1 - (z-2i))-——— L z-2i%-...| /i@@z-> 2
120
05.12.06.0024.01
i(n”-1) (n?—1)(n*-4)
Fn(@ o« —ni™Y 1- (Z—ZE')—T(Z—Zi)2+0((z—2i)3)

05.12.06.0007.01

=1 (1—n), (N+ 1) (i
Fn(2) = —nn’”*lz#[i) (z—-2i)
k=0 k!(g)k 4

05.12.06.0008.01
31
Fn(2 == —ni"*! 2F1(1— nn+1 — —i(z— 212))
2 4
05.12.06.0009.01
Fn(2 o« —ni™Y(1+ Oz~ 2i)) /; (2~ 2i)
Expansionsat z== -2i
05.12.06.0010.01

' 1
Fn(2) o —(=i)**" n[1+ é (n?-1)@z+2i) - 20 (n*-1)(n° - 4) z+20)* + ...)/; (z- -2i)

05.12.06.0025.01

; 1
Fr(2) oc —(=i)¥" n[1+ é (M -1)@z+2i) - 0 (n? = 1) (n* - 4) (z+ 2i)* + O((z+ 2n’)3))

05.12.06.0011.01

-1 (1-n)(n+1) i\
Fo@ =-n(-)™* )" Tk (— 2) (z+20)

k=0 k! (g)k



http: //functions.wolfram.com

05.12.06.0012.01
3 —-i(z+2iQ)
Fn(2 = —n(-i)™* 2F1(1 -n,n+1; 5; f)

05.12.06.0013.01
Fn(@ o« =n (=)™ (1 + Oz + 20)) /; (z— —2i)
Expansionsat z== oo

05.12.06.0014.01
n-4(n-3)
+

27

n-2
Fn(2) « z"l[l + + ] /1 (12 = o)
7

05.12.06.0026.01

n-2 (n-4n-3) 1
Fn(2) o 2"1[1 + + + O[—)]
Z 27 P

05.12.06.0015.01

21N 21l (n—k—1)! n 4\«

Fn( == (1— —) [——]
k

Mg Swr(%-y

05.12.06.0016.01
" 1-n n 4
Fn(z)::Zn 2F1 T,l—i;l—n;—; /;n>0

05.12.06.0017.01

1
Fn(2) « 2"1[1 + O[—)] /; (12 = o)
Z

Integral representations

On the real axis

05.12.07.0001.01
n-1

n 1
Fn(z):2—nf(\/zz+4 x+z) dx/inez
-1

Of negative order
05.12.07.0002.01

1
M1 @
Fn(2) == /ineN*

@n-Dn! \/ﬁ gzt

Generating functions

05.12.11.0001.01

Fn(2) == [[t”] 7)
1-zt-t?
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05.12.11.0002.01

tz
ez 1 1
[CEIV 244 65(_0 2+4 ]]]

Fn(2) =n! [[t"]
Z+4

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

05.12.13.0001.01

(Z+4wW' @ +3zW (@) + (1-n*)W2) = 0/; W(2) = ¢, Fa(2) + G p2 I(E)

NZ2+4 22
05.12.13.0002.02
1oriz e_%mn(3+e2m”)n
Wz Fn(Z), Ps_l(_) === 32
N2+4 P 2 ‘/7(22“”")/
05.12.13.0003.01
300912 9’ (1-m)g@° 1 Lo
W@+ ———— - —— W@+ ———— W@ =0/ W2 =, Fn(9®) +co ————P? 1(— 9(2))
9g2%+4 9@ 92%+4 of 927 + 4 n-3
05.12.13.0004.01
1 L e_%i""(3+e2‘””)ng’(z)
Wyl Fa(9(2), ——— Pﬁ_l(—ég(z)] = - -
Voz?+4 2 Vr (922 +4)

05.12.13.0005.01
( 3029 2h@ 9@ ] (1-)g@* 3g2h@g@ 2N2° hW@9' @ W@
w’(2) + - - w (2 + - + + —
92*’+4 h@ 9@ 92%+4  (9@°+4)h@ he? 9@ ho

w2 =0/,

h(2) Lo
W(2) = ¢; h(2) Fa(9(2)) +C ———— Pj_z(— g(z))

Jozea "2

05.12.13.0006.01

h2) Lo ave’%""”(3+a'32""”)nh(2)2 9@
W, h(2) Fn(9(2)), ———P? 1(—179(2)) -
Vr (97 +4)

Vo2 +4  °

05.12.13.0007.01
@2 +4w' 2 +(°2r-2s+ 12" -4 +2s-1))zW@ + (a8 ((r—9° -1’ n?) 2" + 4s(r +5))W(2) =0/,

1 1
w2 =c¢, ZF,(@z) +0223—P271(—1iaz')

4l 9 nz
Va2 +4
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05.12.13.0008.01

1.
1 (1 ) ae 2 ™" (3+ €27 rZ+257n

z
2
W,| 2 Fn(a?), — P2 A
22+ 4 Vr (22" +4)

05.12.13.0009.01
—2a? (log(s) — log(r)) r2z — 4 (log(r) + 2log(s))
wW(2) +

alriz4 4

w’(2) +

(4log(s) (log(r) + log(s)) — & r?*((n? - 1) log?(r) + 2log(s) log(r) — Iogz(s))) W2 =0/

alrizy 4

& 101
wW(2) = ¢ S Fy@r?) +cp ——— P2 1[—Izar2)
\/4 a?r2z4 4 2

05.12.13.0010.01

1.
1 (iarz)] ae z ™" (3+¢%" ") r2*Znlog(r)

&
W, & Fn(ar?d), —— P2, ”
v a2r2z4 4 Vr (a2r?2+4)

Identities

Recurrence identities

Consecutive neighbors

05.12.17.0001.01
Fn(2 == -zFn1(2 + Fr2(2)

05.12.17.0002.01
Fn(@ = zF, 129 + Fr2(2

Distant neighbors

05.12.17.0003.01
1-m [m

m m Lmm 2
Fa@ = (- 1\3) (-2™ 23] (-2)> g UE[_E - 1] Frem(2 +

2

m+1

m-1 m ml]_m 22
L5l el -2 T2, [— >- 1) Frma(@ s me N*

05.12.17.0004.01
m m ﬂ+ m 22 m-1 m mel)om 22
o2 = (—1lz) 7723 (-2)> 2] um(_E —1] Fom@+ (-1l 7] 2™2LZ] (—zz)l R Ug_l[—z —l) Fom-1(2) /;

2

me N*

Functional identities

Relations of special kind

05.12.17.0005.01
Fri1(@ Fo1(@ — Fa(@? = (1"
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Differentiation

Low-order differentiation

With respect to z

05.12.20.0001.01
0Fn2 2nF_1(9+z(n-1)Fn(2

dz Z+4

05.12.20.0002.01
PFa A4M-DNnF @ +2zZn2Nn-5F, 1@ +(n-2)Z+4)(n- 1) Fn(2)

07 (2 +4)

Symbolic differentiation

With respect to z

05.12.20.0005.01

n-1
I"Fn(2 lTJ( n-k-1

P ‘ )(n—2k—m)mi"2k’W1/;meN

k=0

05.12.20.0003.02

IFn(2 any nn m 3-m Z
- ::Z"FZ\/Fnzl’mcosz(—)Q,Fz Ll-— —+L1-— —;——|+
oz" 2 2 2 2 2 4
n - 1-n n+l 1-m m Z
2m\/75in2(—)z‘m3F2 1, , ; J1-— ——|/imeN
2 2 2 2 2 4

Fractional integro-differentiation

With respect to z

05.12.20.0004.01

=22x z¢

0"Fn(2)

Ny n n a 3-a Z (TN 1-n
SO L) Y PP FPTPRC A PP L T P
2 2 2 2

2 2 4

Integration

Indefinite integration

Involving only one direct function

05.12.21.0001.01

2Fn1(@2) - zFy(@2)
an(az)d’z:
an

2

1+n

2

1-a

2

a

2

Z
4

J]
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05.12.21.0002.01

2Fn1(2 - zFn(2)
an(z)d’z:: e
n

Involving one direct function and elementary functions

Involving power function

05.12.21.0003.01

[ T
[(a+n—1)2F1[%(n—a+1), 1-a %(n_a+3); %[Z+m)2)(z+m)zn+

1 1 1 2
4n(n—oz+1)COS(7rn)2Fl[5(1—a'—n), 1-a; 5(3—a—n); Z(Z+ 22+4) ]]]/((—a+n+l)(a+n—1))

Summation

Multiple sums

05.12.23.0001.01
n P Ln/2)

p-j+n-1\y/p-2j+n-1\ . .
6n—2}’:1kj ]—[ij+1(2) = Z( j )( p-1 )2” 2lneNApeN
ki=lky=1  kp=1 j=1 j=0

Representations through more general functions

Through hypergeometric functions

Involving 2F1
05.12.26.0001.01

(7N 1-n n+1 1 2\ nz mn n n3 Z
Fn(2) == din (_)ZF:L =+ —cosz(—)zFl 1-— 1+ o -—
2 2 2 2 4 2 2

05.12.26.0002.01
n mn zn nn 37

Fn(2) == —(\/ -7 sjns(—)—zcos?'(—)) Fofl-—= —+1, - —+1

2 2 2 )T 272 T2

05.12.26.0003.01

Fn(2 == —ni"**! 2F1(1— n1+n; —;
" 2" 4

05.12.26.0004.01

05.12.26.0005.01
1-n n 4

Fn(@ = 2" ,F; 1-—1-m—-—1|/in>0
2 2 2
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Involving ,Fq
05.12.26.0006.01

Fn(2 ==
2V Z+4

ol el oo V24 ool e Ve ) -afsofon o e V20 )

Through other functions

I nvolving some hyper geometric-type functions

05.12.26.0007.01

iz
Fa(@)=i"" Un_l(— ;]

Representations through equivalent functions

With elementary functions

05.12.27.0001.01

z—n(z+\/E)n—<—1)”2”(z+\/m) n

Z+4

Fn(2 =

05.12.27.0002.01

nlogw) _ —1n —nlog(w) 1
Fn(z)zze (De /;W==5(2+\/22+4)
VZ+4

05.12.27.0003.01

21 iz
Fn(2) = — S n(n cos’l[— ?))

VZ+4

05.12.27.0004.01
exp(2ns nh_l( g)) — (="

Fn(2 ==
exp(n sinh’l(g)) VZ2+4
05.12.27.0005.01

Fu) = — ((1 —Y cosh(n sinh‘l(f)) £+ DD s‘nh(nsinh‘l(f)))

Z+4 2 2

05.12.27.0006.01

Fud = — zgn(ﬂ—n) sin[n anf| Y24, L+ (=1 sinh(nsjnh‘l(f))
VZ+4 2
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05.12.27.0007.01

1 sin(rn n n
Fn(2 == o (\/? sin(%)— -z cos(ﬂ—
VZ+4 vz
2 n n
( -z sin3(n—)—\/?0053(ﬂ—))sin nsin”
V-z 2 2
05.12.27.0008.01
2(_1)n+1/4 ian 2(_1)3/4
Fn(@= ——— ¢ 2 sin[2ncsc?
V2-izVz-2i z2-2i
05.12.27.0009.01
2(—i n+l 1
Fn(2 = - 9 sin(ZnSin"l(E V2-iz ))
VZ+4
05.12.27.0010.01
2E~n+1 1
Fn(2 = - sin(Znsin’l[E\/ZH‘z])
VZ+4
Zeros

05.12.30.0001.01
j

Fn(2==0/; (Zicos(J )/;nez/\j eZ)

n

History

—M. Bicknell (1970)

)fr

1

VZ+4
2

VZ+4
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01
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