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Notations

Traditional name

Base of the natural logarithm

Traditional notation

e

Mathematica StandardForm notation

E

Primary definition

02.05.02.0001.01

Specific values

02.05.03.0001.01
e == 2.71828182845904523536028747135266249775724709369995957496696762772407663035354759457138217 ...

Above approximate numerical value of e shows 90 decimal digits.

General characteristics

The Euler number e isaconstant. It isirrational and transcendental over Q positive real number.

Series representations

Generalized power series

Expansionsfor e

02.05.06.0001.01
<01
e == —_
!
o k!
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02.05.06.0002.01

e=9Fo(;; 1
02.05.06.0003.01
© 2k+1
e == Z
2k
H. J. Brothers
02.05.06.0012.01
i 2k+2
- & k+!
H. J. Brothers
02.05.06.0004.01
©  k+1
@ == Z
=0 2k+ 1!
H. J. Brothers
02.05.06.0005.01
1> k+1
24 K
H. J. Brothers
02.05.06.0006.01
1> z-1+k
e == — Z
H. J. Brothers
02.05.06.0007.01
1
e ==
2o T A Dk
H. J. Brothers
02.05.06.0008.01
1
e o 1k
2ido Gior
H. J. Brothers
02.05.06.0009.01
i 3-4K?
A @k+ 1!

H. J. Brothers
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02.05.06.0010.01
3 k) +1

=2 a0 3K)!

k=0
H. J. Brothers

02.05.06.0013.01

o (3k+1) +1
P Srra Bk+1)!

k=0

H. J. Brothers

02.05.06.0014.01

l (3k+2) +1
=) G (3k+2)!

k=0
H. J. Brothers

02.05.06.0011.01
2 & (k+3)Kmd2

@ == —

3 0 okmod2 k!

k=
H. J. Brothers

02.05.06.0015.01

(k+2)kmod2
Rt

H. J. Brothers

02.05.06.0016.01
Z (k+ 2)(k+1) mod 2

H. J. Brothers

02.05.06.0017.01
2> k+1

-3 Z 2kmod2 k!

H. J. Brothers

02.05.06.0018.01
2 & (k+ 3)kmed2

e = —

3 0 okmod2 k!

k=l

H. J. Brothers
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02.05.06.0019.01
© (8k-4)(8K2+1)+5

”M

4K!

H. J. Brothers
02.05.06.0020.01

© 3 (2k-1)?

e = _

= @2k

H. J. Brothers
02.05.06.0021.01

© _2k24+2k+1
= 22 - - -
= 2K!

H. J. Brothers
02.05.06.0022.01
© k+1

e=3-

oo (k+3)!

H. J. Brothers

Expansionsfor 1/e

02.05.06.0023.01
1 ,1-2k

pad) 2Kk)!

e k=0

H. J. Brothers

02.05.06.0024.01
1 o 2k+1

—=1-) —
e kz:(; 2k+2)!
H. J. Brothers
02.05.06.0025.01
kz 2k+1)!
H. J. Brothers

Expansionsfor Ve

02.05.06.0026.01
kil 4k+3

Ve=Y—"
oo 2k + 1)1 22k+1

H. J. Brothers
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Product representations

02.05.08.0001.01

B er (1 k)
e--ZH N ( +2k+l)22 r[2+2

02.05.08.0002.01

k-1
2

1
w 27 1[2k+2J +2]2J

e=2[]]]

j=1 k=0 2k+2' +1

02.05.08.0003.01

) /2\/2x4 \/4x6><6><8\/8><10><10><12><12><14x14x16

e == — 4 5
1 3x3 5xB5x7x7 Ix9x11x11x13x13x15x15
02.05.08.0007.01

1
o 2

- 2
il (3 @i+ )

02.05.08.0004.01
(k)

e= ﬁk_T

02.05.08.0006.01
1 0

4
e+ — ::21_[[1+ 7]
e kel (2k—-1)2 72

Limit representations

02.05.09.0001.01
e==lim (z+ )Y?
z-0

02.05.09.0002.01

Z
e==lim
Z-00 Z!1/2

02.05.09.0003.01
N n?+k

e=lim
N—oco

k=1 n2 -k
02.05.09.0010.01

n 1/n
e=Ilim
naoo( Z ]

k=0
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02.05.09.0004.01

_ Z (z- 1%t
e==1lim -

Z-00 (Z— l)Zfl (Z— 2)272

02.05.09.0005.01
) 4z

e==1lim
z 1,
e (Z)z+1 /2

02.05.09.0006.01

] z
e==1lim =
Z-00 -2
Hz—l

+1

02.05.09.0007.01

s s
] (s+1)n! n
e=lim|——H™@|[ /s>0
N—o0 n
02.05.09.0008.01
1/s
W[ e
e == (s+ Y| lim — /is>0
N—-oco n
n([Tk, k)
02.05.09.0009.01
1
an)  \en
e==1lim
N—oo l_lpk
k=1
02.05.09.0011.01
1y
) 1
e==1lim T
N—oo
log(p) T, (1 )
Mertens theorem

02.05.09.0012.01

The above formulais used for the numerical computation of Euler constant in Mathematica.

Continued fraction representations

02.05.10.0001.01
1

1

e=2+

1+

2+

1+
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02.05.10.0002.01

1-(-1ykr2mod3) °°

2k+1))2!
€==2+Kk 1,[ ]

02.05.10.0003.01

2
e=2+
3
2+
4
3+
5
44+
6
5+
7
6+
T+...
02.05.10.0004.01
1
e == 1 + 700
Kk(kv k)l
02.05.10.0005.01
2
e=1+
1
1+
1
6+
1
10+
1
14+
1
18 +
1
22 +
26+ ...
02.05.10.0006.01
2
e=1+ —Ho0———
1+K (1, 4k+2)7
02.05.10.0007.01
1
e ==
2
1-
1
3+
1
6+
1
10+
1
14+
1
18 +
1
22 +
26+ ...
02.05.10.0008.01
1
e ==

1-2/(3+Ku(1, 4k+27)
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02.05.10.0009.01

1
@ ==
1
1 —
1
1+
1
2 —
1
3+
1
2_
1
5+
2_
02.05.10.0010.01
1
e ==
l (8]
1+ Ky(-DK =3 (DK - ) k+ (- DF+ 1)l
02.05.10.0017.01
5 1
e =71+
1
2+
1
1+
1
1+
1
3+
1
18 +
1
5+
1+...

02.05.10.0018.01

k

k k <
?=T7+ Kk[11 6[2 h} + 1) Okmod5,0 + [3 h} - 1) Okmods,1 + 1 6kmods2 + 1 0kmods3 + 3 gw 5kmod5,4]
1

02.05.10.0011.01

1 1
=1+
e—2 2
2+

3+

4+
5+
6+

6
7+ ...

02.05.10.0012.01
1

e—2

=1+Kyk k+ D7
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02.05.10.0013.01

e 1
=1+
e-2 1
1+
1
1+
1
2+
1
1+
1
1+
1
4+
1
1+
1
1+
6+...
02.05.10.0014.01
1 1
=1+ I
Ve -1 14
1
1+
1
5+
1
1+
1
1+
1
9+
1
1+
1
1+
13+
02.05.10.0015.01
e+1 1
=2+
e—1 1
6+
1
10+
1
14 +
1
18+
22+ ...
02.05.10.0016.01
e2+1 1
. =1+ 1
e -1 3+
1
5+
1
7+
1
9+
11+...

Complex characteristics

Real part

02.05.19.0001.01
Re(e) = e




http: //functions.wolfram.com

10

Imaginary part

02.05.19.0002.01
Im(e) =0

Absolute value

02.05.19.0003.01
|e| —=e

Argument
02.05.19.0004.01
arg(e) =0
Conjugate value
02.05.19.0005.01

e=e

Signum value

02.05.19.0006.01
sgn(e) ==

Differentiation

Low-order differentiation

02.05.20.0001.01

Fractional integro-differentiation

02.05.20.0002.01

e Z%e
92 T(l-a)
Integration

Indefinite integration

02.05.21.0001.01

f@dZ::@Z

02.05.21.0002.01

Ze
fz""ledZ: —_—
a
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Integral transforms

Fourier exp transforms

02.05.22.0001.01

Filel () =e V2 6(2)

Inverse Fourier exp transforms

02.05.22.0002.01

Fillel@=eV2nr 62

Fourier cos transforms

02.05.22.0003.01

[
Feilel (2 = e 5 6(2)

Fourier sin transforms

02.05.22.0004.01

2 e
Fslel@ =~ —
T Z

Laplace transforms

02.05.22.0005.01

e
Life] (2= -
z

Inverse Laplace transforms

02.05.22.0006.01
Ll @ =ed

Representations through more general functions

Through hypergeometric functions

Involving ,Fq
02.05.26.0001.01

e==oFo(;; 1)

Involving ,Fq
02.05.26.0002.01

e=9Fo(;; 1)

Through Meijer G
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Classical cases
02.05.26.0003.01

e=Ggi(-1] 0)
02.05.26.0005.01

e=eGMz| O)+e e};g[z 110)

Through other functions

02.05.26.0004.01
e=¢e"/;z=1

Representations through equivalent functions

02.05.27.0001.01
=1
identity due to L.Euler
02.05.27.0002.01
eZns’ =1
02.05.27.0003.01
K= (D) kez
02.05.27.0004.01
e_E == ii

02.05.27.0005.01
log(e) == 1

Inequalities

02.05.29.0003.01

7 3
2+ —<e<2+—
10 4

02.05.29.0001.01

History
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—John Napier (1618) in the work on logarithms mentioned existence of special convinient constant for calculation

of logarithms on its base but he did not evaluate it;

—William Oughtred (1622) found famouse slide rule, which is used for multiplication, division, evaluation of roots,

logarithms and other functions;
—Isaac Newton (1669)published series2+ 1/2! +1/3! + ... == 2.71828...;

—Jacob Bernoulli tried to find the limit of (1+ )", whenn > o;

—Leibniz (1690)was the first to recognize e as a constant, but he used notation b;
~L. Euler (1727, 1728)denoted limit lim (1+ x)Y* by the letter e
X=

—L. Euler (1731) introduced the notation e in aletter to Goldbach;

—L. Euler (1737) proved that ¢ and ¢? are irrational numbers and represented e through continued fractions;
1
21
—D. Bernoulli (1760) used e, as base of the natural logarithms;

—J. H. Lambert (1768) proved that eP/disirrational number, if p/qis nonzero rational number;

—L. Euler (1748) represented e as sum of series 1 + % + =+ %4— %4— ... and found its 23 digits;

—A. L. Cauchy (1823) determined e==|im (1 + %)Z;

Z—00
—J. Liouville (1844) proved that e does not satisfy any quadratic equation with integral coefficients;
— Ch. Hermite (1873) proved that e is a transcendental number;

— E. Catalan (1873) represented e through infinite product;

The only constant appearing more frequently in mathematics than e isx.



http: //functions.wolfram.com

14

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
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