
E

Notations

Traditional name

Base of the natural logarithm

Traditional notation

ã

Mathematica StandardForm notation

E

Primary definition
02.05.02.0001.01

ã � â
k=0

¥ 1

k !

Specific values
02.05.03.0001.01

ã � 2.71828182845904523536028747135266249775724709369995957496696762772407663035354759457138217 ¼

Above approximate numerical value of ã shows 90 decimal digits.

General characteristics

The Euler number ã is a constant. It is irrational and transcendental over Q positive real number.

Series representations

Generalized power series

Expansions for ã

02.05.06.0001.01

ã � â
k=0

¥ 1

k !



02.05.06.0002.01

ã � 0F0H; ; 1L
02.05.06.0003.01

ã � â
k=0

¥ 2 k + 1

H2 kL !

H. J. Brothers

02.05.06.0012.01

ã � â
k=0

¥ 2 k + 2

H2 k + 1L !

H. J. Brothers

02.05.06.0004.01

ã � 2 â
k=0

¥ k + 1

H2 k + 1L !

H. J. Brothers

02.05.06.0005.01

ã �
1

2
 â
k=0

¥ k + 1

k !

H. J. Brothers

02.05.06.0006.01

ã �
1

z
 â
k=0

¥ z - 1 + k

k !

H. J. Brothers

02.05.06.0007.01

ã �
1

Úk=0
¥ H-1Lk

k!

H. J. Brothers

02.05.06.0008.01

ã �
1

Úk=0
¥ 1-2 kH2 kL!

H. J. Brothers

02.05.06.0009.01

ã � â
k=0

¥ 3 - 4 k2

H2 k + 1L !

H. J. Brothers
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02.05.06.0010.01

ã � â
k=0

¥ H3 kL2 + 1

H3 kL !

H. J. Brothers

02.05.06.0013.01

ã � â
k=0

¥ H3 k + 1L2 + 1

H3 k + 1L !

H. J. Brothers

02.05.06.0014.01

ã � â
k=0

¥ H3 k + 2L2 + 1

H3 k + 2L !

H. J. Brothers

02.05.06.0011.01

ã �
2

3
â
k=0

¥ Hk + 3Lk mod 2

2k mod 2 k !

H. J. Brothers

02.05.06.0015.01

ã �
1

2
â
k=0

¥ Hk + 2Lk mod 2

k !

H. J. Brothers

02.05.06.0016.01

ã �
1

2
â
k=0

¥ Hk + 2LHk+1L mod 2

k !

H. J. Brothers

02.05.06.0017.01

ã �
2

3
â
k=0

¥ k + 1

2k mod 2 k !

H. J. Brothers

02.05.06.0018.01

ã �
2

3
â
k=0

¥ Hk + 3Lk mod 2

2k mod 2 k !

H. J. Brothers
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02.05.06.0019.01

ã � â
k=0

¥ H8 k - 4L I8 k2 + 1M + 5

H4 kL !

H. J. Brothers

02.05.06.0020.01

ã � â
k=0

¥ 3 - H2 k - 1L2

H2 kL !

H. J. Brothers

02.05.06.0021.01

ã � 2 â
k=0

¥ -2 k2 + 2 k + 1

H2 kL !

H. J. Brothers

02.05.06.0022.01

ã � 3 - â
k=0

¥ k + 1

Hk + 3L !

H. J. Brothers

Expansions for 1 � ã

02.05.06.0023.01

1

ã
� â

k=0

¥ 1 - 2 k

H2 kL !

H. J. Brothers

02.05.06.0024.01

1

ã
� 1 - â

k=0

¥ 2 k + 1

H2 k + 2L !

H. J. Brothers

02.05.06.0025.01

1

ã
� â

k=0

¥ 2 k

H2 k + 1L !

H. J. Brothers

Expansions for ã

02.05.06.0026.01

ã � â
k=0

¥ 4 k + 3

H2 k + 1L ! 22 k+1

H. J. Brothers
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Product representations
02.05.08.0001.01

ã � 2ä
k=0

¥ 1

Π GJ 1

2
+ 2k+1N  22k+1

G
1

2
+ 2k

2
2-k-1

02.05.08.0002.01

ã � 2ä
j=1

¥ ä
k=0

2 j-1-1 2 k + 2 j + 2

2 k + 2 j + 1

1

2 j

02.05.08.0003.01

ã � 2
2

1

2 ´ 4

3 ´ 3
4

4 ´ 6 ´ 6 ´ 8

5 ´ 5 ´ 7 ´ 7
8

8 ´ 10 ´ 10 ´ 12 ´ 12 ´ 14 ´ 14 ´ 16

9 ´ 9 ´ 11 ´ 11 ´ 13 ´ 13 ´ 15 ´ 15
16 ¼

02.05.08.0007.01

ã � 2ä
k=1

¥ 2k-1 JÛj=2k-2+1
2k-1-1 2 jN2

2k

JÛj=2k-2
2k-1-1 H2 j + 1LN2

1

2k

02.05.08.0004.01

ã � ä
k=1

¥

k
-

ΜHkL
k

02.05.08.0005.01

ã -
1

ã
� 2ä

k=1

¥

1 +
1

k2 Π2

02.05.08.0006.01

ã +
1

ã
� 2ä

k=1

¥

1 +
4

H2 k - 1L2 Π2

Limit representations
02.05.09.0001.01

ã � lim
z®0

Hz + 1L1�z

02.05.09.0002.01

ã � lim
z®¥

z

z!1�z
02.05.09.0003.01

ã � lim
n®¥

ä
k=1

n n2 + k

n2 - k

02.05.09.0010.01

ã � lim
n®¥

2 â
k=0

n nk

k !

1�n
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02.05.09.0004.01

ã � lim
z®¥

zz

Hz - 1Lz-1
-

Hz - 1Lz-1

Hz - 2Lz-2

02.05.09.0005.01

ã � lim
z®¥

4 z

HzLz+1
1�z

02.05.09.0006.01

ã � lim
z®¥

zz

Hz-1
H-zL + 1

02.05.09.0007.01

ã � lim
n®¥

Hs + 1L n!
-

s

n

n
 Hn

H-sL
1�s

�; s > 0

02.05.09.0008.01

ã � Hs + 1L1�s lim
n®¥

Úk=1
n ks

n IÛk=1
n ksM1�n

1�s
�; s > 0

02.05.09.0009.01

ã � lim
n®¥

ä
k=1

ΠHnL
pk

1

pn

02.05.09.0011.01

ã � lim
n®¥

1

logHpnL Ûk=1
n J1 - 1

pk
N

1�ý

Mertens theorem

02.05.09.0012.01

ã � lim
n®¥

â
k=0

n 1

k !

The above formula is used for the numerical computation of Euler constant in Mathematica.

Continued fraction representations
02.05.10.0001.01

ã � 2 +
1

1 +
1

2 +
1

1 +
1

1 +
1

4 +
1

1 + ¼

http://functions.wolfram.com 6



02.05.10.0002.01

ã � 2 + Kk 1,
2 Hk + 1L

3

1

2
I1-H-1LHk+2L mod 3M

1

¥

02.05.10.0003.01

ã � 2 +
2

2 +
3

3 +
4

4 +
5

5 +
6

6 +
7

7 + ¼

02.05.10.0004.01

ã � 1 +
1

KkHk, kL1
¥

02.05.10.0005.01

ã � 1 +
2

1 +
1

6 +
1

10 +
1

14 +
1

18 +
1

22 +
1

26 + ¼

02.05.10.0006.01

ã � 1 +
2

1 + KkH1, 4 k + 2L1
¥

02.05.10.0007.01

ã �
1

1 -
2

3 +
1

6 +
1

10 +
1

14 +
1

18 +
1

22 +
1

26 + ¼

02.05.10.0008.01

ã �
1

1 - 2 � I3 + KkH1, 4 k + 2L1
¥M
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02.05.10.0009.01

ã �
1

1 -
1

1 +
1

2 -
1

3 +
1

2 -
1

5 +
1

2 - ¼

02.05.10.0010.01

ã �
1

1 + KkJH-1Lk, - 1

2
IH-1Lk - 1M k + H-1Lk + 1N

1

¥

02.05.10.0017.01

ã2 � 7 +
1

2 +
1

1 +
1

1 +
1

3 +
1

18 +
1

5 +
1

1 + ¼

02.05.10.0018.01

ã2 � 7 + Kk 1, 6 2
k

5
+ 1 ∆k mod 5,0 + 3

k

5
- 1 ∆k mod 5,1 + 1 ∆k mod 5,2 + 1 ∆k mod 5,3 + 3

k

5
∆k mod 5,4

1

¥

02.05.10.0011.01

1

ã - 2
� 1 +

1

2 +
2

3 +
3

4 +
4

5 +
5

6 +
6

7 + ¼

02.05.10.0012.01

1

ã - 2
� 1 + KkHk, k + 1L1

¥
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02.05.10.0013.01

ã

ã - 2
� 1 +

1

1 +
1

1 +
1

2 +
1

1 +
1

1 +
1

4 +
1

1 +
1

1 +
1

6 + ¼

02.05.10.0014.01

1

ã - 1
� 1 +

1

1 +
1

1 +
1

5 +
1

1 +
1

1 +
1

9 +
1

1 +
1

1 +
1

13 + ¼

02.05.10.0015.01

ã + 1

ã - 1
� 2 +

1

6 +
1

10 +
1

14 +
1

18 +
1

22 + ¼

02.05.10.0016.01

ã2 + 1

ã2 - 1
� 1 +

1

3 +
1

5 +
1

7 +
1

9 +
1

11 + ¼

Complex characteristics

Real part

02.05.19.0001.01

ReHãL � ã
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Imaginary part

02.05.19.0002.01

ImHãL � 0

Absolute value

02.05.19.0003.01 ã¤ � ã

Argument

02.05.19.0004.01

argHãL � 0

Conjugate value

02.05.19.0005.01

ã � ã

Signum value

02.05.19.0006.01

sgnHãL � 1

Differentiation

Low-order differentiation

02.05.20.0001.01

¶ã

¶z
� 0

Fractional integro-differentiation

02.05.20.0002.01

¶Α ã

¶zΑ
�

z-Α ã

GH1 - ΑL
Integration

Indefinite integration

02.05.21.0001.01

à ã â z � ã z

02.05.21.0002.01

à zΑ-1 ã â z �
zΑ ã

Α
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Integral transforms

Fourier exp transforms

02.05.22.0001.01

Ft@ãD HzL � ã 2 Π ∆HzL
Inverse Fourier exp transforms

02.05.22.0002.01

Ft
-1@ãD HzL � ã 2 Π ∆HzL

Fourier cos transforms

02.05.22.0003.01

Fct@ãD HzL � ã
Π

2
∆HzL

Fourier sin transforms

02.05.22.0004.01

Fst@ãD HzL �
2

Π
 
ã

z

Laplace transforms

02.05.22.0005.01

Lt@ãD HzL �
ã

z

Inverse Laplace transforms

02.05.22.0006.01

Lt
-1@ãD HzL � ã ∆HzL

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

02.05.26.0001.01

ã � 0F
�

0H; ; 1L
Involving pFq

02.05.26.0002.01

ã � 0F0H; ; 1L
Through Meijer G
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Classical cases

02.05.26.0003.01

ã � G0,1
1,0H-1 È 0L

02.05.26.0005.01

ã � ã G0,1
1,0Hz È 0L + ã G1,2

1,1 z
1

1, 0

Through other functions

02.05.26.0004.01

ã � ãz �; z � 1

Representations through equivalent functions
02.05.27.0001.01

ãΠ ä � -1

identity due to L.Euler

02.05.27.0002.01

ã2 Π ä � 1

02.05.27.0003.01

ãΠ ä k � H-1Lk �; k Î Z

02.05.27.0004.01

ã-
Π

2 � ää

02.05.27.0005.01

logHãL � 1

Inequalities
02.05.29.0003.01

2 +
7

10
< ã < 2 +

3

4

02.05.29.0001.01

ãΠ ³ Πã

02.05.29.0002.01

1 +
1

n

n+
1

logH2L -1

£ ã £ 1 +
1

n

n+
1

2 �; n Î N+

History
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– John Napier (1618) in the work on logarithms mentioned existence of special convinient constant for calculation

of logarithms on its base but he did not evaluate it;

– William Oughtred (1622) found famouse slide rule, which is used for multiplication, division, evaluation of roots,

logarithms and other functions;

– Isaac Newton (1669)published series 2 + 1 � 2! + 1 � 3! + ¼ � 2.71828 ¼;

– Jacob Bernoulli tried to find the limit of I1 + 1
n

Mn
, when n -> ¥;

– Leibniz (1690)was the first to recognize e as a constant, but he used notation b;

– L. Euler (1727, 1728)denoted limit lim
x®0

H1 + xL1�x by the letter e; 

– L. Euler (1731) introduced the notation ã in a letter to Goldbach;

 – L. Euler (1737) proved that ã and ã2 are irrational numbers and represented ã through continued fractions;

– L. Euler (1748) represented ã as sum of series 1 + 1
1

+ 1
2!

+ 1
3!

+ 1
4!

+ ¼ and found its 23 digits;

– D. Bernoulli (1760) used e, as base of the natural logarithms;

– J. H. Lambert (1768) proved that ãp�qis irrational number, if p � q is nonzero rational number;

– A. L. Cauchy (1823) determined e �lim
z®¥

I1 + 1
z

Mz
;

– J. Liouville (1844) proved that ã does not satisfy any quadratic equation with integral coefficients;

–  Ch. Hermite (1873) proved that ã is a transcendental number;

–  E. Catalan (1873) represented ã through infinite product;

The only constant appearing more frequently in mathematics than ã is Π.
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