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Notations

Traditional name

Sum of divisor powers

Traditional notation

oy(n)

Mathematica StandardForm notation

Di vi sor Si gma [k, n]

Primary definition

13.05.02.0001.01
oy(n) = Zdjk /; d; € divisors(n) Ane N*

djin
13.05.02.0002.01

o(=n) = oy (N /;neN*

For positive integer n, the function o(n) isthe sum of the kth powers of the positive divisors of n.
In particular, oo(n) isthe total number of divisors of n, o-1(n) isthe sum of divisors of n.

Examples. The divisors of 4 are 1, 2, and 4, S0 oy(4) == 1 + 2¢ + 4X; the divisors of 5 are 1, and 5, s0
ok(5) = 1 + 5% the divisorsof 6 are 1, 2, 3, and 6, SO o(6) == 1 + 2 + 3 + 6K,

Specific values

Specialized values

For fixed k

13.05.03.0001.01
op=p+1/;peP

13.05.03.0002.01
2(n+1)k -1
(2" = ki/;neN/\k;tl
13.05.03.0003.01
o) =1
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13.05.03.0004.01
o(2) =1+ 2K

13.05.03.0005.01
o3 =1+3
13.05.03.0006.01
O(4) == 1+ 2K 4 4¢
13.05.03.0007.01
o(5) = 1+5¢
13.05.03.0008.01
o(6) == 1+ 2K + 34 6¢
13.05.03.0009.01
(N =1+7
13.05.03.0010.01
0(8) == 1+ 28+ 44+ 8
13.05.03.0011.01
0 (9) == 1+ 3+ K
13.05.03.0012.01
0(10) == 1 + 2¢ + B¥ + 10K
13.05.03.0013.01
o(11) == 1 + 11¥
13.05.03.0014.01
ox(12) = 1+ 2+ 3 4 4K 1 6K+ 12¢
13.05.03.0015.01
0(13) == 1+ 13
13.05.03.0016.01
ox(14) = 1+ 2+ 7% 4 14
13.05.03.0017.01
o(15) = 1+ 3+ 5% + 15¢
13.05.03.0018.01
o (16) = 1+ 2 + 4% 4 8 + 16
13.05.03.0019.01
(A7) = 1+ 17
13.05.03.0020.01
0((18) == 1+ 24+ 3¢+ 6K 4 9K 4+ 18¢
13.05.03.0021.01
0(19) == 1 + 19K

13.05.03.0022.01
0(20) == 1+ 2%+ 4% + 5K 4+ 10 + 20
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13.05.03.0023.01
0(21) == 1+ 3+ 7%+ 21K

13.05.03.0024.01

0((22) == 1+ 24+ 11K 4+ 22K
13.05.03.0025.01

0(23) == 1 + 23
13.05.03.0026.01

T((24) == 1+ 24+ 3+ 4% 4 6K + 8K 4+ 12 + 24
13.05.03.0027.01

0 (25) = 1+ 55 + 25¢
13.05.03.0028.01

0(26) == 1+ 2¢ + 13¢ + 26K
13.05.03.0029.01

0((27) == 1+ 3¢+ 9+ 27K
13.05.03.0030.01

o(28) == 1+ 2 + 4% + 7% 4 14 + 28¢
13.05.03.0031.01

0(29) == 1 + 29K
13.05.03.0032.01

0 (30) = 1+ 2+ 3¢+ 5K 4 6K + 10K + 15 + 30K
13.05.03.0033.01

(31 == 1+ 31K
13.05.03.0034.01

0((32) == 1+ 24+ 4% + 8K + 16% + 32K
13.05.03.0035.01

0(33) == 1+ 3+ 11K + 33K
13.05.03.0036.01

o(34) == 1+ 26+ 175 + 34%
13.05.03.0037.01

0(35) = 1+ 55+ 7% + 35
13.05.03.0038.01

0(36) == 1+ 24+ 3+ 4% 4+ 65 + 9 + 12 + 18 + 36¢
13.05.03.0039.01

0(37) == 1+ 37
13.05.03.0040.01

0(38) == 1+ 2¢ + 19F 4+ 38K

13.05.03.0041.01
0(39) == 1 + 3¢+ 13¢ 4+ 30K
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13.05.03.0042.01
0(40) == 1+ 24+ 4% + 5K 4 8K 4 10 + 20F + 40K

13.05.03.0043.01

o(41) = 1+ 41
13.05.03.0044.01

0((42) == 1+ 24+ 3+ 65+ 7K+ 14 + 21K 4 42K
13.05.03.0045.01

o(43) = 1+ 43
13.05.03.0046.01

O(44) = 1+ 2+ 4K 4+ 115 4 22¢ 4 44¢
13.05.03.0047.01

0(45) = 1+ 3+ 5 + 9 4 15¢ 4 45
13.05.03.0048.01

0(46) == 1 + 24+ 23¢ + 46¥
13.05.03.0049.01

ok(47) =1+ 47
13.05.03.0050.01

T((48) == 1+ 24+ 3+ 4K 4 65 + 8K + 12X + 16% + 24K + 48¢
13.05.03.0051.01

0(49) = 1+ 7% + 49
13.05.03.0052.01

0 (50) = 1+ 2 + B + 10K + 25¢ + 50¢
13.05.03.0058.01

T(100) == (1+ 24+ 4¥) (1 + 5% + 25
13.05.03.0059.01

Tx(1000) == (1 + 2% + 4+ 8¥) (1 + 5 + 25 + 125Y)

13.05.03.0060.01
(-1+5°%)(-1+324

0(10000) ==
(-1+24(-1+58%

For fixed n
13.05.03.0053.01
n/n n-1

=S
= Lk k
13.05.03.0054.01

oo(n) == 2log, ndi /; d; e divisors(n) An e N*

djln
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13.05.03.0055.01

oo(n) == — Zo-l[ ] /d € divisors(n)

dj|n
13.05.03.0056.01

o1(n) = Zq& [ ]/ d;  divisorg(n)
d;

dj[n

13.05.03.0061.01

Tom =1

kin

Values at fixed points

13.05.03.0057.01
oo(H)=1

General characteristics

Domain and analyticity

ok(n) isan analytical function of k. o«(n) is defined in the whole complex k-planeand forne 7 .

13.05.04.0001.01
(kxn)—oy(n):: (CRZ)—C

Symmetries and periodicities
Parity
ak(n) is an even function with respect to n.

13.05.04.0002.01
(=) == g (N)

Periodicity

No periodicity

Series representations

Other series representations

13.05.06.0005.01
2xijn
o(n) = Z mk lZcos( )

13.05.06.0004.01

o (n) = Zd:‘ /; dj € divisors(n) An e N*
dJ|n
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13.05.06.0006.01

o m (-1 2m?1 B3,
gom =Y ()™ @2rn?m >’ ”

1 2 2(2Hhn*Em=-2j+1)!
Jose Sousa (2007)

Product representations

13.05.08.0001.01
(nj+1)k

m m
] n
o= |~ fin=[ o] \p P \nen
=1 pj-1 j=1
13.05.08.0002.01

o =[ [oul(p}’) /; factorsm) = {{py, N}, ..., (Pm Ml A Py P AKEZ AnEN?
j=1

Transformations

Multiple arguments

13.05.16.0001.01

m n
o(mn) = Z dﬁﬂu(d,—)o‘k[—] O'k[—]
d;|ged(n,m) di di

Products, sums, and powers of the direct function

Products of the direct function

13.05.16.0002.01

mn
oMo = djkcrk[ —]

2
d;|ged(n,m) dj

Identities

Functional identities

13.05.17.0006.01

o (N) = ZUO[ J¢(dj) /; dj € divisorsm) A n e N*

n
d.
dj|n J

13.05.17.0001.01

Z(Cf o)’ = [foo(dj)] /; dj € divisors(n)

difn difn
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13.05.17.0002.01

n ..
Z‘Tl(dj) = Z a4 00(d;) /; d; e divisors(n)

djln djfn ™

13.05.17.0003.01

d n d; op(d n - d: e divi
Za'l( J)G'l d_] --Z jO'o( j)O’o d_ /5 dj € divisors(n)

difn djfn ]

13.05.17.0004.01

n n
deﬁv a'V+T(dj) O—MP[J] = Zdﬁkv O'HP(dj)O'#JrT[d—] fidjedvisorsmAueZA\veZANpeZN\teZ

difn 17 djfn j

13.05.17.0005.01

M n o e
Do (d)=>" - o,(d;) /; dj € divisors( A u € Z

difn djjn

Summation

Finite summation

13.05.23.0001.01
m m m
Y=
n=1 n=1 n

13.05.23.0002.01

H ) ok 1 3n-1 n-1
o o1(n—=2K) = — o3(n) — oi(n)/; —eN
;1()1( 73 i/ —
13.05.23.0003.01
n-1
Do odn—k =
k=1

rr+HIrEs+H)Lr+1)Ls+1)
Ir+s+2)<4(r+s+2)
r==1As=3Vr=1As=5Vr=1As=7\Vr=1As=11V
r=3As=3Vr=3As=5Vr=3As=9Vr=5As=7

1 n 1
Oreset(N) — —os(ML(-1) + Oris 1ML -N+{(L -9~ =0 (N (-9 /;
2 r+s 2

13.05.23.0004.01
n 0
Z|m,u(|)za'm(k) =n/;neN* AmeN*
=1 k=1

13.05.23.0005.01

n
Z(b(dj)(ro{d—] = o1(n) /; d;  divisors(n)

i
13.05.23.0006.01

n
Z¢[d—] ow(d;) = noy () /; d; € divisorsm Ak e Z
i

dj|n
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Infinite summation

13.05.23.0007.01

&, oy(n)
3 =9 us-k /5> 1As> k+1

S
n=1

Asymptotic finite summation

13.05.23.0008.01

Z(ro(j) «y-Dn+log(n)n+ O(f/ﬁ Iog(n)) /; (N = o)

i=1

13.05.23.0009.01

7.(2

D a(i) o« — n?+ O(nlogn) /; (N - o)
£ 12

13.05.23.0010.01

n {(k+1)nk+l
Zo'k(j) o« ————+0(n") /; (N> o) Ak— 1N
i k+1

13.05.23.0011.01
n 2k+1) {(k+ 1)
Do) R DAL o, O(n*¥) /; (> c) Ak e N
= 2k+1¢(2k+2)

13.05.23.0012.01
n k+1) 20+
Zak(j)0'|(j+6)oc ¢ ‘£ O @M+ 0N /; (n> ) AkeNT AlekeN  AdekeN
= Kk+1+1)¢k+1+2)

13.05.23.0013.01
noy(j) P 2

Z "« —n—Iog(n)+O(IogS(n)) /(N> o)
=

13.05.23.0014.01

n 1 n n
— +O[ ]/;(ﬂ—)oo)/\kEN
i1 10g(0(j))  log(k) log(log(n)) log?(log(n))

13.05.23.0015.01
log(n) ) ( log(n) log(log(log(x))) )
max({oo(K))y 1 ) oc 22”1 eeflesnl )/ (0 oo)

13.05.23.0016.01

X (k) X
Z:boole(o-0 eN]ocx[l— «® )+O(Xpl)/§ (x> o) ApelP
k=1 p {(p-1)

13.05.23.0017.01

n=1\k=1

X n 1 1
Z[Zoo(k) —(nlogn) - 2y - 1) n)] « (’y - Z) X+ xlog) + O(x**) /; (x = o0)
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13.05.23.0018.01

n 315/3)
ZC" o(Pk— 1) o
k=1 T

P /s (N> ) A pcelP

2 4

Asymptotic infinite summation
13.05.23.0019.01

= o ©  pi-1
Ze(crl(n)—m)occm+o(m)/; me[R/\m>0/\[c=1_[[1_i)Z pF:+1_1/\pj e[P]

n=1 j=1 Pi)ic1 b

Operations

Limit operation

13.05.25.0001.01

01(2) o1(3) o1(n) )] .

lim Iog(max( , ,
n—e 2log(log(2)) 3log(log(3)) nlog(log(n))

13.05.25.0002.01
on(m+n)

lim
N—oo O-n(n)

=e"/ineNt AmeN*

Representations through equivalent functions

With related functions

13.05.27.0001.01
p(jnj+1)k _1

o) =] | —————/: factors(m) = ({py, M), ... (Pm, Ml A PP AN >0

=1 Pj- 1

13.05.27.0002.01

_ Kk . HH +

oy(n) = Zdi [, dj e divisorsm) AneN

dj|n

Inequalities

13.05.29.0002.01

o) = X+ oon)? /;k=2An=3
13.05.29.0003.01

oo <2vn
13.05.29.0004.01

o1(n) < ao(n) (N = ¢(N)) + ¢(N)
13.05.29.0005.01

o1(n) = Nnap(n) + ¢(n)

13.05.29.0032.01
o (n) < P
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Aardvark

13.05.29.0006.01

n2
oo(n) < —

(n

13.05.29.0007.01
1.5379l0g(n)

oo(N) < 2 'edlogm) />3

13.05.29.0008.01
log(n) log(n)

oo(N) = 2/°90%90) " og?(1ogm)

13.05.29.0009.01

logm  logm (47624 log(n)

O.O(n) < 2|OQ(|°Q(H)) ' Iogz(log(n)) ‘ Iog3(log(n)) /Y n=3

13.05.29.0010.01
log(n)

O'()(n) < 2Iog(lcg(n))—1.39177 /’ n=57
13.05.29.0011.01

n
oo(n)> —/;n=3
é(n

13.05.29.0012.01
oo <o) /;in+1ANn+3An+8An+10An+24An+ 30

13.05.29.0013.01
3\ m
a-o(nz)za-o(n)(g] /; nzZAn::np:k/\pkeP/\nkeN/\pk< pk+1/\15ksm—1
k=1

13.05.29.0014.01
ociM=n+vn /;n¢P

13.05.29.0015.01
oM <nvn /;n=3

13.05.29.0016.01

6
o-l(n)<—2n\/ﬁ/;n29
T

13.05.29.0017.01
oq(n) <2.59nlog(log(n)) /;n=7

13.05.29.0018.01
o1(n) < €’ nlog(log(n)) /; n = 5041

Thisinequalities holds if the Riemann hypothesis holds.

13.05.29.0033.01
6482
o1(n) < ynloglog(n) /; x = € + ———
log”(log(3))
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13.05.29.0019.01
7m+lon/n l—lpk/\pkeP/\nkeN+/\pk<pk+1/\1<k<m 1

13.05.29.0020.01
n
oi(n>——/in=2
$(n)

0'1(n) <

13.05.29.0021.01
n+¢n)—1

oo(n)

0'1(n) >

13.05.29.0022.01
n+e¢n -1

B(n)

13.05.29.0001.01

n(2(1— «/?)— Iog(47r)+y)

oq(n) < - + e’ nlog(log(n)) /; n> 18
logz(n)

O'l(n) >

13.05.29.0023.01
() < Hp + e log(Hp) /; ne N*

If the Riemann hypothesis holds.

13.05.29.0024.01

6 o1(N) ()
—<—x<1/;n=2

2 n?

13.05.29.0025.01

-1 K
kl_[ <O-k(n)<nkﬁki/;keN+/\n:ﬁpzk/\pke[P/\nkEN+/\pk<pk+1/\15ksm—1
=1 P} (P - 1) =1 -1 k=1

13.05.29.0026.01
2
To(MN)® = (M) o7(N)

13.05.29.0027.01
0'0(m n) 0’1(m n)
<

aoM o) ay(m) ay(n)

13.05.29.0028.01

a'o(n12 n) 0'0(k2 n) . 0'0(n12) o-o(kz)

oo(mn k)2 - oo(m k)2

13.05.29.0029.01
oo(mn)  o1(mn)
>

oM noy(m)

13.05.29.0030.01
nk+1

ooV N < ay(n) = og(N) /ikeN
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13.05.29.0031.01
2

nk +1
(Tk/z(”)z{ 2 ]

/ikeRAk>0

Other identities

Congruence properties

13.05.32.0001.01
(poy(p)ymod(p-1=2/,pecPAp>3

Theorems

Inversion of one sum transformation

=Y o[- oodr =am =Y 1= [6(d) =[1( 2 )vrs d==ﬁpk"k]
k=1

din din din

History

—R. Decartes (1638)

—J. Wallis (1658)

—E. Waring (1770)

—S. Ramanujan (1911) introduced the sum of the integer powers of divisors
—L. E. Dickson (1920) introduced symbol o(n)
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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