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Notations

Traditional name

Dirac delta function

Traditional notation

o(X)

Mathematica StandardForm notation

DiracDel ta[x]

Primary definition
14.03.02.0001.01

1 .
0(X) = —lim
T -0 X2+82

/ixeR

Specific values

Specialized values

14.03.03.0001.01
0X)==0/;x+0

Values at fixed points

14.03.03.0002.01
0(0) == o0

General characteristics

Domain and analyticity

o(x) isanon-analytical function; it is generalized function defined for x € R.

14.03.04.0001.01
X—d(X) ::R—{0, oo}

Symmetries and periodicities
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Parity
6(X) is an even generalized function.

14.03.04.0002.01
6(=x) = 6(X)

Periodicity

No periodicity

Series representations

Exponential Fourier series

14.03.06.0001.01

1 & .
O0(X) = — e —n<x<n
ZHk;o

14.03.06.0002.01

1 1>
6(x)==—+—Zcos(kX)/;—7r<x<7r
w ﬂk:l

14.03.06.0003.01

1> kmx km
o(X-y) = —Zsin(—]sin(—y) iLeRAL>O0
L& L L

Integral representations

On the real axis

Of thedirect function

14.03.07.0001.01

1 e~
6(X) == —f et dt
27 J-co

14.03.07.0002.01

1 o i
6(X ::—f eitxe(t)d/t__

/s X

14.03.07.0003.01

1 00
oxX) = —f cos(xt) dt
T J—-00

14.03.07.0004.01

2 00
oxX) = —f cos(xt) dt
0

T
14.03.07.0005.01
00(X) 1 o
=——— | teXtdat
6‘X 27l'ﬂ —00
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14.03.07.0006.01
A3(X) 1 e
=— | te™'dt

ax 218 J-o

Limit representations

14.03.09.0001.01

1
500 = lim —0(x+ 1) 0(L—x) e |x°2
e->+0 2

14.03.09.0014.01

@I+
50 == lim ——— (1- )
£>00 2I+l I
14.03.09.0002.01
1
0X)==lim —e *
-0 2¢

14.03.09.0003.01
2
X

5(x) == lim e 4

&-+0 2 /71'8

14.03.09.0013.01

ix2

0(X) = lim ———e2¢

e->+0 _/ 2nie

14.03.09.0004.01

6(X)==lim —sm(—)
0 1 e &

14.03.09.0005.01
) 1 ) 1
0(X) == lim —— sSnx|n+ ~
N—o0 q
2nsn(§) 2
14.03.09.0006.01

ox)=Ilim ——
&0 Zscoshz( E)
14.03.09.0007.01

6(X) == lim log(Jcoth(ax)|)

14.03.09.0008.01

1 X
6(X) == lim —Ai[—)

0 g &

14.03.09.0009.01

1 x+1
o(X) ::Iim—Jl[ )

-0 g 7 P

14.03.09.0010.01

1 <2 2X
L)
& &

6(X) == lim

&-0

/ineN
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14.03.09.0011.01

5 (X) = lim
a» gnh(ax)

14.03.09.0012.01

n

Oy i 1 21 1, N

6 (X) = lim e ¢ |———| Hn /ineN
e-+0 /7T8 \/? z

Transformations

Transformations and argument simplifications

14.03.16.0001.01

0(X)
éax)==—>/;aeR
|al

Identities

Functional identities

14.03.17.0001.01
", 6(x-x;)

8(F00) =
;Zl [7(4)

14.03.17.0002.01
0(X1 — Xg) 6(X2 — Xg) == 6(X1 — %) 6(X2 — X%1)

/i f(x)=0Af'(x;) #0

Differentiation

Symbolic differentiation

In adistributional sense, for xe R :

14.03.20.0001.01
V(=% = (D" /;neN

14.03.20.0002.01
X'6Mx)==0/;meZAneZAO0<m<n

14.03.20.0003.01
XM 5MV(x) = (-1)" 16X /;neN

14.03.20.0004.01
=D "m!
X §M(x) = —— §™V(x) s meZAneZAOsn<m
(m=n)!

14.03.20.0005.01

F00™ (x-6) = " Y 1K (] 179 (0% (x- & me

k=0
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14.03.20.0006.01
sP@x) =a"16"(x) /;ne N

Integration

Indefinite integration

Involving only one direct function

14.03.21.0001.02

f&(x) dXx = 6(X)

Definite integration

For thedirect function itself

14.03.21.0002.01

f ot dt=1

Involving the direct function
Inthefollowing formulasae R .
14.03.21.0003.01

d
f&(t—a)f(t)dt:: f@)/;—co<-d<a<d=oo
—d

14.03.21.0004.01
d
f St-ayf)dt=—f"@)/;—~o<-d<a<d=<co
—d
14.03.21.0005.01

foo amé(t) "S(x—t) 4 A™N5(x)
t=
o0 OtM ot" ax™n

/imeN" AneN*

Integral transforms

Fourier exp transforms

14.03.22.0001.01

1
FiloV] (2 = ——
V2nr

14.03.22.0006.01

iax
Flot-a)] () = ——
V2r

14.03.22.0007.01
a"s(t) ()" x"
| —|00= fineN
ot NI
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14.03.22.0008.01
) 1 ) X
Fi[DiracComb(t)] (X) = —— DlracComb(—)
V2r 2n
Inverse Fourier exp transforms

14.03.22.0002.01
1
FHoW] (@) = ——
V2r
Fourier cos transforms

14.03.22.0003.01

2
Falo®] (@ =,/ —
n

Fourier sin transforms

14.03.22.0004.01
Fsilé(®1(2=0

Laplace transforms

14.03.22.0005.01
Lil6®] (2 ==

14.03.22.0009.01
Lot -a)] (x) = e 0@

14.03.22.0010.01
a"s(t-a)

[— o=@ inen

Summation

Infinite summation

14.03.23.0001.01

[

Z 6(x— k) = DiracComb(x)

k=—co
14.03.23.0002.01
0 1 x> 2k xi
Z S(X—tk) = — Z et
k=—co t k=—c0

14.03.23.0003.01

o 1 o 2kmx
Z S(x—tk) = ?[1+22005( t ]]

k=—co
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14.03.23.0004.01

< "6(x—-k) i n
_ = 2(271)”Zk” cos(— +2k7rx) /ineN*
2

Z ox Y

k=—co

Representations through more general functions

Through Meijer G

Classical casesfor thedirect function itself

14.03.26.0001.01

O(X) = ngg(l - X

)/;xe[R/\x<2

14.03.26.0002.01

6(x)::G8:8(x+1‘ )/;xe[R/\x>—2

Representations through equivalent functions

14.03.27.0001.01
X)) =0/, x+0

14.03.27.0003.01
5 =6 (X

14.03.27.0002.01
O(X) == (X1, Xa, ..., Xn) /; Xp = XA Nn=

Theorems
Sokhotskii's formulas

lim
e0X+ie

1
=Fimo(X) +SD(—)
X

Green's function of one linear differential operator

Let Ly be alinear differential operator. The fundamental solution G(x — &) (also called Green's function) of L,

fulfills the equation Ly G(x — &) == 5(x — £). Then the solution to the equation L, y(x) == f(x) can be represented in
theform y(x) = [ (&) G(x - &) d&.

The left eigenstates of the Frobenius-Perron operator

The functional yn(x) == (-1 (6™ D(x - 1) - 6"1(x)) /; n € N* are the left eigenstates of the Frobenius-Perron
operator for ther-adic map Xn.1 == X, mod 1.

Poincaré-Bertrand theorem
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1 1 1 1
lim = (P(—) +ins 6(x1)) (P(—) +inS 6(x2)) + 72 6(X) 6(%2) /5 81, Sp = £1
a-0X) —iS &€ Xo—iSe X1 X2
&,-0

The generalized solutions of the linear differential operators with singular coefficients

Linear differential operators with singular coefficients can have generalized solutions. For the hypergeometric
differential equation x(1-X) Y(X)+ (y—(@+ B+ DX YX)—aBy(X) =0fora, B, yeN*, a=vy> Bitcanbe
presented in the form

ALK B-y- D © (- (@-y-1)
y(X) =1 Z T Z B T
o kl(B-a-1),  kl@-B-1),
The functional derivative of a function
The functiona derivative of afunction f(x) is g:i;; =6(X—Y).

History

—0. Heaviside (1893-1895)
—G. Kirchhoff (1891)

—P. A. M. Dirac (1926)
—L. Schwartz (1945).
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This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
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