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Notations

Traditional name

Cyclotomic polynomial

Traditional notation

Cn(2
Mathematica StandardForm notation

Cyclotom c[n, z]

Primary definition

05.11.02.0001.01

n 27ik\Pgedkm 1
) /ineN

Ch(2 = l—[(z— en

k=1

Specific values

Specialized values

For fixed n

05.11.03.0016.01
Ch@®=1/;n+1

For fixed z

05.11.03.0001.01

p-1
Co@= ) 2 /ipeP

k=0

05.11.03.0002.01

C@==1
05.11.03.0003.01
Ci@=z-1

05.11.03.0004.01
C(2=z+1
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05.11.03.0005.01

C9=2+z+1

05.11.03.0006.01
Ci2==2+1

05.11.03.0007.01
C=2+2+7+2z+1

05.11.03.0008.01
Co(d=2-z+1

05.11.03.0009.01
C=L+2+2++P+z+1

05.11.03.0010.01
Cd=2+1

05.11.03.0011.01
Co2=L+7+1
05.11.03.0012.01

Co@=2-F+72-z+1

Values at infinities

05.11.03.0013.01
Ch(o0) = o0

05.11.03.0014.01
Ch(-=00) == 00

05.11.03.0015.01

Cn(®) =&

General characteristics

Domain and analyticity

Ch(2) isapolynomia of z and as such an analytical function of z. C,(2) is defined in the whole complex z-plane and
for integer n.

05.11.04.0001.01
Nx2)—Ch2:: N®C)—C
Symmetries and periodicities

Mirror symmetry

05.11.04.0002.01
Ci(2==Cn(2

Periodicity

No periodicity
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Poles and essential singularities
With respect to z
The function C,(2) has a pole of order ¢(n) at z == .
05.11.04.0003.01
Sing (Cn(2) = {&, ()}
Branch points
With respect to z
The function C,(2) does not have branch points.
05.11.04.0004.01
BPACr(2) = {}
Branch cuts
With respect to z
The function C,(2) does not have branch cuts.

05.11.04.0005.01
BCACn(2) = {}

Series representations

Generalized power series

Expansionsat z==0

05.11.06.0001.01
é(n) ) /.t(n) -1
Ca@ =y an, 2™ f;am, j)=-—— Y am, m) u(gedn, j - m) sgedn, j-m) A amn, 0)=1/\vn &N

i=0 J o

Product representations
05.11.08.0001.01

C@=| |- zd)"(g) fin>1

din

Generating functions

05.11.11.0001.01
(7™ |Ca@)=1/;n>1

05.11.11.0002.01
(Z]C@)=1/n>1
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Transformations

Multiple arguments
05.11.16.0001.01

n n
Cnp(@=Cu(@) /; — eZ/\ —=0
p p

05.11.16.0002.01

n
Cap@Cn@=Co(@) /; —¢ Z [\neN \ pen
p

05.11.16.0003.01
Cnp(zpk_l) =C,x@/ineNApeNAkeN

Power of arguments

05.11.16.0004.01
Ca(@)=Chp@/in>1

05.11.16.0005.01

n
Co(@) =Cop(@Ca@ /s — ¢ Z [\neN [\ pen’
p

05.11.16.0006.01
C, (@ = Cnp(zpkfl) /ineNApeNAkeN*

Differentiation

Low-order differentiation

05.11.20.0001.01

0Cp(2) P11
i —=Zkz‘“1/;pe[P
k=1

0z
05.11.20.0002.01
dCh(2) ¢(n)

=>amn, ) @m -2ty
0z i

NGRS . .
an, )= -—= > an, m) p(gedn, | - m) g(gedn, j-m) \amn 0=1/\ Vn &N

m=0

Fractional integro-differentiation

05.11.20.0003.01

"Cp P K1z
:227 /v pe P
0z o [k—a+1)
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05.11.20.0004.01
Ca@ ™ (@, j) (Bn) - j)!) 2M-i-e \

b S T@m-j-a+)

o & _ .
an, )= -—= > an, m u(ged(n, j — m) ggedin, j-m) Aam 0=1/\Vn &N
m=0

Integration

Indefinite integration

Involving only one direct function

05.11.21.0001.01

p-1 Zk+l
pr(z)clz: Z
k=0

ipelP
—k+1 P

05.11.21.0002.01
¢ a(n, j) M-+t u(n) -1
f Ci@dz= swoja1 A b= > am, m u(gedn, - m) ggedn, j—my) A an, 0=1/\ Vv en
j=0 - m=0

Products

Finite products

05.11.24.0001.01

ﬂCd(z)zzz”—l/; neN
din

05.11.24.0002.01

[]cs@

di2n

1_[ Cu(@

din

=72"+1/;neN

Inequalities

05.11.29.0001.01
Cim=2/m-1eN"An-1eN*

Zeros

05.11.30.0001.01

2rik

Ci@d=0/iz=e " Noguna=1/\kez

Theorems
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Degree of C,(x)

Cn(x) areirreducible polynomials over Z with degree ¢(n) .

Coefficients of C,(x)

Ci05(X) has coefficients of —2 for x” and x**, making it the first cyclotomic polynomial to have a coefficient other
than +1 and 0 (because 105 is the first number to have three distinct odd prime factors, i.e., 105==3x5x 7). The
coefficients of Cpq(x) for distinct primes p and g can beonly 0, +1. The smallest values of n for which C(x) has
one or more coefficients +2, +3, ... are 105, 385, 1365, 1785, 2805, 3135, 6545, ....

History

—L. Euler (1771) studied cases C,(x) ==0, n < 10
—A.-T. Vandermonde (1771) studed C11(X) == 0
—J-L. Lagrange (1772)

—C. F. Gauss (1796) studed C17(x) == 0

—N. H. Abel (c. 1824, published in 1829) showed that C,(x) == 0 can always be solved in radicals
—L. Kronecker (1845)

—F.G.M. Eisenstein (1850)

—A. Migott (1883)

—P. Bachmann (1872)

—L. Carlitz (1936)

—E. Lehmer (1936)
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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