
Cyclotomic

Notations

Traditional name

Cyclotomic polynomial

Traditional notation

CnHzL
Mathematica StandardForm notation

Cyclotomic@n, zD

Primary definition
05.11.02.0001.01

CnHzL � ä
k=1

n

z - ã
2 Π ä k

n

∆gcdHk,nL,1 �; n Î N

Specific values

Specialized values

For fixed n

05.11.03.0016.01

CnH0L � 1 �; n ¹ 1

For fixed z

05.11.03.0001.01

CpHzL � â
k=0

p-1

zk �; p Î P

05.11.03.0002.01

C0HzL � 1

05.11.03.0003.01

C1HzL � z - 1

05.11.03.0004.01

C2HzL � z + 1



05.11.03.0005.01

C3HzL � z2 + z + 1

05.11.03.0006.01

C4HzL � z2 + 1

05.11.03.0007.01

C5HzL � z4 + z3 + z2 + z + 1

05.11.03.0008.01

C6HzL � z2 - z + 1

05.11.03.0009.01

C7HzL � z6 + z5 + z4 + z3 + z2 + z + 1

05.11.03.0010.01

C8HzL � z4 + 1

05.11.03.0011.01

C9HzL � z6 + z3 + 1

05.11.03.0012.01

C10HzL � z4 - z3 + z2 - z + 1

Values at infinities

05.11.03.0013.01

CnH¥L � ¥

05.11.03.0014.01

CnH-¥L � ¥

05.11.03.0015.01

CnH¥� L � ¥�

General characteristics

Domain and analyticity

CnHzL is a polynomial of z and as such an analytical function of z. CnHzL is defined in the whole complex z-plane and

for integer n.

05.11.04.0001.01Hn * zL �CnHzL � HN Ä CL �C

Symmetries and periodicities

Mirror symmetry

05.11.04.0002.01

CnHz�L � CnHzL
Periodicity

No periodicity
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Poles and essential singularities

With respect to z

The function CnHzL has a pole of order jHnL at z � ¥� .

05.11.04.0003.01

SingzHCnHzLL � 8¥� , jHnL<
Branch points

With respect to z

The function CnHzL does not have branch points.

05.11.04.0004.01

BPzHCnHzLL � 8<
Branch cuts

With respect to z

The function CnHzL does not have branch cuts.

05.11.04.0005.01

BCzHCnHzLL � 8<
Series representations

Generalized power series

Expansions at z � 0

05.11.06.0001.01

CnHzL � â
j=0

ΦHnL
aHn, jL zΦHnL- j �; aHn, jL � -

ΜHnL
j

 â
m=0

j-1

aHn, mL ΜHgcdHn, j - mLL ΦHgcdHn, j - mLL í aHn, 0L � 1 í n Ï N

Product representations
05.11.08.0001.01

CnHzL � ä
dýn

I1 - zdMΜJ n

d
N �; n > 1

Generating functions
05.11.11.0001.01IAzjHnL E CnHzLM � 1 �; n > 1

05.11.11.0002.01IAz0 E CnHzLM � 1 �; n > 1
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Transformations

Multiple arguments

05.11.16.0001.01

Cn pHzL � CnHzpL �; n

p
Î Z í n

p
³ 0

05.11.16.0002.01

Cn pHzL CnHzL � CnHzpL �; n

p
Ï Z í n Î N í p Î N+

05.11.16.0003.01

Cn pJzpk-1 N � Cn pk HzL �; n Î N ì p Î N ì k Î N+

Power of arguments

05.11.16.0004.01

CnHzpL � Cn pHzL �; n > 1

05.11.16.0005.01

CnHzpL � Cn pHzL CnHzL �; n

p
Ï Z í n Î N í p Î N+

05.11.16.0006.01

Cn pk HzL � Cn pJzpk-1 N �; n Î N ì p Î N ì k Î N+

Differentiation

Low-order differentiation

05.11.20.0001.01

¶CpHzL
¶z

� â
k=1

p-1

k zk-1 �; p Î P

05.11.20.0002.01

¶CnHzL
¶z

� â
j=0

ΦHnL
aHn, jL HΦHnL - jL zΦHnL- j-1 �;

aHn, jL � -
ΜHnL

j
 â
m=0

j-1

aHn, mL ΜHgcdHn, j - mLL ΦHgcdHn, j - mLL í aHn, 0L � 1 í n Ï N

Fractional integro-differentiation

05.11.20.0003.01

¶Α CpHzL
¶zΑ

� â
k=0

p-1 k ! zk-Α

GHk - Α + 1L �; p Î P

http://functions.wolfram.com 4



05.11.20.0004.01

¶Α CnHzL
¶zΑ

� â
j=0

ΦHnL HaHn, jL HΦHnL - jL !L zΦHnL- j-Α

GHΦHnL - j - Α + 1L �;

aHn, jL � -
ΜHnL

j
 â
m=0

j-1

aHn, mL ΜHgcdHn, j - mLL ΦHgcdHn, j - mLL í aHn, 0L � 1 í n Ï N

Integration

Indefinite integration

Involving only one direct function

05.11.21.0001.01

à CpHzL â z � â
k=0

p-1 zk+1

k + 1
�; p Î P

05.11.21.0002.01

à CnHzL â z � â
j=0

ΦHnL aHn, jL zΦHnL- j+1

ΦHnL - j + 1
�; aHn, jL � -

ΜHnL
j

 â
m=0

j-1

aHn, mL ΜHgcdHn, j - mLL ΦHgcdHn, j - mLL í aHn, 0L � 1 í n Ï N

Products

Finite products

05.11.24.0001.01

ä
dýn

CdHzL � zn - 1 �; n Î N

05.11.24.0002.01

ä
dý2 n

CdHzL
ä
dýn

CdHzL � zn + 1 �; n Î N

Inequalities
05.11.29.0001.01

CnHmL ³ 2 �; m - 1 Î N+ ì n - 1 Î N+

Zeros
05.11.30.0001.01

CnHzL � 0 �; z � ã
2 Π ä k

n í ∆gcdHk,nL,1 � 1 í k Î Z

Theorems
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Degree of CnHxL
CnHxL are irreducible polynomials over Z with degree jHnL .

Coefficients of CnHxL
C105HxL has coefficients of -2 for x7  and x41, making it the first cyclotomic polynomial to have a coefficient other

than ±1 and 0 (because 105 is the first number to have three distinct odd prime factors, i.e., 105 � 3 ´ 5 ´ 7). The

coefficients of Cp qHxL for distinct primes p and q can be only  0, ±1. The smallest values of n for which CnHxL has

one or more coefficients  ±2, ±3, ¼ are 105, 385, 1365, 1785, 2805, 3135, 6545, ¼.

History

– L. Euler (1771) studied cases CnHxL � 0, n < 10 

– A.-T. Vandermonde (1771) studed C11HxL � 0

– J.-L. Lagrange (1772)

– C. F. Gauss (1796) studed C17HxL � 0

– N. H. Abel (c. 1824, published in 1829) showed that CnHxL � 0 can always be solved in radicals

– L. Kronecker (1845)

– F.G.M. Eisenstein (1850)

– A. Migott (1883)

– P. Bachmann (1872)

– L. Carlitz (1936)

– E. Lehmer (1936)
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas 

involving the special functions of mathematics. For a key to the notations used here, see 

http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for 

example: 

http://functions.wolfram.com/Constants/E/

To refer to a particular formula, cite functions.wolfram.com followed by the citation number.

e.g.:  http://functions.wolfram.com/01.03.03.0001.01

This document is currently in a preliminary form. If you have comments or suggestions, please email 

comments@functions.wolfram.com.

© 2001-2008, Wolfram Research, Inc.
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