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Notations

Traditional name

Modified Bessel function of the second kind

Traditional notation

K\(2

Mathematica StandardForm notation

Bessel K[v, z]

Primary definition

03.04.02.0001.01

T CSC(r V)
K,(2) ==

(-@-LW@) iveZ

03.04.02.0002.01
K@ =IlimK,(2/,vez
-V

Specific values

Specialized values

For fixed v

03.04.03.0001.01
K/ (0= /;Re(v) #0

03.04.03.0002.01
Ky(0)==¢/;Re(v)==0Av+0

For fixed z

Explicit rational v

03.04.03.0005.01

\7?%7( 3\2R

CALENEI
3

Kl(z) == —_
S

2
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03.04.03.0003.01

z

Toe
K}(Z) == -
2 2 \/?
03.04.03.0006.01
2B g 3\
KZ(Z ] Al’ (—) 22/3]
: Vazs 2
03.04.03.0011.01
2/3 , 2/3
29 n (2 25) - 020 ar (2 29)
K4(Z) ==
3 35/6 Z4/3

03.04.03.0012.01

T e ?*(z+1)
Ki@= [ = ———
3 2 A2

03.04.03.0013.01
23 J(13\2/3
9x3/?nz4/3Ai((§) 22/3)—462/37rAi ((g) 22/3)

3306 23

KE(Z) fd
3

03.04.03.0014.01
T 3 2/3
K:(2) == —— [22/3 (97 + 16) Ai[(—] z2/3] - 163P 2B AV
: 32 3% 71 2

03.04.03.0015.01

n €% (Z+3z+3)
Ks@= | = ————
2 2 212

03.04.03.0016.01

1
Ke(2) == ———— [90«/3 2 72 Ai
3 93°6 A5

03.04.03.0017.01

16V2 7 (92 +14) Ai((g)% 22/3) 6% 23(97 +112) Ai’((g)z/3 22/3)

o

ER zz/e)-62f3n<922+40)Ai’[(§)% 22]]

Kw(2) =
? ) 9 35/6 1073

03.04.03.0018.01

n e (2+62+152+15)
K7(Z) == —
2 2 7712

03.04.03.0019.01

1 3 3\?
Ku@=—— [9 V2 nZB (97 +160) Ai[(—) 22/3] -206°* 1 (97 +32) Al
3 27 35/6 211/3 2

()
()

03.04.03.0020.01
n 3)%°
K@= —— [22/3 (817" + 3024 Z + 4480) Ai[(a)

22/3] - 56373 23(97 + 80) Ai’
T 272 A
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03.04.03.0021.01

[7 e?(Z+102%+457 + 1052+ 105)

K9 (Z ==
2 22
03.04.03.0022.01
23 ((3\23
2882 77/ (92 +110) Ai((g) 22/3) — 6237 (817 + 43202 + 14080) Al ((g) z2/3)
K14 (Z ==
3 81 35/6 214/3

Symbolic rational v

03.04.03.0004.01

ez Ml (i+m-2)
K,(2) == f e_ Z (J-H/—Z)(ZZ)—I'/;V_}EZ
2 vz i j(-i+m-3) 2

03.04.03.0007.01
2

W3 - 1 - 4
(-0 32" s pzMp(-2 342/3 M-3 vl —k- 2! 2 K
K2 = ( 3) 32/322/3Ai’[(—) 22/3] ( 3) {——] -
390 (1 - y) 2 o k! (v-2k-3)1(5) @-po 4
3123 -3 (|v|—k— %)’ 2\ 1
z%m(J ﬂﬂ L—]ﬂWP—el
2 0 ki (v-2k-3)1(3) @a-po L 4 3

03.04.03.0008.01

%

43 -3 2 -2 5
(- 32 sazMr(-= 323 \"3 v -k-2)! 2\
K,(2) == -3 924/3Ai[(— 22/3] ( ! (——] -
339611 - ) 2 ko k! (|v| ~2k- g)' (g)k A-wp L 4

4N2 3BAY

ERE e
2 0 K1 (vl -2k~ %)!(%)k(l_lvl)k

Values at fixed points

03.04.03.0009.01
Ko(0) == 0

Values at infinities

03.04.03.0010.01
lim K, (x)==0
X—00

03.04.03.0023.01

A 0 -Z=as?
Ky (e o) :{ 2 2 /;1md) =0
s True

03.04.03.0024.01
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03.04.03.0025.01
K, (=i c0) = 0

General characteristics

Domain and analyticity
K,(2) isan analytical function of v and zwhich is defined in C2.
03.04.04.0001.01
(v#2—K, (2 :: (C®C)—C
Symmetries and periodicities
Parity
K, (2) is an even function with respect to its parameter.

03.04.04.0002.01
K. (2 =K,(2

Mirror symmetry

03.04.04.0004.01
Ky =K,(2 /; 2¢& (-0, 0)

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed v, the function K,(2) has an essential singularity at z== co. At the same time, the point z== & isabranch
point.

03.04.04.0005.01
Sing (Ky(2) == {{, col}

With respect tov
For fixed z, the function K, (2) has only one singular point at v = . It isan essential singular point.
03.04.04.0006.01
Sing (K,(2) == {{, co}}
Branch points

With respect to z

For fixed v, the function K, (2) has two branch points: z== 0, z== . At the same time, the point z== ¢ is an essential
singularity.
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03.04.04.0007.01
BP,(K,(2) = {0, o}

03.04.04.0008.01
R:(K,(2),0)=log/; v ¢ Q

03.04.04.0009.01
RZ(KE(Z), O) =q/;peZNq-1eN" Agcd(p, =1
q
03.04.04.0010.01
RAK,(2), ) ==log /; v ¢ Q
03.04.04.0011.01

RZ(KE(Z)v o“o) =q/,peZANq-1eN" Aged(p, =1
q

With respect tov
For fixed z, the function K, (2) does not have branch points.
03.04.04.0012.01

BP,(K(2) == {}

Branch cuts
With respect to z

For fixed v, the function K, (2) has one infinitely long branch cut. For fixed v, the function K, (2) isasingle-valued function
on the z-plane cut along the interval (—oo, 0), whereit is continuous from above.

03.04.04.0013.01
BCAK(2) = {{(=c0, 0), —i}}

03.04.04.0014.01
lim K,(x+ie)==K,(X) /; xeRAXx<0
e->+0
03.04.04.0015.01
T CSC(V )

lim K,(Xx—ie€) =

e—>+0

(627”'1/ 1, (%) _e—ZKE'V |v(x)) live ZAXxeRAXx<O0

03.04.04.0018.01
lim K,(x—i€e) = e K,(X)+ 2i 7 1,(X)cos(mv) /; Xxe R AX < 0

e-+0

03.04.04.0016.01
lim K,(x—i€)==(-1)"2inl,(X)+K,(X) /;veZAXeRAXx<0
e—>+0

With respect tov
For fixed z, the function K,,(2) is an entire function of v and does not have branch cuts.

03.04.04.0017.01
BC(K\(2) =1}

Series representations
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Generalized power series

Expansionsat v == £n

03.04.06.0015.01
—Inf Ini=1 1

1 z
K@) o Kn( + [5 ot (2) ).

Z\k
PR by -M+...;i(vonNAne”Z
2 = (N =K k! k()(z) v=-m i(vonAne

Expansions at generic point z== 7,

For the function itself

03.04.06.0016.01
arg(z-2) afg(Z-Zo)j

1)_4 21 J_"[ 2x

Ky(2) oc Ky (29) [_ Z —2inl,(zg) cos(mv) \‘
A

arQ(Z—Zo)Hafg(ZoHﬂJ
+

n 2n

arg(Z—Zo)J r"g(zo)'HT
2n

1 1 _V[ .
> —(Ky-1(20) + K,41(20)) [g] Zy Tl 2in(l,-1(20) + 1,41(2)) cos(z v) {

T

1 1 -V[—
Z-29) + 3 (Ky—2(20) + 2Ky(20) + Ky12(20)) [Z] Z -

arg(z-z) J {arg(zO) +7

T

2inm(l,_2(20) + 21,(20) + 1,42(2p)) cosorv){ J Z-20 +.../; (> )

2n

03.04.06.0017.01

af@(:oJJ . rg(Ho)

l _V[ 2r j .
K\(2) o K,(29) (g) z, - 2inml,(z)cos(nv) {

arg(Z—ZO)Harg(zO)+ﬂJ+

n 2r

ar zfzo) ag(z, )
1 1 ’V[ 2n J *V[ zﬂZOJ . ag(z—zy) || arg(zg) + 7
— | =(Ky_1(Z) + K y1(20) | — Zy =2in(l,-1(20) + 1,41(20) cosvrv){ H (z-279) +
2 7y bis 2n
L _V[arizsz)J _Vrg(z—zO)J
- (KV_2<20>+2KV(20)+KHz(zo))(—] g bl
8 %

arg(z—zo)Harg(zo)+n

J (z-2)° +0((z- 20)%)
2r

2inm (I,_2(2p) + 21,(20) + ly42(Z0)) cOS(7r v) {

T

03.04.06.0018.01
0,k

K@=

k=0

z-20)*/; larg(zo)l < 7
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03.04.06.0019.01

© 72}
>

1
K@= ok G4

k=0 '

1
5 z-2)* /; larg(zo)| < 7

2
v—k 1 1
- —§(k+V), 3 0

03.04.06.0020.01
K2 =22 732 7 csc(nv)

- || Jade)
) 16V[1) 2z | V| F1-v),E 1-v L v 1( ‘ b 1( . 1
— -V y1-— = (=k=v+1), = (-k=v+2),1-v; — |-
é k! 2 % 32 2’2 2 4
agzn)| | adzz)
Z(Z)v V= | = s 1).E v+l v+2 1 ‘ 1 1 ” ’ 1.2(2) K. P
(Z] Zy (v+1),F3 P ,5(— +v+ ),5(— +V+2), v+ ' (z-29)" ;v ¢

03.04.06.0021.01

o

1
K,(2) = Z o 2k

k=0 ™*

k k K 1 _V[ 2r 2r .
X5, 0| Kyt - 2nicosan)|

i=0

arg(z—-2) J {arg(ZO) +7

|2} ken(Z0) | (2— 20)¥
2n

2n

03.04.06.0022.01

—k

= 7
K@=) —
o K!

k m i 92i-m i-1 L J

K (=1 22" (=M iy 0 [ 20 (i-j-1!
Pt (N [CON) D ——— -2 K@)+
o P (m=1)! 2J.:oJ!(l—2]—1)!(—|—v+1)j(v)j+1 4

i (i)t ! )

D ~—| K@) |@-2)*/; larg@)| < 7

J-:0J!(l—2])!(—|—v+1)j(v)j 4

03.04.06.0023.01

afz %) J ﬁrg(zfz@) j

2n

~ -
K, (2) < Ky(29) [—] z, "1 2in 1,(Zo) cOS(rT v) {
%

arg(z-2) J {arg(zc) +7

T

J(1+0(z—zo))

2n

Expansions on branch cuts

For the function itself
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03.04.06.0024.01

arg(z-x)

_25nv{TJ K,(X) = 2@ 1,(X) cos(rr v) {

ag(z— X
K, (2) « e % )J—

T

2

L( 2im| ) | ag(z-x) ,

s [e 2 J(K200 + 2Ky (X) + Ky 2(¥) = 2 (1,200 + 21,(X) + 1,,,.2(X)) cos(mr v) { > J] (z=X)°+
Ve

o fi@Z>XAXxeRAXx<0

1 —Ztﬂvl@J arg(z— X)
[ 2n J(K,_1(X) + K, 1 (X)) + 287 (1,-1(X) + 1,,41(X)) cos(rr v) { > J) (z=x)+
T

03.04.06.0025.01

argz-x)

K,(2) oc e’”’”[TJ K, (X) — 2i 7 1,/(X) cos( v) {

arg(z—x)J

T

L( aens| ) arg(z-x)
5 [@ 20 J(Ky1 (0 + K1 (X)) + 2im (1,_1(X) + 1,42(X) cos(zr v) \‘ 5 J) (z=X+
T

1 [ —2§HV{MJ . arg(z—x) 2
—|e 2 (K2 + 2K, () + Ky 12() = 287 (1,2(%) + 21,(X) + 1,:2(X)) cos(mr v) { > J) (Z=%"+

8 bd
O(z-%%) /;xeRAX<0

03.04.06.0026.01

KV(Z):
w MKk oiny] R _(1-v v 1 1 X2
227X esry) ) 167 Jr(l—v)ng, - = —(-k=v+1), = (-k-v+2),1-v; — -
= k! 2 22 2 4
) ”’”rg(H)Jr( D,E v+l v+2 1( . b 1( ‘ 2 vil X2 oK)y ez
X e 2n v+ , = (k+v+1), —(k+v+2,v+1L —||Z-X"/;ve
27 22 2 4
03.04.06.0027.01
292 agz-x

= 2_k K k 2vmi| ——
K, (2) = kEO F EO( j )[(—1)k e 2 { 27 J K2 jskey(X) = 27 COS(7r v) { J I_2,-+k+y(x)] (z- x)k /ixeRAXx<O0
o KU D

03.04.06.0028.01
{arg(z—x)

_J arg(z—x)
2 JK,(X) = 2i 7 1,(X) cos( v) {

1+0(z-x)/;xeRAx<0

KV(Z) o e—Zinv

T

Expansionsat z==0

For the function itself

General case

03.04.06.0001.02

Z\—V 22 Z4 Z\V 22 24

—) 1+ + +...]+F(—v)(—) 1+ + +... ||/
2 41-v) 321A-v)(2-v) 2 4v+1) RW+DH(v+2)

Z-0Avez

K 1
@ r(v)(
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03.04.06.0029.01

KAz)«%{r(v)(f)_v[u 2,7 +O(25)]+F(—v)(z)v[l+ ., ? +O(25)]]/;

2 4(1-v) 32A-v)(2-v) 2 4v+1) 3R+DH(v+2

vglZ

03.04.06.0030.01

K (g T 2o G zvfe (3"
V(Z)__E F(V)(E) Z(l—V)kk' +r(_V)(E) Z(V-}-l)kk'

LhveZ
k=0 k=0

03.04.06.0002.01

nese(nv) | & 1 Z\2k-v @ Z\2k+y .
©a= [Zr(k—v+1)kz(5) kZ:F(k+v+l)k'() ]/’WEZ

k=0

03.04.06.0031.01

1 z\~ zZ zy zZ
KV(Z) 225 F(V)(E) OFl ;1—V; Z +F(—v)(5) OFl ;V+l; Z /, V$Z

03.04.06.0003.01
. Z ~ 2
K, (2)=2"1nz" csc(mrv) oFqf; 1—v; Z 27 x 72 ese(nv) oFil; v+ 1; Z live”Z
03.04.06.0007.01
K@ o 27 T(-0Z (1+0(Z)) + 27 T 27 (1+ O(Z)) ;v ¢ Z

03.04.06.0032.01
KW@ =Fu(z v/

m Z 2—2 m-v-3 22 m+v+2

z\2k 22k
1 Z\-v (5 ) b
F(z, v) = —|T()| - +T( =K
[[ G 2[ (V)(Z) Z(l—v)kk' V)( )Z(v+1)kk'] (Z)+sn(vn)(m+1)!{ I'm+v+2)

k=0

Z2 2—2 m+v-3 Z2 m-v+2
1F2 1;m+2,m+v+2;— -
4 I'(m-v+2)

2
1F2[1;m+2, m-v+2, z]]]/\meN]/;vez

Summed form of the truncated series expansion.

L ogarithmic cases
03.04.06.0033.01

K(112213224)I212224 1 (z-0
0(2) —y+z( -75) +E(_ Y) +...—og(£) +Z+a+... /i (z— 0)

03.04.06.0034.01

K 12112522121024 Z|212224 ;(z-0
1(Z)OC;+4[ Y +8[ ’}V—E) +E( ’))/—?) +]+Eog(5) +§+E+... /,(Z—) )

03.04.06.0035.01

2 1 2 2 2z 2 2 (3 117 1 (43
Kz(z)cx—————log(—) 14—+ —+ ... +—(——2y+—(——2’y)22+ (——Z]Y)Z4+...)/;(Z—>O)
2 2 8 \2 12 384 16 \2 12\ 6 384 \12
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03.04.06.0036.01

Kn(2) «
(N=1)! ;z\-n Z z (-pn?t Z\ [ Z\D Z z
(—) 1- + +... ]+ Iog(—)(—) 1+ + +
2 2 4n-1) 3R2Nn-1)(n-2) n! 2/\2 4n+1) 32(n+1)(n+2)
(-2t Wn+2-y+n2 (Pn+3+3-7)7
—|Y(n+ D) —y+ + +...1/;Zz->0ANn-3eN
n! 4(n+1) 32N+ (n+2)
03.04.06.0037.01
1 z\-M M= DRy —k=1)! ,z\2k
Ku(Z ==E(E) #(5) +

k=0

2k
) live”Z

. Zy 2\ & (§)2k =1 ;2\ uk+ D) +yk+v|+1) ,z
D llog(E)(E) ;Ok!(k+|v|)!+ 2 (5) 2 Kt (k+ v))! (5

k=0
03.04.06.0004.01

K@= (-1 oﬁl[: vl +1; ;] Iog(g) (g)lvl "

V

[ive”Z

L (=DF (v - k- D)! (2)2 kb (=1 & gk+ 1)+ gk + v+ 1) (z)2k+|v|
_ +
2

1
2 k! 2 k! (k+[vD)!

2

k k=0

I
o

03.04.06.0038.01
n-1 z 2\ (g)zk
Kn(@) == (=D log(i) (E) 2 Kkt

k=0

2

2

1(;)—nﬂ-1 (=DK(n-k-1)! (z)2k+ =" (z)niw(k+1)+w(k+n+1) (z

2k
—) /ineN
k! 2 k! (k+n)! 2

k=0 k=0

03.04.06.0005.01

1Dk (n—k=1! ;z\2kn (D" & yk+D+yk+n+1) ,z
I a) (

2k+n
Kn(2) == (-1 Iog( )In(z) +— —) ineN
2 k! (k+n)!

z
2 2& k! s 2

03.04.06.0006.01

Pl A [1 11 4)
@ = - JLl-n— |+
" 8 | -1 2
"z 1) F0*1%2 L1y 227 FOx1x2 Lln+l 2 2
(n+1)(n+1)! M DR0d o ne2;2 70 7)) 20 2nezinez 77 7))

4142 (2Iog(§)—np(n+ l)+'y)] /ineN

03.04.06.0008.01
z 1M=L DR =k + v = D!
_qy-t z -
K,(2) o (=171 6y Iog(z) (1+0(Z)) + 5 "

(g)mv' (1+0@) fivez

k=0

03.04.06.0039.01

Ko(2 o« —Iog(g) (1+0(2) - y(1+02))
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03.04.06.0040.01
1 z z

Ka(@ o« = (14 O2)) + |og(5) (1+0(2)
03.04.06.0041.01
2 Z z

K@ o = (1+02) - Iog(E) (1+0(2)
03.04.06.0042.01
(=11 ;z\-n

(5) (1+0(2) +

03.04.06.0043.01
Kn(@ =Fw(z n) /;

D" pz\n M yk+ D) +p(k+n+1) z\2k - z 101 (—DK(=k+n=1)! ;z\2kn
[[Fm(z, n) == (5) ;0 Y (E) +(—1)”l|og(§)ln(z)+§;0T(£) -

-1 n2—2wn—3 ZZ(rml)Jrn Z2
an(\/;) Iog[4]( ) 1F2[1;m+2,m+n+2; Z]+

m+1!'(m+n+1)!
m+1 m+1
m+1, m+1,0, —n]]/\n'EN]

(_ 1)I"|—1
Kn(2) «

mgG)(S) (1+0(2) fin-3eN

n!

z z (=D" ;z\n z
D" n@log( = |+ = (D" a2 - Z) & —
(—1" 102 log 2) (1) og( ] @-— (2) G2,4(4

Summed form of the truncated series expansion.

Generic formulas for main term

03.04.06.0044.01
—log(3)-» v=0

K@ o { 2 -D1(2)™" veZAv=1=0/;(z-0)
STO)(2)7 + 3T (2) True
Asymptotic series expansions

Expansionsfor any zin exponential form

Using exponential function with branch cut-containing arguments

03.04.06.0045.01

1 ol 21 _ i(-1+4v%) 9-40v2+16v*
K, (2 o« 5 g csc(ny) (-2) 2@ [@” # 4gin@-2y (2 - (-2)) [1+ ( )+ i +] +
gv_2 12872

i (— 2
e—iv -2 +%i7r(1—2v) (( 2 - &y v)[l_ IL( 1+4y ) + 9-40v* +16v*

8\/; 1287

+o ]/: (12 - o)
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03.04.06.0046.01

1 1
hnlv+s) (5-v
KV(Z)OC% ’g C&)(ﬂV)(—ZZ)_‘l_‘(ZHD efs'\/ -z +Ziﬂ(l—2v) (( Z)v ey 7 ) Z( 2)k(2 )k

\/7 n ;)k(; )k i
& -2 +Lin(3- 2v) MV( Z) Z ' [_
= N2

03.04.06.0011.01

1 2 iny ' . 1 1 ;
K@e = | = 77 (-2) csc(mez[exp(f_m/_ZZ)((_zz) = 2 el ~ v :
, 1 1 j
exp(—— iV =2 (e (2) - 2R S| e
2 2 P2

03.04.06.0047.01

1 |« oy
K@ e o /5 77 (-2) * @ estrv) e 67

(ei(m)ﬂ-ﬁz (e (-2) - 27) (1+ O(E]) e ey (1+ o(;))] ACEES

z

Using exponential function with branch cut-free arguments

03.04.06.0048.01

1 n 4v2-1 16v*-40v2+9
V(Z)oc— — e %1+ + +...1/: (2 = o)

2 8z 1287

03.04.06.0049.01

1
1 n (V+5)k(5‘v)k 1\ 1
K@ o | = —e 27[——] +o[—] J; (12 = o)
2 V7 k! 27 Al
03.04.06.0009.01

T e’ 11 1
KV(Z)oc,/ - zFo[V+ - ==, ——)/; (12 — o)
2 V7 2 2 2z

03.04.06.0010.01

[m e* 1
K,(2 o [ — (1+ O[—)) /5 (|12 > o)
2 vz z

03.04.06.0050.01

et
Ki(2) o [ = /1 (12 = o0)
2 /7

Expansionsat v == i oo
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03.04.06.

2n
Kir(0) o [ —
-

Residue repr

0051.01

ar (X2 21\«
e 2 sin ——T+T|Og(—)+z

41 X

esentations

03.04.06.0012.02
7 oSolnY) & (3" (3) [
K,(2) == ZresS I'(s) cos(r s) -
e Ird-v-s Td+v-9
03.04.06.0013.01

4

=3 [Srellre-3) G- D)o

03.04.06.
1 -1

SRS o R L

j=0

0014.02

Integral representations

On the real axis

Of thedirect function

03.04.07.

0001.01

V7

KV(Z) ==

o . 1
—1)f1 e (P -1) 2dt/;Re(v)>—5/\Re(z)>O

2 F(v+ 3

03.04.07.

K,(z ==f e *c
0

03.04.07.

23
K,(2) ==

F(v+ %)

03.04.07.
Ty

0002.01

0sh®) cosh(vt) dt /: Re(z) > 0

0003.01

2

0004.01

K, (X) = eec(?)fwcos(xsinh(t)) cosh(vt)dt/; |IRe(v)] < 1A x>0
0

03.04.07.

0005.01

K, (X) = c&:(l—v)fmsin(xsinh(t)) snh(vt)dt /; [Re()| < 1AX>0
0

03.04.07.
o4
KV(X) =

T X

0006.01

1
(1+O(—))/; (T->00)AXeRAX>0
T

2\
] =Dhvez

Z\V [ 1
(—) fo 2720 §nh2Y(t) d't /; Re(v) > 5 /\Re(z) >0

1y [ L2 1
F(v+5)f cosixt) (2 + 1) 2 dt; Re(v)>—5/\x>0
0
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03.04.07.0007.01

oo CcOg(X t)
Ko(X) ==f dt/; x>0
Vst

03.04.07.0008.01

KO(X) == fOOCOS(XS.nh(t)) dt /, x>0
0

03.04.07.0009.01

1 T
Ko(2) = —— f 2" (log(2 zsinz(t)) +y)dt
7 Jo
03.04.07.0010.01

1 T
Ko@) =-— f e (log(2zsin(V) + ) dt
T Jo

Contour integral representations

03.04.07.0011.01

1 y+i co Z\vV-2s
K,(2) == —f Ir'esr(s—v) (—) ds/; y > max(Re(v), 0)
Ari Jy-ico 2

03.04.07.0012.01
y 1 22 s v 3y y 1
K2 =2"(?) /z—fr(s+ Z)r(s— Z)[—) ds-n(-2 22 2 (' - (d) )csc(ﬂv)—f
L 4 i JLT

4ni ariJer(i+ -9

I(s+ %)

[ 22)_8
-—| ds}/;
4

ve¢lz

Limit representations

03.04.09.0001.01

_ z
K,(2 = lim A"V e""! QX(cosh(—))
A—=00 A

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.04.13.0001.01
ZW'(2)+2zW (2 - (Z + v )W@) = 0/; W2) = ¢, 1,(2) + ¢ K,(2)

03.04.13.0002.01

1
W(1,(2), Ky(2) = — -

03.04.13.0003.01

Vaze Vaze
W@-aZw@=0/w@=Vz|cl|———[+K:|——

n+2 e n+2

n+2
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03.04.13.0004.01

\/?|1[2\/§7ﬁ],\/7}(1[2\/;—27]]:_2_1

W
n+2 n+2

n+2 n+2

03.04.13.0005.01

W’ (2) - (mz + ; (vz - %)] W2 =0/ W2=cVz Iv(\/? z) +cVz KV(\/E z)

03.04.13.0006.01
o s

03.04.13.0007.01

W’(Z)—(ﬁ+ V:;Zl)W(z =0/, W2 == Cl\/?lv(\/? \/?)H:z\/?KV(\/?«/?)

4z

03.04.13.0008.01
WZ(\/?I(\/? «/?) EK(\/? «/?)) —%

03.04.13.0009.01
2v-1
W @2 - ——W(@-W@nm =0/ W2 = ¢ 2’ |,(m2) + ¢, 2 K,(m2)
z
03.04.13.0010.01
Wy(2'1,(M2), Z' K,(m2) = -2

03.04.13.0011.01
ZW (@ +2z+1)zW @)+ (2= )W2) = 0/; WD) =1 e ?1,(2 + C, e *K,(2)

03.04.13.0012.01
@—22
Wy(e?1,(2), e ?K,(2) = —

03.04.13.0013.01
ZW (@2 +(1-22z2W @) - (VP +2W2) =0/;W2) = ¢; e’ 1,(2 + " K,(2)

03.04.13.0014.01
@22
W(e?1,(2), e*Ky(2)) = ——
z

03.04.13.0015.01
0l,(2 0K, (2
+Cy
0z

(Z+)W@Z +(Z+3V)W (@) z- (22 -+ (Z+ v2)2) W(2) =0/; W2 ==¢;

03.04.13.0019.01
g’@ dJ©
g@ 902

V2
w’(2) - ( )W 2- [—2 + 1] g@°w@ =0/, W2 = c,1,(9(2) +c;K,(9(2)

9@

03.04.13.0020.01

4

Wo(1,(9(2), Ky (9(2)) = -
9@
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03.04.13.0021.01

N@249@
+

hoh'@-202° W@ @

92 hi@ dJd@ 9(2)?
W(2) = ¢, h(2 1,(9(2) + ¢, h(2)K,(9(2)

/(7 2h(z (7 2
W (zZ g()+ ()+g())V\/(z)— [V—+1]g’(z)2+
9@ h2
03.04.13.0022.01
h@*g®@
9@

W;(h(2) 1,(9(2)), h(2) Ky (9 (D)) = -

03.04.13.0023.01

ZW @ +z(1-29W (@) +(-r* (&2 Z" +V?))w@ =

03.04.13.0024.01
Wy(Z1,(aZ), K, (aZ)) = —r 251
03.04.13.0025.01
W (2) - 2log(9) W (2) — ((a® r?*? + v?) log?(r) - Iogz(s)) W(2) =
03.04.13.0026.01
Wy( 1, (ar?), $K,(ar?) = —s>log(r)
Involving related functions
03.04.13.0016.01

(oo 2

k=1 k=1 z

W(2) = ¢1 1,(D 1, (D + ¢ 1,(2D Ku(@ + c3 1,2 K\ (2) + ¢4 K, (2) K, (2)

03.04.13.0017.01

[ﬁ [z i)] wW(2) - 4(Z+V?)z

e\ dz

d
) —472W(Q2) =

0z

03.04.13.0018.01

2wWI@) -z(4Z + 4 - W@ + (4 - 1)W@) =0/, W(2) =

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.04.16.0001.01
K/(-2=Z K, (-2 + g (=72 -(="Z)\(Dcscnv) veZ

03.04.16.0002.01

K/(-2=(-1"K, @+ (log® - log(-2) ,(2) ;ve Z
03.04.16.0003.01
m (2 cos(mv) (iz) z
Ki(iz)= - { - )CSC(H N(@Q-—Y2/veZ
2 @2 z i12)”

2
W(2) + (v = 1i?) w(z) 47 [[l_[

k=1

- w2 =0/,

h(2)? h(2g'(2

0/, W2 =c,ZI,(aZ) +c, 2K, (a?)

0/; W2 =c, I, (ar)+c, K, (ar?

[ ]J W(2) +2W(2)+3zW (2 |=0/;

0/, W2 == ¢1 1,(2? + ¢, K, (D) 1,(2) + C3 K, (2)?

a1z 1,2+ 6 zK,(2 1,(2) + C32K,(2)?
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03.04.16.0004.01

K/ (i2)=— (Iog(Z) -log(i 2) J,(2 - ;— Y,2/,veZ
I

03.04.16.0005.01

n(Z cos(nv) (-iz2)’
Ky(=i2)== — - ]CSO(:T (2 -
2\ (-i2Y z

nz

; Y@ /veZ

03.04.16.0006.01

~log(-i2) 3,(2) —

Ky(-i2) = " V@ivez
i y

—1

03.04.16.0007.01
(cdmznny” n
K, (c(dZh™ = —— K,(cd™Z™) — — csc(nv)
(cdzm™’ 2

(c@dzm™”  (cdmZ™y’
(cd™Z""  (cdZ)™)’

]Iv(cdmzm”)/;ZmeZ/\ve,t_Z

03.04.16.0008.01
dzn m,\v
K,(c(dzZh"™ -[( z':‘ ] K, (cd™Z™) — (=1)" I(cd™Z™™ (log(c (d ZY)™) — log(cd™ Z™)) /; 2me Z Ave Z
03.04.16.0013.01
_Y CsC N _Y
KV(\/;) =27 (Z) 2K, - . 2(”) (z‘” (2)"-2(2) Z)IV(Z) LveZz

03.04.16.0014.01

= g] (Ky(z) - (-1 (Iog(\/; )— Iog(Z)) IV(Z)) ivez

Addition formulas

03.04.16.0009.01

Ki(z1 - 2) == Z Kiav(z0) 1

k=—o00

03.04.16.0010.01

Kz +2) = Z( DFKy«(2) (@) /;

k=—c0

4

Multiple arguments

03.04.16.0011.01

(- 1)"
K(z,2) = 212

ka(zZ)( )/|z2 1<1

03.04.16.0012.01

o DK E - 1) 2\
K(zz)=2") — Ky—k(2Z2) (52) LZ-1<1\/vez
k=0 :

Identities
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Recurrence identities

Consecutive neighbors

03.04.17.0001.01

2(v+1)
Ki(2) =K, 2(2) -

Kv+1(z)

03.04.17.0002.01

2v=-1)
Kv(2) =K, _2(2) +

Kv—l(z)
Distant neighbors

Increasing

03.04.17.0003.01
5]
Ky (2= (D" 2" 2" (v+ 1), 4 |2(N+v) Z
k=0

(n-K)! 2\
4

——| Knn(@ -
KI(N=2K)! (=n= ) (v + D) ]

k

12 (n-k-1! [ 22]
ZZ -—| K@ |/ineN
S kin-2k-D!(-n-v+ 1, (v+ 1y | 4

03.04.17.0014.01
1-n n
K@ =ED)"2"1 7" v+ 1), (2 (N+v) 3|:4(1, - E; 1,-n -n-v,v+1; 22] Kniy(2) —

n n
z 3F4(1, - 1- E; 1,1-n -n—-v+1lv+1; 22) Kn+v+l(z)) /ineN

03.04.17.0006.01
(Z+40+D(+2) K20 -22(v + D K132

Z

K,(2) ==

03.04.17.0007.01
2(Z+40+D(+2)Ku@ -4 +2) (Z+2(r+ 1) (v + 3) K,13(2)

rad

K\(2 =

03.04.17.0008.01

1
K, (2) = ” (Z+120+2(v+3)Z+16(r+ D (v +D (v +3) (v +4) K,s(@ - 42(v + ) (Z + 2(v + 1) (v + 3)) K,.5(2)

03.04.17.0009.01

1
K,(2) = —;(2(”3) (B3Z+16(v+2(v+HZ+16(r+ D (v+D (v +4) (v+5) K15 —

2(Z+120+2Q(v+3Z +16(r+ 1) (v+2) (v +3) (v + D) K, ,6(2)

03.04.17.0015.01
KV(Z) =Cn(v,2 Kv+n(z) + Cn—l(Vy 2) Kv+n+1(z) /;

2(v+1)
Cov,2=1/\C1(v, 2 = -

2(n+v)
NGy, 2= Cra(1, 2 +Cro(r, 2 [\nen
4 V4
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03.04.17.0016.01
1-n n
Ky(2 == Ca(v, D Kyin(D) + Ci1(V, D Kyina1(@ /:Cn(v, D = (=2)"Z" (v + D), st(T, - 5; v+l -n -n-v; 22) /\ neN*

Decreasing

03.04.17.0004.01
k

H

n-ky! Z
K@) = (D" 2" 2" L=y 1|2(0=%) ) ——| K@ -
o KIN=2K!1 A - -m | 4
12 (n—k-1)! 2\
ZZ ——| Ki-na@|/ineN
S kin-2k-D! Q- (v-n+1), | 4

03.04.17.0017.01
1-n n

K@ =ED"2"1 2" 1= v)n,y (2 (n-v) 3F4(1, — b yen 22) Ky-n(2) -
1-n n
23F4(1, T 1- E; 1,1-n1-v,v—n+1; ZZJ Kv_n_l(z)) /ineN
03.04.17.0010.01
2z2(v-DK, 32 +(Z+40 -2 (v-D)K, 22

Z

K,(2) ==

03.04.17.0011.01
2(Z+40-2(v-D)K, 4@ +4(Z+2(r-3) (v- 1)) (v - DK, _3(2)

rad

K\(2 =

03.04.17.0012.01

1
K, (2) = ” (4z(Z+200-3)(v-D))(v-2K, 5+ (Z +12(v =3 (v =2 Z +16(v = (v =3 (v - 2) (v - 1)) K,_4(2))

03.04.17.0013.01

1
K,(2) = . (Z(Z+1200-3)(v=DZ+16(v=AH (-3 (v=2) (v = D) K,_6(2) +

28372 +16(r-H (-2 +16(v-5 (- (-2 (- D) (- 3K, 5)

03.04.17.0018.01
Ky(@) = Cav, 2 Kyon(@ + Coa (v DKy s @
2(v-1 2(-n+v)
Cov, =1 \Crv. 9= —— /\ Colv, D = ——=Coa(, D+ Coo(v, 2 [\ nEN'
z z
03.04.17.0019.01

1-n n
Ky(2) == Cn(v, 2 Ky-n(@) + Cna(v, D Ky 1(2) /3 Cn(v, 2 = (=2)" 2" (1= ), st(T. —pilmvonv-on z ) Anen

Functional identities

Relations between contiguous functions
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03.04.17.0005.01

z
K@ = — (K,;1(2 - K,_1(2)
2v

Differentiation

Low-order differentiation

With respect tov

03.04.20.0001.01

T CSC(rv)

K02 = T[—zcos(nv) Kv(2) - Iog( )(I y(z)+lv(z))+z (

ve¢lZ
03.04.20.0002.01

/4
Kél'o) (Z) ==

V)
((l_v(Z) +1,(2) (10g(2) - log(2) + Y (v)) +

27327 T(v-1)

(k- v+1)( )Zk—v

UK+v+1) (z\2k+y
)
'k-v+1) 'k+v+1) \2

0><l><2( LLl-v 7 22J

ve1 2x0x122 Vi 2 v; 4 4

03.04.20.0017.01
K %@ =0

03.04.20.0003.01

—nh-1
K@ = % n (g) é (n —1k) k1 4@ (g)k fineh

03.04.20.0018.01
|n| Inl=1 1

-k k!

KO(2) == sgn(n) In|! ( )
2/ = (n|

03.04.20.0019.01
-1 n+1 T

K(l’o) Z) ==
i

~D)"Vrz (n+ 1!t 1 2)\K
( ) ( 1(Z)+|

2 Hn-k+ 1kl z

Brychkov Yu.A. (2005)

03.04.20.0020.01
n

K9, (2) =

K@ (g)k inez

1
(Chi(22) - Shi(22)) (Im%(z) + |_n_% (z)) +> (n+1)! Z

nvcot(nv)+1
—IV(Z))+
4
2= v—3zv+2r(_v_l) 0% 1x2 1 1 1+V Z2 22 7
v+l 25051 2 24y 24v; 4 4 fivé

n 1 Z\k-n-1
— ()] K .o+
S (n—k+ 1) (2) ke

k-1 P
km%(z)) > — K, 1@ /nen

p=0

(Imi(z) + ',n,l(z)) (Chi(22) - Shi(22) -

~D"Vaz (n+ 1wt 1 2\«
( )( 12+

2 SHn-k+1ik\ z

Brychkov Yu.A. (2005)

k_n_g(Z))Z ; Kp_2

i K!'(n-k+ 1) (Z)k "~ Kk%(z) _

k=0

k-1 ZP
1(22) /, neN
p=0
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With respect to z

03.04.20.0004.01
0K, (2

0z

v
=-K,.1(20 - —K,(2
z

03.04.20.0005.01
v

z

0K, (2
0z

KV(Z) - Ky+1(z)

03.04.20.0006.01
0K, (2

0z

1
- 5 (Kv—l(z) + Kv+1(z))

03.04.20.0007.01
0Ko(2

0z

K12

03.04.20.0008.01
9(z' K(2)

0z

-7 Kv—l(z)

03.04.20.0009.01

(7 K,\(2)

———=-7"Ku@
0z

03.04.20.0010.01
8K, (2)

622_

1
Z (Kv72(z) +2 Kv(z) + Kv+2(z))

Symbolic differentiation

With respect to v

03.04.20.0011.02

71X 1 ,z\2k gM 1 Z\—V 1 Z\V
o 25 G el g () g () emenaves
2 &k \2) gym Fk-v+1\2/  Tk+v+1)\2
With respect to z
03.04.20.0021.01
"K, (2 m (=K 22K (—m)y gy 0k

n n
=7 1 m\Ln( ) Ve
o m:go( ) m] Y

Zki k-j-1) 22]
233N k=2]-D!IA-k-»; M| 4

03.04.20.0012.02
"K,(2

a7

1-v
2

= 2"2v=1 732 770V e v) [16V [(1-v),F;

2 _(v+1l v+2 v-n+1 v-n+2
"T(v+1),F , ;
2 2 2

(m-k)!

j
K,-1(2) +

v 1-v—-n 2-v-n

2
zZ

v+ 1 —
4

(k=)

k
j:zojuk—zm(l—k—v)j(

2

, y1-v, —

2 2

))/;vsél/\neN

)

V)]

[ Z

4

i
] Kv(z)]/; neN
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03.04.20.0013.02

1-
K@D 1 [z 1 =5 .
Pt PUY S R R N
- 5 (+V), 5,0
03.04.20.0014.02
"K,(2) (N
" ::(_1)n2—n2(k)KZK_W(z)/;neN
k=0

Fractional integro-differentiation

With respect to z

03.04.20.0015.01
0K, (2

0z

20-2v-1 1312 o Y eso(rv) | 16" T(L - v) = 1-v 1 v 1 l-a-v 1 a+yv 2
= nic 7z TV -y 11— —1-v, - = -
232 2 2 2 4

(v+1l v l-a+v a-v 2
2'Tv+1) ] —, —+Lv+1, ,1- —Ilivez
2 2 2 2 4

03.04.20.0022.01

*K,(2) M=l (DR (v k=D TRK= v +1) [ z\2k
—oigen Y (_) +
oz o), KT@k-a-peD 2
=z

M—lJ K
gz 3 (~DF (W - k- 1!
o KI(V=2k-D)!'TRk-a - +1)

Z\2k
(102 — Y2k —a v + 1) + Y(] —2k))(5) "

o FClog(z 2K+ [V])

Z\2k © I'Ck+|v|+1) Z\2k
oty — (—) - (-1 tlog 2 M 21 )’ (—) +
ki \2 K (k+V)!I TRk —a+ ] +1) \2
© TRk+|v[+1) Wk+1) +wk+|v|+1) ,z\2k
(=1 27M-1 Al-a Z v d (—) iveZ
o KIK+DITRKk—a+ v +1) 2
03.04.20.0016.01
3K, (2) (v+1l v+2 1-a+v 2—-a+v 2 z
=(-1)"1t22 2" Vr T(v+1) ZF;{ , ; , v+ 1 —] Iog(—) 27"+
0z 2 2 2 2 4

1 CDF(k+v-DI@k-n! zy2k [V;J(—l)"(v—k—l)!
=2 G 2

FCop(z 2k—v) 2¥ +

":[%J KITRk-—a-v+1) 2 0 22k=v+1 |
-1 < Ck+v)! Wk+D)+yk+v+1D) -2¢R2Rk+v+1)+2¢2k—a+v+1)  z\2k+y
z"’z (—) /iveN
<o Kl k+ ! TRk-a+v+1) 2
Integration

Indefinite integration

Involving only one direct function
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03.04.21.0001.01

f K, (a2 dz==2"2rz@2)~" csc(rv)

1 vy _(1 v 3 v a7 v+1y _ (v+1 v+3 a2z
4V1"(———)1F2 ———ley, - — —(az)ZVF(—)le TV + 1, —— || ivez
2 2 2 2 4

2 2 2 2 2 4
03.04.21.0002.01
271 724V ese(n v) 1-v 3-v 72 27 1 p 7+l ese(nv) v+1l v+3 2
fKV(z)dz: F, i1l-v - F, ; v+l —|/iveZ
re-v) T(v+2) 2 2 4

2 "2 4
03.04.21.0003.01

1 z 1

fKV(z)dz= EGi‘%’[_ —

1
2' 2| %,0]

03.04.21.0004.01

nz
f Ko(@dz== - (Ko(2 L_1(2) + K1(2) Lo(2))

03.04.21.0005.01

f Ke(@ d 2= —Ko(2)
03.04.21.0006.01

1 ,(z1
sz(Z)dF: §G1:3 T

1
2' 2| -3 2,0)

1
sz(Z) dz=-2Ky(2) - Eﬂ Z(Ko(2) L_1(2) + K1(2) Lo(2))

03.04.21.0120.01

03.04.21.0121.01

f Ks(d dz=Ko(2) - 2K2(2)
03.04.21.0122.01
1
fK4(Z) dz=2(Ky(2) - K3(2) + Eﬂ Z(Ko(2) L_1(2) + K1(2) Lo(2))

03.04.21.0123.01

f Ks(2) dz=2(K2(2 — K4(2)) - Ko(2)

03.04.21.0124.01
n-1

1
f Ken@dz= 2 (1" 72) (Ko@) L_1(2) + K1@) Lo@) +2 ) (D" Kpi1(@) ;N €N
k=0

03.04.21.0125.01

fK2n+1(Z) dz= 22}(—1)“"_1 Kak@ - (-D)"Ko(@ /;neN
k=1

Involving one direct function and elementary functions

Involving power function
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Involving power

Linear arguments

03.04.21.0007.01

f 2K, (@dz==2""217 (@2 csc(n v)

[ a-vy _ [(a-v 1 a2 7 a+vy _ (a+v 1 a2z
4VF( )1F2 —1l-v, —(@-v+2);, — —(aZ)ZVF( )1F2 v+l —(@+v+2);, —||/ive”Z
2 2 4 2 2 2 4

2
03.04.21.0008.01
fz“‘l K, (2 dz==

21 27 ese(n v) [a'—v 1 a-v 22] 271 g 2 ese(n v) [a'+v a+v Z
- 2 1=, - ;

+1, —
v-o)Id-v) 2 2 4

(@+V)T(v+1)

03.04.21.0009.01
fz"lK ZGK Flalazz ZK Flalalzz
T Ko(@ddz=—[Ko(2 y—+1 = — [+ —-Ki2 =+ —+1 —
0 a | OO s T A e P2 T2 g
03.04.21.0010.01

f 2K (Ddz=-2"K, 1(2)

03.04.21.0011.01

4 772 1 3 2 1 13 2
fz“’KV(z)clz:2‘V‘17rzcsc(nv) - R == 1-v, ——v; — |- 1Fol =y =, v+1, —
QRv-DTIld-v) 2 2 4] T+ 2 2 4

03.04.21.0012.01

f 23K, (2dz=-
2T(-v)

2v L@ T (=) 272+ 21, T(—) 272 = |, 1@ TV %3 + 1,3 T(-v) 23 + 273+ 273 y))

(rescmyv) (21,22 T(-v) 27%2 +

03.04.21.0013.01

f 2 K (D dz== -2 K_,_1(2)
03.04.21.0014.01
(1 3 72 1\ . 1 3 2
fz" K,@dz=2"2nzescrv) |8V 1Bl =i 1-v, = — |- 2" l"(v+ —] Folv+ — v+, v+ — —
2 2 4 2 2 2 4
03.04.21.0015.01
fzKo(z)dz: -zK1(2
03.04.21.0126.01

Kon(2 1 n-1
[= dz=——[(—1)”Ko(z)+KZn(z)+2Z(—1>k+”l<2k<z>]/;neN*
2n

z k=1

03.04.21.0127.01

Kani1(2) 1 1 n S k+n
f dz=- Konet(@ + = (-1"72) (Ko(@) L_1(@) + Ky@ Lo@) + 2 ) (-DF*" Kopa@ | s n €N
z 2n+1 2 o
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03.04.21.0128.01

K2n(2 Kan(2 1 n-1 )
f 2 dz=- + Kons1(2 + = (( 1" 72) (Ko(2) L_1(2) + Ky(2) Lo(2) + ZZ( DKo (@ |+

z 2(2n+1) k=0
1 n-2
m [ 2n-1(D - = (( 1"72) (Ko(2 L_1(D) + Ki(2) Lo(2) - 22( pkn K2k+1(2)]/ neN*
- k=0
03.04.21.0129.01
Kan+1(2)
f dz=
2
D"Ko(@ +Kan(@d  Kon2(@d = (-1)"Ko(d  Kzpia(2 1
04n 2n(? + 2n+ 20D o anl 20D 2 Z( DK, (2 + —Z( DM Ko@) /; ne N*
03.04.21.0130.01
W(2) (2 1 1
f dz= - f—(Kv_l(z)+KV+1(z))clz/ meZAm>1
Pl (m—l)zm‘l 2(m-1)

Power arguments

03.04.21.0016.01

1 a—-rvy _ (a-rv l/a 1
sz K,@aZ)dz= —(2*%2? (az')‘Vcsc(m)(m r( )1F2( ‘1-v, —(— —v+2); —azzzr)—
r 2r 2r 2\r 4

+r ~ +r +riv+2 1
(az’)zvr(a V)le(a V; v+1, 70/ v - 222’)))
2r 2r 2r 4

Involving exponential function
Involving exp

Linear arguments

03.04.21.0017.01

fe‘az K az)dz=-2"nz(@z)” vcsc(rv)
N 1 _ (1
(F(Zv) 2F2(V+ E, v+1,v+2 2v+1, —2az) @22 +4' T(-2v) ZFZ(E v, 1-v;1-2v,2-v; —2az))

03.04.21.0018.01

feaz K, (@a2)dz=-2"nz(@a2™ vcsc(n v)

N 1 _ (1
(F(ZV)ZFZ(V+ E, v+1,v+2 2v+1, 2az)(az)2y+4vl“(—2v)2F2[§ v, 1-v;1-2v,2-v; 2az))

Power arguments
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03.04.21.0019.01
fe-az’ K, (aZ)dz=

1 1 1 1
[Z’V’lz(az’)"v ((r F(l—v)+F(—v))2F2[v+ 2 v+ — v+ —+1,2v+1; —2az’)(az’)2v+4v

r r

r2y2-1

1 1 1
TW)+rT(v+ 1))2F2(E -V, —=v;1-2v,—v+ —+1; —Zai))]
r r

03.04.21.0020.01

feai K. (@aZ)dz=-

1 1 1
(Z‘V‘lz(az’)“’ ((r F(l—v)+l"(—v))2F2[v+ > v+ —v+—+12v+1; 2az’)(az’)2V+

r<vys — r r

1 1 1
4 TW)+rIT(v+ 1))2F2(E—v, ——v;1-2v, v+ —+1;2az')))
r r

Involving exponential function and a power function
Involving exp and power

Linear arguments

03.04.21.0021.01

1 (1
fz‘"l e 2K, (a2 dz=2""Vr #@2™ csc(;rv)(l"(g _V)F(Q_V)ZFZ(E —v,a-v;1-2v,a-v+1; —2az)—

1 _ 1
4 (az)z"l"[v+ E)F(cx+v)2F2(v+ E, a+v,a+v+1, 2v+1; —2az))

03.04.21.0022.01
2*)/ e*az TV
fz‘v e K, (@a2dz= ————(2"az(K_,(a2) - K,(@a2) T(v) — e?? 7 (a2)” cSC(n v))
av-1I(v)

03.04.21.0023.01
7’

fzv e 3K, (az)dz=
2v+1

2" (az2)™’ cse(mrv)
[e‘“ z(K,(a2) - K_,_1(a2) - —)

al'(-v)
03.04.21.0024.01
1 _ (1
fz‘"l ?K,(@2)dz=2""1Vr (@2~ csc(rv) (1"(5 - v) T(@-v) ZFZ(E —v,a-v;1-2v,a-v+1; 2az) -
1 5 1
Vg (az)zvl"[v+ 5)F(a+v)2F2(v+ > a+v,a+v+12v+1 2az))

03.04.21.0025.01

27vzY
fz‘V e?*K,(az)dz== — (mr(@z)’ csc(rv) — 2" ae?*z(K_, (a2 + K, (a2) T'(v))
av-1)TI(v)
03.04.21.0026.01
2 (@™
fzv e*K,(az)dz== —— (ae??z(K_,_1(a2) + K, (a2) I'(-v) (@2)” + 2" m csc(n v))
av+1I(-v)

Power arguments
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03.04.21.0027.01

f e K (@aZ)dz=2""1# @Z)”

1 « a
ZFz[v+E, —+v;—+v+1,2v+1;-2aZ

[(-v)@z)?
r r

a+rv

03.04.21.0028.01

f #2127 K (aZ)dz==2""1# @Z)”

1 «

a+rv

[F(—v) @z)?
r

Involving hyperbolic functions
Involving sinh

Linear arguments

03.04.21.0029.01

| +

a
2F2[V+ > —+v; —+v+1,2v+1;2az'] +
r

1 1% 1%
ZFZ(——V, —=v;1-2v,—-v+1;-2a”Z
2 r r

4T

a—-rvy

1

4 T(v) a a
ZFZ(E—V, ——v;1-2y, ——v+1; 2az']

a-rv r r

fsinh(az) K,(a2)dz=
% v v 53 v 3
- 27 2@ |[TA -+ 2T (V) sFy| =+ =, —+ 1, —+ — —, —+2, v+ 1, v+ — a2 |(@2?" +
V24 2 2 422 2
3 v v 5 v 3
(22T + 4 T+ D)gFa| = - =, 1- =, - == =, 1-v, ==y, 2-—; &7
4 2 24 22
03.04.21.0030.01
fsinh(b+az) K,(az)dz==
az(az)zvcosh(b) v 3 v v 53
27 nz(@2) csc(nv) | — —t -, = —t+ -, —+2, v+l v+ — @ P|-
(v+2)F(v+l) 2 4 2 "2 4’2
4" azcosh(b) 3 v v 5 v 3 %
- R —1——————1—v,——v,2——;a222+
v-2I'A-v) 4 2 2 4 2 2 2 2
4 1 v1 v 3 v 11 3
F[——— Rl P PP 222)—
re-v 4 22 2'4 2'2'°2 2
(az? v 1 v 1v 31v 3 1
3F4(—+—, — - == —+—,v+—,v+1;a222) sinh(b)
IF'v+2 2 42 22 422 2 2

Power arguments

)
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03.04.21.0031.01
1

fsinh(az’)Kv(az')clz:—
rv=-0-D(vr+r+1

[2-“-1 z@z)*” [(r T(L-v)+( +1) (=) 3F4(g +

@) +4 (r+ DT +rT(v+1) 3F4(4

03.04.21.0032.01
fsinh(azr +b)K,(aZ)dz=
4 sinh(b)

1
27 rz@Z)” eseln v)( (_
rv-1r@a- V) 4

3

T

v 3

222r]

3
+— v+l v+ &
2

1

3
;E,l—v, — v, —— 4 —+ —; @2

2 2 2r

3 v 5v 1 1 3v 3 1
— =t = =t =+ — =, —+ =
4 2 4 2 2 2r 22 2 2r
3 v5 v v 1 1 3
_—— — _——— —— _+_
24 2" 2 2 2
v 3 v 1 v 11 v 1
- — ===, ==V, 1-v,——+ —+1a er)+
4 2 2r 2 2 2 2

2r

1 ) aZ cosh(b) % v 5y 1 1 3v 3 1 3
(@Z)”|-—————3F| - -, =+ — =, —+—+—, v+ 1L v+ ;a2 P
I'iv+1 vi+r+1 2 2 42 2 2r 22 2 2r 2
sinh(b) v 1 v 3v 1 1v 1 1
34(—+—,—+—,—+—'—,— —+Lv+—, v+l @ 22')
rv+1 2 4 2 4 2 2r 2 2 2r 2
4" aZ cosh(b) 3 v5 v v 1 1 3 3 v 3 1
3F4(——————,—— +—+—; = 1-v,——v ——+—+—a222']
rov--1Hrad-v 4 24 2 2 2 2r 2 2 2 2 2r
Involving cosh
Linear arguments
03.04.21.0033.01
4 1 v1 v3 v 11 3 v
fcosh(az)Kv(az)alz:2‘V‘lnz(az)‘vcsc(7rv) 3F4 (——— —— - = == 1=y, ——— @&
r2-v 4 2'2 24 2°2'2 2 2
(@2?” v 1v 1v 31v 3 1
34[—+—,—+—,—+—'—— v+—v+la22)
I'v+2 242224222 2
03.04.21.0034.01
fcosh(b +azK,(azdz=
(a2)?¥ cosh(b) v 1 v 1v 31v 3 1
27 rz(@2)™ csc(r v) —73F4(—+—,—+—,— - —,—+—,v+—,v+1;a222)+
Ir'v+2 2 42 22 422 2 2
4" cosh(b) 1 v1 v 3 v11 3 v
73F4(———,———,———;—,——v,l—v,— —;a222]+
re-v 4 22 24 222 2 2
(@az?” v 3 v v 53 v 3
az|-—————— R -+, —+1, -+ — —, —+2, v+ L v+ —; 8P|~
v+2I'(v+1) 2 4 2 2 4 2 2 2
4 3 v v 5 v 3 3
— FR|---1-— === 1-v,——v,2- —; a2 Z||sinh(b)
v=-2I1-v) 4 2 2 4 2 2

Power arguments

22)_

)
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03.04.21.0035.01

fcosh(az’)Kv(az')clz:
1 1 v 3 v 1 1 v 1 1 )
- [Z’V’lz(az’)" ((rF(l V) + (- v))3F4[— — =+, —+— - —+—+1l v+, v+l & zzr)(az’) v
12,2 _1 2 42 42 2r'2° 2 2r 2
1 v 3 v 1 vy 11 1
4V(F(v)+rF(v+1))3F4(——— _—— — == —,——v,l—v,——+—+1,a222r)))
4 24 2'2r 2°2'2 2 2r
03.04.21.0036.01
fcosh(azr +bK,(az)dz=
4" cosh(b) 1 v3 v 1 v11 v 1
2"t rz@?)” ese(nv)| - —m8M [—-—,———,———;—,——v,1—v,-—+—+1;a2z2f)+
rv-1)TA-v)" 4 2'2r 222 2 2r

1 ) cosh(b) y 1v 3v 1 1vyv 1
@z)*’|- F( ,—+—,—+——,—+—+1,v+—,v+1,a222')
Tv+1 rv+1 2 42 42 2r 2 2 2r
aZz sinh(b) v 3v 5v 1 1 3 v 3 1 3
— Ry = - =+ — =, —+ =+ —, v+ Lv+ — 22|~
vr+r+1 2 42 42 2 2r 22 2 2r 2
4” a7 sinh(b) 3 v5 v v 1 1 3 3 y 3 1
TR P
rv-H-Hra-v 4 24 2 2 2 2r 2 2 2 2 2r
Involving hyperbolic functions and a power function
Involving sinh and power
Linear arguments
03.04.21.0037.01
1
fz“‘l sinh(az)K,(az) dz==
(a—v+D(@+v+1]1)
v 3 v 5a v 13 a v 3 3
27712 @™ |[TA-v) + (a+ 1)F(—v))3F4(—+ ——t— — =+ — =, —+—+—, v+l v+ & 22)(az)2V+
2 42 42 2 222 2 2 2
3 v5 veae v 13 3 a v 3
& (@+ DT +T(V+1)gFf == =, == = ———t+— = 1oy, ——y, ———+ ;&P
4 24 2'2 2 22 2 2 2 2

03.04.21.0038.01

fz‘"l sinh(b+az K, (@z2)dz=2""27%27 (@2~ csc(rv)

3 1 _ (1 1 1 31
(—(azcosh(b)l‘(v+ E)F(E(a+v+l))3l:4(— 2v+3), —(2v+5), —(a'+v+ 1); E, E(a/+v+3),v+ 1, v+ 5 ;a 22)

2 ey [ 1)ﬁ( 2v+1 2v+3 ey 1 ! 2 ! 1; a 22) hb] 2
I v+ - +1), - + - —(@+v+2),v+ + sin az”’ +
(2)v234(V)(V)222(QV)v2v (b)| (@2

4 shbr[s )r(l 1)ﬁ[ 3-2 15 2 ! 1-31 3 ! 3);
azcosn(b) E_V E(a—v+ ) |3 42( - v),Z( - v),E(a—v+ ), E —V,E—V,E(a—v+ );

a—-v 1 _(1 1 a-v 1 1 1
a? zz)+22V+lr(—)r(——v]3F4(—(1—2v), —(3-2v), i —=v,1-v, —(@a-v+2);a° zstinh(b))
2 2 4 4 2 2 2

2
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Power arguments

03.04.21.0039.01

fz“‘lsinh(az’) K, (az)dz=

1 q 3 v5 v aa v 13 3 a v 3
27 a2 @) eso(nv) aFal—— = —— =, — =+ S S 1oy, ——y, ———+ — a2 27| -
(=vr+r+a)I'A-v) 4 2 4 2 2r 2 2 2 2 2r 2 2
@z)?” v 3 v 5 a v 13 a v 3 3
aF4 ——t—, — 4=+ — =, —+—+—, v+l v+ a2
vr+r+a)T'(v+1) 2 42 42 2 2 2 2 2 2 2
03.04.21.0040.01
fz‘"ls'nh(az’ +b)K,(@az)dz=
4" aZ cosh(b) 3 v5 v a v 13 3 a v 3
27 lrxf @)y escny)| —————————— R - - —, - - =, — = — - -, L, ——v, ———+— 2|+
(—vr+r+a)F(l—v) 4 24 2'2r 2 2'2 2 2r 2 2
4 sinh(b) 1 v3 v a v 11 a v
_— (——— —_—— ) — ===, =11 v,———+1;a222r)+
(a—rv)F(l—v) 4 2'4 2'2r 222 2r
1 ) aZ cosh(b) vy 3v 5 a v 13 a v 3 3
@)y |-—————3F -+ =, =+ =, — =+ — =, —+ —+ -, v+ 1, v+— 32|~
rv+1 VI+r+a 2 42 42r 2 222r 2 2
sinh(b) v 1 v 3 a v 1 a v 1
3F4(—+—,—+—,—+—;——+—+1v+—,v+la222')
a+ry 2 4 2 4 2r 2 2 2r 2

Involving cosh and power

Linear arguments

03.04.21.0041.01
f 2 cosh(az)K,(az)dz=

v

1 1
+—+1,v+£,v+l; azzz)(az)zv+

v 1 v 3 a v 1a

—7[2“"12“(az)“’((l"(l—v)+al"(—v))3F4[—+ — =t =, =+ = =, =

v-o)(@+v) 2 42 42 222
11 a Vv

Ll e
2 2 2 2

v 3 v v
>

1
& (@T(W) +T(v+ 1))3F4(Z - o

a
2'4 22
03.04.21.0042.01
f 2 lcosh(b+az K, (@az)dz=2""27%22 (az)™ csc(nv)
a+v

2

a+v

1y _(1 1 11 1 3
(—(Zcosh(b)l“( )r[v+—)3F4(-(2v+1), —(2v+3), i —(@+Vv+2),v+—,v+1a 22)+azl"(v+—)
2 4 4 22 2 2

1 _ (1 1 1 3 3
F(—(a+v+1))3F4(—(2v+3), —2v+5), —(a+v+D); —, —(@+v+3),v+1, v+ —; 2Zz]sinh(b)]
2 4 4 2 2’ 2

1
2
a-v

2

2v , 92v+l a-v E_ = E _ 1 _ E E_ _ E _ c 2 A
(a2’ +2 cosh(b) I’ r v]|sF4 —(1-2v), —(3-2v), D=, v,1-v, —(@—-v+2);a +
2 2 4 4 2 2 2

3

4 I(3 ]](1 1]!5(13 2 15 2 ! 1 31 ! 3 222)
VYazl|— - —(@—v+ -(3- ,—(5- ,—(@=-v+1; -, 1-v,——v, —(@—-v+3); &
5 v 2(a v+ 1)|3F4 = ( V), —( v)z(a v )2 v2 vz(a v+ 3)

S nh(b))
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Power arguments

03.04.21.0043.01

fz“‘l cosh@?)K,(az)dz=

- =+ -, —+

@z)?’ I(-v) v 1 v 3 a v
2 42 4 2r 2

1 a v 1
- —+—+1,v+—,v+1;a222’]+
2 2r 2 2

27l @)™ [
a+rv

4 T() (l v 3 v «a
34|

a-rv

03.04.21.0044.01

fz“‘l cosh@Z +b)K,(@z)dz=

4" cosh(b) 1 v3 v a v 11 a v
27 lx 2 (@z)” cso(nv) 73&(———,———,——— — —v,———+1;a222')+
(@-rv)I(1-v) 4 24 2 2r 2 22 r
4 aZ sinh(b) 3 v5 v a v 13 3 a v 3
e T e B B O i e ol I
(=vr+r+a)I'1-v) 4 24 2 2r 2 2 2 2 2r 2 2
cosh(b) v 1 v 3 aa v 1 a v 1
@z)®|- 3F4(— - =t = —+ = —,—+—+1,v+—,v+1;a222')—
r(v+1) a+ry - \2 42 4'2r 2'2°2r 2 2
aZ sinh(b) v 3v 5 a v 13 a v 3 3
— R+ -, — 4= -, —+—+ -, v+l v+ &
Vi+r+a 2 42 4 2r 2 22 2r 2 2 2

Involving functions of the direct function

Involving elementary functions of the direct function
Involving powers of the direct function

Linear arguments

03.04.21.0045.01

1
va(az)z dz=-

(42 -1 TA-v)*T(v+1y

113
(4-V-1n2z(az)-2Vcsc2(m) [22V+1 (42 -)TA-»T(+ 1)2F3(5, PP a 22) @z -

1 1 3
(2v—1)1"(l—v)22F3(v+ > v+ 5;v+ 1, v+ > 2v+ 1 azzz)(az)4y+

101 3
(2**1v+16")I(v + 1)22F3(5—v, 5 Vim2nlov oy a 22)))
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03.04.21.0046.01

fKV(z)Z dz=

477" 1 2 Zl 2y CS:Z
_ () (22V*1 (42 -)ra-nro+1nz” 2F3(
(42 -1 TA-v)*T(v + 1)?

3
5, 1-v,v+1; 22) —@v-1)TIAd-v3?2"

NIH
I\)Il—‘

1 1 3
2F3(V+ > v+ E;v+1,v+ > 2v+1; 22) +24V(1+2v)r(v+1)22F3(

I\)II—‘

3
v——vl 2v,1-v, E_VZZ))

Power arguments
03.04.21.0047.01

fKV(az’)z dz==

11 1
—(4‘V‘17r22(az')’zvcsc2(nv) (22“1 (4r*v* - 1)rd-» I+ 1)2F3(5, PP RE R a2z2f)(az')2V—
r r
11 1 .
(2rv—l)F(1—v)22F3[v+ > v+ 2—; v+l v+ . +1,2v+1; azzzr)(az’) Y+ (27 v+ 16Y)
r r

1 1 1
T(v+ 1)22F3(— -y, —=v;1-2v,1-v, v+ —+1, asz)))/((mzvz -1 I -v)?T(v+ 1y
2 2r 2r
Involving products of the direct function

Linear arguments

03.04.21.0048.01

fKH(az) K,(@az)dz==
(az)?H u v 1 u v 1
27472 12 7(az) ™ csc(n ) CSC(r v) @2?|——— 3F4(— —t—, —+—+—,
+1) (+v+1)T(u+1) 2 2 22 2 2
[T u v 3 4#
—+—+l;,u+l,—+—+—,v+1,,u+v+1;a222)+—
2 2 2 2 2 (u-v-1T-p)
u v 1 pu v 1 u v u v 3
3F4(——+—+—,——+—+—,——+—+1;l—ﬂ,——+—+—,v+1,—,u+v+l;a222) +
2 2 2 2 2 2 2 2 2 2 2
4 (az)*H u v 1y v 1 u v u v 3
3F4(———+— ———+ =, ———+Lu+1,1-v,u- v+l———+—a22)
(—u+v-DIri(u+1HIA-v) 2 2 2 2 22 2
QH+y
p+v-DIl-wIra-v)
u v 1 u v 1 pu u v 3
3F4(————+—,————+—,————+11 wl=v, —u— v+1————+—a22)
2 2 2 2 2 2 2 2 2 2 2
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03.04.21.0049.01

[kiaaK,s@aaz=
(az?# oV opv
274 n2 z(a2) L ese(r p) eso(r (v + 1) [ 2 @z V| ———— 3F4(— 41, —+—+
IT'v+2) wm+v+2)T(u+1) 2 2 2 2
u v 3 uov 4
1,—+—+—;,u+l,—+—+2,v+2,,u+v+2;a2 )+—
2 2 2 2 2 (wu-v-2TA-p)

uov [T u v 3 uov
3F4(——+—+1,——+—+1,——+—+—;1—,u,——+—+2,v+2, —u+v+2;a222) +
2 2 2 2 2 2

2 2 2
41 (@) F(u vou vou v 1 L u v L 2 )
e N T A It -
T+ A2 222 272 2 2H"7HT"575
22u+2v+3 F( qov JTRY u V+l_1 u V+1 .azzz)
T e el B T T e PR
winTA-prn > U2 22 2 22 2 27 H7H 2 2

03.04.21.0050.01
Ko(a2)?

fKo(az) Ki(@azydz=-
2a

Power arguments

03.04.21.0051.01

fKM(azr) Kv(azr)dz==

) —p- 1 2 @z)* v 1 p oy
27H =2 n z@Z )™M esclr ) ese( v) @z)’ 3F4(_+_+_,_+_+1,
rv+1 ru++1HT(u+1) 2 2 22 2
1

u v 1 u v 1
—+—+—;u+1,—+—+—+1,v+1,u+v+1;a222’)+
2 2 2r 2 2 2r rpu—rv-1TA-p)
u v 1 u v u v 1 u v 1
(4”3F4(——+—+—,——+—+1,——+—+—;l—u,——+—+—+l,v+l,—ﬂ+v+1;a222')) +
2 2 2 2 2 2 2 2r 2 2 2r
4" (aZ)?H u v 1 u v u v 1
3F4(———+—,———+1,———+—;p+1,1—v,p—v+1,
(—ru+tv-DTu+DTA-»n" N2 2722 2 72 2 2r
g ov o1 s
———+—+l;a222’)—
2 2 2r (r(u+v)— )T - T (L-v)

uov 1 o u v u v 1 u v 1
3F4(————+—,————+1,————+E;1—y,1—v,—,u—v+l,—5——+—+1;a222r)

03.04.21.0052.01

va(a«/?) KbVZ)dz=

22«/? (b K,a(bVzZ ) K/(aVvz ) ~aK,4(avz ) K,(bVz ))

a?-b?

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions
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Involving powers of the direct function and a power function

Linear arguments

03.04.21.0053.01

fz"‘l K, (@az?dz==

1 4'TH) (a2 1 @ @ @
— 2% cse(mrv) —2F3(——v, ——v;1-2v,1-v, ——v+1, a222)+4‘VF(1—v)F(2V)F(—+v)
4 (a-2v)T(1-v) 2 2 2 2
5 1 « o4 2 1 a «a
2F3(v+—,—+v;v+1,—+v+l,2v+1;a222)(az)2"——2F3(—, —;—+1,1—v,v+l;a222)
2 2 2 av 2 2 2
03.04.21.0054.01
1
le—Zv K/(@a2?dz= ——— (272372 2% csH(nrv)

a2 2v-1Iw)?
(@222 @21,@2 -1 ,(a2,.1@2)+ 4 (I1-,@2° +1,.4(@2? - 1_,(a2? - 1,(a2?)) I - 4(@2?”))

03.04.21.0055.01

1
fzzv*l K, (@az?dz==

> . [712 2V (@272 csA(n v) [22 0+ _az(az?’ I'(-v)?
8ac2v+1)I'(-v)

[ , [ , 4Kv(az)25in2(7rv)] ]]]
azl,1(a2°-@z(l,1@2+1,(@2)-2vi(az)l,1(@z +a|l,_1(a2 |2
T

03.04.21.0056.01

1
f zK, (a2’ dz= 3 Z (K, (@2?-K,1(@2)K,,1(a2)

03.04.21.0057.01
1
fz Ko(@2?dz= 5 Z (Ko(@2? - Ky(a2)?)
03.04.21.0058.01

1 I,(a2)
f dz=
zK,(a2)? K,(a2

03.04.21.0059.01

K,(a2)? 1
f dz== g 7T CSC(7r v)

4

. 1 . 3
[4‘Vn(az)‘2V cse(n v) (2F(2v) ng(v, v+ 5; v+l v+12v+1 & 22) @z -4 3F4(1, 1, E; 2,2,2-v,v+2,& 22)

_(1
(@z)?+b 4 24+l F(—2v)2F3(E —v,—v;1-2v,1-v,1-v;, & 22)) -
%

4log(2) ]
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03.04.21.0060.01

K,(az)? 1
f dz==
z 4z(4v2-1)

(rescnv) (4az(@zl, (@2 +1,1(@2) K@z +r(2a8%1_,4(a2° Z + 28 |,.4(a2° Z - 2a |, ,(a2) | ,(a2) Z -
2al_,_4(@2l (@2 z+2al_,@2 (a2 -2azl,_;(@z2)z+2vI_,@z2?+
I, (@2*-Q2v-1I (a2’ +2(a (@2 Z +(2v-1)1_(a2)l,(a2)cscrv)))

Power arguments

03.04.21.0061.01

fz‘"l K. (aZ)Ydz=

1
(4*“712 Z@z)? esA(nv) (22“1 (4r*v? —a®)TA-» T + 1) 2F3(5, 21; 21 +1,1-v,v+1a° sz) @z)® +
r r

1 a a
a((lﬁva+24v+lrv)F(v+ 1)22F3(E—v, 2——v; 1-2v,1-v, 2——v+ 1; azzzr)—(az')‘”(2rv—oz)l“(1—v)2
r r

1 « @
2F3(v+ > 2—+v;v+1, 2—+v+l, 2v+ 1 azzzr))))/((oﬁ—4r2a/v2)1“(1—v)ZF(v+1)2)
r r

Involving products of the direct function and a power function

Linear arguments

03.04.21.0062.01

fz“’l K.(@2K,(a2dz=

(az?* u v 1 u v
272 12 2 (@) M sl ) CSC( V) @2?|—— 3F4[— +—+—, —+—+1,
rov+1 (@+u+v)T(u+1) 2 2 22 2
a u v a v 4
—t—+—u+l, —+—+—+1L v+l u+v+1; @ )——
2 2 2 2 (@—pu+v)I1-pw

uov 1 o u v a v u a v u
3F4(——+—+———+—+1,—+———;1—,u,—+——E+1,v+l,—,u+v+l;a222)])—

2 202 2 T2 2 2 2 2
qpy u v 1 u v a u v
3 (————+—,———— L, —-=-= 1oy, 1,
(—a+pu+vTA-wWTAL-v) 2 2 2 2 2 2 2
4 (az)**
—p-v+l, ————— +1;a222)—
(@+p-Tu+HTA-v)
uov 1o v a u v a u v
3F4(——— —,———+1,—+———;ﬂ+l,l—v,ﬂ—v+l,—+———+1;6222)
2 2 22 2 2 2 2 2



http: //functions.wolfram.com

36

03.04.21.0063.01
f 2K (@ K@z dz=2""3x2 7" (a2) ™" csCl(x 1) CSC( V)

4 2 (az)®H u v 1 u v
(——— +—, ———+Lpu+L2-v,u-v+1La 22)
V-DIu+DTA-»n> A2 2 22 2
(@2?” 4uv (@az* u v 1ou v
e 2o 2 e L)1)
Frv+H\a?(u+v-1ru+1) 2 2 22 2
4 7 u v 1 u v
72F3(——+—+—,——+—+1;2—,u,v+1,—y+v+1;a222)—
(u-DTA-p) 2 2 2 2 2
4 22 pov 1 ou v
2F3(———— - ————+ L1y, 1-v, —u- v+2a22)
(u+v-DIrA-wIrd-v) 2 2 2 2 2

03.04.21.0064.01
f 2K (@2 K (@) dz= 2" 2" (@) " cSCl ) CSC( v)

4 7 (@2 uov 1o v
- 2F3(———+—,———+1;;1+2,1—v,;1—v+1;a222)—
(u+ DT+ )TA-v) 2 22 2

4 2 (@az? u v 1 u v
2F3[—— - ——+—+L1-p,v+2, —pu+v+1a 22)+
v+)I'A-wrlriv+1) 2 2 2" 2 2
2 (az?# u v %
(—+— ——+—+1u+1v+1u+v+2a22)
(,u+v+1)l"(ﬂ+1)l"(v+1) 2 2 2
4+l oy u v 1 u v )
oFg|l—— - — = — s ——— ==, —u—v, —v;a?2|-1
Zu+v+DTA-wIrad-v) 2 2 2 2 2

03.04.21.0065.01

fz K, (a2 K, (b2)dz=

VA
- (bK,_1(b2)K,(a2 -aK,_1(a2K,(b2)
a p—

03.04.21.0066.01
fK#(az) K,(@a2

4

dz==

-v 1
,E(,u—v+l);y+l, 1-v,u-v+1; azzz)(az)2”+

27472 72 (az2)"*™ cso( ) CSC( v) (—4V T -v) zﬁg(#

+v 1

((aZ)Z”F(y+v)2l33[# (/.1+V+1) u+l v+l u+v+1; @ 22)

V—u

2

4ﬂr(v—,1)2|33( , 5(—#+V+1);1—ﬂ,v+1, —u+v+1; azzz))(az)zy+

(1 1
4””F(—M—V)2F3[E(—u—V), 5(—#—V+1);1—u, 1-v, —pu—v+1 azzz))
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03.04.21.0067.01

fK#(az) K,(a2

dz==2"""2an? @z * " csc(r u) csc(r v)
YT(-u+v+l) _ (1 1
—ZFS(_(—y+v—1),—(—,u+v+2);1—y,v+1,—,u+v+1;a222)+
u—-v+1 2 2

@2 T(u+v+1) _ (1 1
—2F3(E(ﬂ+v_1)' 5(,u+v+2);,u+1,v+1,,u+v+1;a222J (@az? -

u+v-1
VI (-p-v+1) _ (1 1
—ng(—(—p—v—l), —(—p—-v+2;1l-p,1-v,—u—-v+1; a222)+
u+v+1 2 2

4 @2 T(u-v+1) 1

5 1
st(E(ﬂ—V—l), E(N—V+2);/l+1.1—V,/1—V+1;61222)]

—u+v+1

Power arguments

03.04.21.0068.01

fz*-l K.@aZ)K,(@aZ)dz=

) ) u v 1 u v
#7722 (@Z) M eselm ) CSCl v) Y (aZ') ”3F4(—+ Sty 5to+h
I'v+1) (@+ru+v)(e+1) 2 2 22 2
a u Vv a u v 1
—+—+—;y+1,—+—+—+1,v+1,p+v+1;a222'))—
2r 2 2 2r 2 2 (a-ru+rv)FrA-w
uov 1 u v a v u a v u
(4”3F4(——+—+—,——+—+l,—+———;l—,u,—+———+l,v+1,—,u+v+l;a222'))])+
2 2 2 2 2 2r 2 2 2r 2 2
4y u v 1 u v a v
3F4(————+—,———— y— ol 1y,
(@-r(u+v)TL-wI(AL-v) 2 2 20 2 2 2r 2
a u v 4’ (az)>
—,u—v+l,—————+1;a222r)—
2r 2 2 (@+rpu—rMTu+1HTA-v)

u v 1 u v a 4 v a u v
3F4(———+—,———+1,—+———;,u+1,l—v,,u—v+1,—+———+1;a222’)
2 2 22 2 2r 2 2 2r 2

03.04.21.0069.01

1 4sn(rv)z" 1 a 1 a 1
fz“’l K,_1(@Z)K(@az)dz=—-—n°Z cs(nv) 7(25(—, ——— — 4, 1-v, v a222')+1)+
16 an(r—a) 2 2r 2 2r 2

227+l (g )2y 3 @ 1 @ 3
2F3(——v,——v+—;2—2v,2—v,——v+—;a222r)+
(“2vr+r+a)IA-v)I'2-v) 2 2r 2 2r 2
28-2v(az)>t 1 a 1 « 1
2F3(v+—,—+v——;2v,v+1,—+v+—;a222’]
(a+rQv-1)IT»Iry+1 2 2r 2 2r 2
3 a 1 a 3
(arsin(nv)z’z&(—, — = — 4=, 2V, v+1; a222f]+n(r+a) (v—l)vll,v(azr)lv(az’))
2 2r 2 2r 2

4csc(mrv)
- +a)T2-WTr+1)

Involving direct function and Bessel-type functions
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Involving Bessel functions

Involving Bessel J

Linear arguments

03.04.21.0070.01

3
z az 1 2
fJV(az) K,(@a2) dz= Gis .
16V 2v2 4]0 212 T3 3
03.04.21.0071.01
3
z az 1 7
fJ_V(az) K,(a2)dz= G‘i’é , = . j L
16V 2v2 4]0 3" T3

Power arguments

03.04.21.0072.01

4
f J@z)K,(@z)dz= Gis ,
16vVrr 2

03.04.21.0073.01

z
f JL,@z)K aZ)dz= Grs
16Vr r

03.04.21.0074.01

fJV(a\/?) Ky (b \/?)dz:: 2vz (aJM(a\/;) Ky (b \/?) - bJV(aﬁ) Kyea(b \/;))
a2 +b?
03.04.21.0075.01
[3ava)ovT)az= 2V (aayaVE ) oVE) b0V (o4E))
a?+b?

Involving Bessel J and power

Linear arguments

03.04.21.0076.01

az 1

G?:é[ :
16V 2v2 4

fz‘”l J@2K,(azdz=

03.04.21.0077.01

az 1

f 21 (azK,(azdz= ijé[ .
16V 2vV2 4
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03.04.21.0078.01

f zJ),(a9K,(bgdz= (@ld,;1(@2K,(bg-bJl,(@zK,.1(b2)

a2+ b2
03.04.21.0079.01

f zJ ,(@2K,(bdz=

2 (@di,(a9K,(bz-bJ (@K, (b2)
a“ +

Power arguments

03.04.21.0080.01

1-2
ff*xwingwinw: E Ly J
16vVrr (2v2 4|03 35 -3
03.04.21.0081.01
z az 1 1- 4
fz‘”lJ,v(azr)Kv(az’)dz:: Gls R ]
16vVn r 2v2 4|03 -5 -7 3

Involving Bessdl |

Linear arguments

03.04.21.0082.01

1
f l(@2K, (a2 dz= 2742 r z(a2* ™ csc(n v)
T(u+1)
2(az?v u v 1y v 1 u v u v 3
-3 4(—+—+—,—+—+—,—+—+1;/1+1,—+—+—,v+1,/1+v+1;a2 )—
(u+v+1HT(v+1) 2 2 22 2 22 2 2 2
22v+1 u v 1y v 1 u v u v 3
3F4(———+—,———+—,———+1;,u+1,1—v,,u—v+1,———+—;a222)
(—u+v-1)Ir@d-v) 2 2 22 2 22 2 2 2 2
03.04.21.0083.01
flv(az) K,(a2dz=
rzese(nv) | 20(v +1) 113 47 (az® 1 1 3
3[—,—;—,1—v,v+1;a222)—72F3(v+—,v+—;v+1,v+—,2v+1;a222)
ATw+1?% | TQ-w) 2 22 v+t 2 2 2
2

03.04.21.0084.01

fl @zK,(azgdz=

nzesc(ny) (4 (a2 1 1 3 rl-v) 113
2F3(——v,——v;l—2v,l—v,——v;azzz)——ng(—, — —,l—v,v+l;a222)
2r1-v32\ 1-2v 2 2 2 'v+1) 2 22

03.04.21.0085.01

1
az, —

z 22
flo(az) Ko(@z)dz= ——G34 >

11
E’E]
1
aVT 0,0,-3,0
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Power arguments

03.04.21.0086.01

flu(az')Kv(az')dz: 2+l z@Z )" esce(nv)
F(p+1
4 u v 1 u v u v 1 u v 1
- 3F4(———+—,———+1,———+—;y+1,l—v,/.t—v+1,———+—+1;a222r)—
rv-p-L1HIrA-v 2 2 2 2 2 2 2 2r 2 2 2r
@z)?” u v 1l ou v u v 1 u v 1
3F4(—+—+—,—+—+1,—+—+—;y+1,—+—+—+l,v+1,y+v+l;a222r)
ru+n+1HIrv+213 2 2 2 2 2 2 2 2r 2 2 2r
03.04.21.0087.01
T ZCse(mrv)
flv(az')Ky(az')aﬂz:: R
20 + 1)
4V @) 1 1 1 rv+1) 11 1
—ng(v+—,v+—;v+l,v+—+1,2v+1;a222’)+ 2F3[—,—;1+—,1—v,v+1;a222r]
-2ry-1 2 2r 2r ra-v 2 2r 2r
03.04.21.0088.01
T ZCSC(rr v)
fl,v(azr)KV(az’)aZz: _
2T(1-v)?
4 @z)y? 1 1 1 r1-v) 11 1
72F3(——v,——v;1—2v,1—v,—v+—+1;a222r)— 2F3(—,—;1+—,1—v,v+1;a222')
1-2rvy 2 2r 2r 'iv+1 2 2r 2r
03.04.21.0089.01
2vVz
flv(a\/?)Kv(b\/?)dz:: o (a|v+l(a\/?)|<v(b\/?)+blv(aﬁ)KM(b«/?))
a_

03.04.21.0090.01

2Vz
[1@vz)KpVZ)az= =" (a1, aVZ)K(bVZ) +b1(aVZ ) Ke (b VZ)
& -p
Involving Bessel | and power
Linear arguments
03.04.21.0091.01
f 1, @K, (@2 dz= [2-ﬂ-v-2 nZ (@2 cso(n v)
F(u+1)
22v+1
[—3F4(ﬁ—z - ﬁ—K+1, g+ﬁ—z;y+l,l—v,,u—v+l, z+5—K+1;azzz)—
(@+u-v)T(L-v) 2 2 2 2 2 2 2 2 2

2@2? u v 1 u v a pu v a pu v
—3F4[—+—+—,—+—+1,—+—+—;,u+1,—+—+—+1,v+1,p+v+1;a222)
(@+u+v)I(v+1 2 2 22 2 2 2 2 2 2 2
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03.04.21.0092.01

2% CsC(mrv)
fz“‘llv(az) K(@azndz= ——~
20(v + 1)
rv+1) 1 a a 47 (az?v 1 a @
—2F3[—, ——+1L1-v,v+1 azzz)— —ng[H — —+viv+l, —+v+1 2v+ 1 azzz]
al(1-v) 2 2 2 a+2v 2 2 2
03.04.21.0093.01
2% CsC(rr v)
fz‘"l I_(@a2K,@2dz= ———
4AT(1-v)?

2+l@n?® (1« a 2I1-v) (1 a «
_ 3(——1/, —=v;1-2v,1-v, ——v+1;a222)—72F3(—, —;—+1,1—v,v+1;a222)
a—-2v 2 2 2 al(v+1) 2 2 2

03.04.21.0094.01

1
az, —

fz‘”ll (a2 Ky@zdz= . G22
0 0 = 2,4 2

1 a
5’1_5 ]
4

0,00, -3

03.04.21.0095.01

f zl,(a2K, (b2 dz= @al,;1(@az K, (b2 +bl(@zK,,1(b2)

a2 -p?

03.04.21.0096.01

le,v(az) K,(b2)dz=

> b2 (b I—V(a Z) Kl—v(b Z) + all—v(az) Kv(b Z))
a‘ —

03.04.21.0097.01

lev(az) K,(a2)dz==

1
-— (cscnv) (221 (a2? 2 +@2nl_,4(@D)), (@) Z - 2a%n|_ (a2 (a2 Z +a’ x|y (D) |,,4(aD) 2 -
8a

2&rl,4(@2)l,,1(@2) Z + 4vsin(zv)))

03.04.21.0098.01

fll,(az) K,(az)

4

. (K 1
dz==2"+"""1x (@2 csc(rr v) (4V F(y—v)2F3( , E(u—v+ Dip+1l1-v, u—v+1a° 22)—

z
u+v 1
. ,5(y+v+1);y+1,v+1,y+v+1;a222))

@22 T(u+v) zﬁa[

03.04.21.0099.01
1 I, (a2
fi dz= Iog[ ]
zl,(azK,(az K,(@az2

Power arguments
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03.04.21.0100.01

f @)K @d)dz= [2/”1 nZ @z) esc(nv)

F(u+1)
virg u v 1 u v a u v a u v
3F4[———+—,———+1,—+———;u+1,1—v,u—v+1,—+———+1;a222r)—
(@+r(u-v)rad-v 2 2 22 2 2r 2r 2 2
@z)? u v 1 ou v a u v a 4 v
3F4(—+—+—,—+—+1,—+—+—;p+1,—+—+—+l,v+1,;1+v+1;a222r)
(@+ru+v)T(v+1) 2 2 22 2 2r 2 2 2r 2 2
03.04.21.0101.01
7 Z% cse(mr v)
fz‘”l L@z)K@z)dz== ———
2T (v + 1)

Tv+1) 1 a «a 47 @z)?” 1 a @
72F3(—, —;—+1,1—v,v+l;a222')—72F3(v+—,—+v;v+l,—+v+1,2v+1;a222r)
al'(1-v) 2 2r 2r a+2rvy 2 2r 2r

03.04.21.0102.01

nz¥esc(ny) (227 @) ?” 1 @ @
2F3(——v, ——y;1-2v,1-v, — —v+1; azzzr)—

fz’-l I,(@z)K,@z)dz=
4T(1 - v)? a-2rvy 2 2r 2r
2I'(1-v) 1 o «
72F3(—, — —+1,1-v,v+1 a222’)
al(v+1) 2 2r 2r
Involving Bessel Y
Linear arguments
03.04.21.0103.01
z ol az 1 g, %
fYV(az) K, (@2dz=- Gye 'y - 1 v v 1 1w
16Vn 2v2 4]0, > T T o
03.04.21.0104.01
z az 1 3
fY_V(aZ) KV(aZ)dZ::_ Gg:é[ " 1 j v2 1 v+1]
16V 2v2 4]0 > T3 T g
Power arguments
03.04.21.0105.01
1 1-v
z az 1 1- -, =
[Yak@t)dz=- S BT PR 1_v]
16Vnrr 2V2 0,% %2 "2 2
03.04.21.0106.01
1 v+l
z az 1 1-~,—
fY,V(az')Ky(az’)dz::— Grg T
16Vr r 2vV2 4]0, T3 T 2
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03.04.21.0107.01

2Vz
va(a VZ)K,(bVZ)dz= (aKi(bVZ) Yous(aVz ) - bK,a(bVZ ) Vo2V Z )
a2+ b2
03.04.21.0108.01
2Vz
[¥@Vz))(0VZ)az= = (akbVZ ) Yur(@VZ) - by bVZ ) Y- (aVZ )
a? +b?
Involving Bessel Y and power
Linear arguments
03.04.21.0109.01
z 2| 22 1 1- %' %
fz‘"l Y, (az2)K,(az2)dz=— Gyg = Lo
16V 2v2 4]0, 3 T3 T T g

03.04.21.0110.01

az 1

Gt
2,6
16V 2V2 4

f Y (@K (@ dz=-

03.04.21.0111.01

f zY, (a2 K, (b2 dz= (@K, (b2 Y,.1(az2)-bK,,1(b2) Y, (a2)
a+b?
03.04.21.0112.01
sz,v(a 2K, (b2dz= @K,(b2 Y, (@a2-bK,(b2Y_,(a2)
a+b?
Power arguments
03.04.21.0113.01
z az 1 1-&
fz“*l Y, @)K, @z)dz=— Gys . 4V' Za .
16\/7r 2\/? 4 01 21 T2 T o
03.04.21.0114.01
z az 1 1- 2 x2
f 7Y (aZ)K,@Z)dz=- Gys e A
16Vr r 2vV2 4|0, > T2 2 T 2

Definite integration

For thedirect function itself

03.04.21.0115.01

DOK t)dt i i TR 1
fo N0 --Esec(7)/,|e(v)|<

03.04.21.0116.01
a-—-v

00 a+v
f LK, (t) dt = 2072 F(T] F(T) /; Re(a) > |[Re(v)|

0
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Involving the direct function

03.04.21.0117.01

o 1 1

f K, (h? dt = — % sec(nv) /; IRe(V)| < —

0 4 2
03.04.21.0118.01

f LK, ()2 dt =
0

a a a
r(_)r(_ _ v) r(— N v) /; Re(@) > 2|Re(v)|
ar(z) 212 2

03.04.21.0119.01

o ] b x b x 2
— e X Io[—) KO(— dx=2_| — f sechz(a) K(sechz(a)) K(tanhz(a)) /i

0 \/7 2 b

Re(@) = Re(b) > 0 /\ cosh™

Integral transforms

Fourier cos transforms

03.04.22.0001.01

n cosh(vs nh_l(z)) v
FalK,®)] (2 = P — %0(7) /i |IRe(v)| <1Az>0
VZ+1

Fourier sin transforms

03.04.22.0002.01

7 snh(vsnh™@) (v
Tl @ = | >~ csc(?) /- IRe()| < 272> 0
VZ2+1

Laplace transforms

03.04.22.0003.01

1 v v 1 v+1 v+2 1
LIK,MD @ =2""rz" " cse(ny) (4V ZZVZFl(_ -=1-—=1-v —) - 2F1[ , s+ 1, —]) /;
2 2 2 2 2

IRe(v)| < 1ARe2) > 0

Mellin transforms

03.04.22.0004.01
zZ—-v

Z+V
MUK, 0] @ = 22 F(T) r(

T) /; Re(?) > |Re(v)|
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Hankel transforms
03.04.22.0005.01

23
7’{'(;;4[Kv(t)] (Z) ==

3 3
Re(u—v)>—£/\Re(y+v)>—5/\z>0

Representations through more general functions

Through hypergeometric functions

Involving oF1

03.04.26.0001.01

2 2
K, (2) == 7 csc(v 71) [ZV‘l v olfl[; 1-v; Z] -2ty olfl[; v+ 1 Z]] LiveZ
Involving oF 1

03.04.26.0002.01
z z
K@ =2""TmZ" oFy|; 1-v; ik 27 (=) 2 oFy|5 v+ 1 2| ez

Involving hypergeometric U

03.04.26.0003.01
1
K,(2=Vr 22" e*ZU(H > 2v+1, 2z)
03.04.26.0004.01

1
K,(2=Vr 22~ e-Zu(E —y,1-2v, 22)

Involving 1F,

03.04.26.0005.01
1 1
K,(2=2"1Tw)z" e? 1F1(E —v;1-2v;2 z] +277 T (—y) 2 e7? 1F1(5 +v; 1+ 2v; 2z) LiveZ
Through Meijer G

Classical casesfor the direct function itself
03.04.26.0006.01
1 Z
o(V7)=5e(3

y _r
2" 2
03.04.26.0007.01

1 Z
K, @=-2z"(2)" &=
@ 57 (Z) " Go2 2

r _r
2' 2

v 3v v 22
)_ g (-27z2z 2 (Z"-(2))csc(av) Géjg(— 2

g,—g]/;véz

1 1 1
7F(—(2y—2v+3))r[—(2u+2v+3))2F1(—(2y—2v+3), —Q2u+2v+3); u+1; —22)/;
V2 T+l 4 4 4 4
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03.04.26.0008.01

1 2
K, (2) = - Go9| —
2 > 0,2[ 2

v
5 —%] /;Re(@ >0
03.04.26.0009.01

1 z

ry _r
2’ 2

Classical casesinvolving exp

03.04.26.0010.01

K, @ =Vrn Gf;g(zz

03.04.26.0011.01

CoS(7v)
e’K, (2) =

@@

T

Classical casesinvolving cosh

03.04.26.0012.01

cosh(\/?) K, (\/?) = i\/_ Gsa

Classical casesinvolving sinh

03.04.26.0013.01

sith(VZ K, (vVz) = %/_Giji

Classical casesfor powersof Bessel K

1
E ]
0, -v,v

Classical casesfor products of Bessel K

03.04.26.0014.01

03.04.26.0015.01
VT 0
KMWWWF—4%‘1 1]
2 27 2

03.04.26.0016.01

6 (V2 (VE) = -

z

03.04.26.0017.01
cos(v )

K, (-V=2)K (V=2 ) = ?Gi%[z

2Vn
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03.04.26.0018.01

(-2% 1 z
(=) [ - a2 o bp
vz ) 8vx 64
Classical casesinvolving Bessel J
03.04.26.0019.01
1 z
3, (VZ)K, (Vz) = —— 30(_ oz,z,_z)
V( ) V( ) 4\/7 0.4 64 2" 2 2
03.04.26.0068.01
1 z
L) ()= e g |03 5 5)
avr 164

03.04.26.0020.01

1 ny z
(12 (V2) + 3. (V7)) (V2) = —=cos =) & = | 2.-2. 1.0)
2Vn 2 64
03.04.26.0021.01
4 4 4 1 . v 3,0 z v v 1
(1 (V2) -3, (V2)) . (2) = —sin( ) &38| 0.-2. 1.
2vn 2 64
Classical casesinvolving Bessel |
03.04.26.0022.01
1 1
L(VE)K (V)= —— G| 2 ]
2vVn 0,v,-v
03.04.26.0069.01
1
L(VZ)K(Vz )= ——ciiz| 2 ]
2Vn 0, -v,v
03.04.26.0023.01
1 2,2 O’ %
L(VZ)K (V2 )= —=GElz| .\ uov v |i-H—v-1ENAV-p-1¢N
2Vn Rl iy
03.04.26.0070.01
(D" ¥ es f 7@y + (-1M) T
|y(‘/;) mel(\/?) = Sk ntl nel 3 i 1 ‘e 1 -
\/? T,T'i‘ ,V+Z, Z,—E(n"rl),—z(n"'l)—V
o) DI AP s 2] ) 1ok 2
5| DLz iz ( ‘”+lEJ+§)( - +lEJ)n_[gJ
D"Vr esvm) )’ LneN
o KIT(k—n—v)T(k+v+1)
03.04.26.0071.01
(~1" 72 csc{ 3 7 (4 + (- 1) 0tys3 L
|v(‘/?) K—n—v—l(\/?) = : G‘Z‘:é 2l i1 net 3 i 1 s 1 -
\/? T,T-F ,V+Z,Z,—E(n+l),—5(n+l)—v

gl rons 31 B ke 3,
(—1)”x/7csc(m)z 2 neN/neN
o KIT(k=n—v)T(k+v+1)
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03.04.26.0072.01

2 0% v+ 2 1
R I« IEMC N
cos(v) +sSin( v) E’V+E'V+Z’ Z’_E’_V_E \/;
03.04.26.0073.01
1 31
20v+1)  #Pesc(nv) 0 v+>, =
Iv(\/;) Kv+2(\/;) = + 5,2 z 2 3 14 4
z COt(ﬂV)_l 1,V+1,V+Z, Z,—l,—V—l
03.04.26.0024.01
cos(rv) 1
(1L (VZ)+1, (VZ) K, (vZ) = ngg[z : ]
v -, v,0
03.04.26.0074.01
sin(rv) 1
(L(VZ)-L(VZ) K (VZ) = Gig[z z ]
vV 0,v, —v
03.04.26.0025.01
1 1 o 2.0
I,,(\/?) K, (\/7)+Iﬂ(\/?) KV(\/?) = —cos(gn(u—v))GZj4 2| pir ey ven pa
Ve Tl T! Tl _T
03.04.26.0026.01
1 (1 o 0,5
Iv(\/;) Ky (\/?)_Ill (\/?) Ky(ﬁ) = FS”(;R’(/J-V))GZA z “__H’ ﬂ V__” _ﬂ
4 2' 2" 2" 2
03.04.26.0075.01
11 1
2 1 2 5, 7 (1=-2v), 2(3-2v)
LVzZ) - SKWzZ) =-sctan)Vr G3Yz| 2 * ) ‘)
n? 0, -v,v, 7(1-2v), 7(3-2v)

Classical casesinvolving Bessel Y

03.04.26.0027.01

1-v

z v
WV (z)=-—cl | L0, L
4N 64 | 0, 332 "3 2

03.04.26.0076.01

v+1

4= o= 1 4o ? 2
KV( Z)va( Z):_—Glzs_ 1 v v v+l
AN~ 6410, 312 T

03.04.26.0028.01

Ko(VZ)- 2 vo(V2) = 26t | 0.0.1.

2 2 256 2’2
03.04.26.0029.01
Ve

_n
(70 S l37) S | ey o e

2 9| 256
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03.04.26.0030.01
T T z ﬂ
4 4 30 4
K”(ﬁ)_EY”(\E):EGLSz_ss Can ms 2a 2n]/neN
4’ 4 4 47 4
Classical casesinvolving oF1
03.04.26.0031.01
2\ 22r(b) hbg. 20 n T
K, (z)OFl( b; —]::7G§jizz L, 2R , /;—b—v$N/\v—b$N/\——<arg(z)s—
4 Vi ~3 5 1-b-2 1-b+ 2 2
03.04.26.0077.01
22 n-v—
KV(Z)oFl:—n—v;Z =2" 27TF( n-v)
1 1 1 1
1 ~(N+v+1),>(h+v+2),>(-2n-2v+1), —(2n+2v+3)
ﬁcsc(—nmv—(—l)“))eiézz 2 2 N
4 n+§+1,—g,z(—2n—2v+1) Z@2n+2v+3), 5,n+—+1
k+v 1 n
5 ) ol T 2R r(kons 2]+ 5)(1_|<+L5J)nfng e i
— csc(v) /ineN —-—<ag®2 = —
m ;) KITk—n-wT(k+v+1) 2 2
03.04.26.0078.01
Z
K@ oFif;v—-n, —|=
o1 4
( l)\; Jsz—Vr(k n+[ J %)(1_k+|~gJ)n—\‘EJ 1
B 27rF(v n) l Csc(wr) 2 —x/?w(—n(4v+(—1)”))
KIT(k—=n+v)T(k—=v+1) 4
Z-v+1), 2(-v+2), 7 (-2n+2v+1), ;2n-2v+3) x x
Gijézz 2 4 . /;neN/\——<arg(z)s—
n—§+ ,2 4( 2n+2v+1), (2n—2v+3),—g,n—7v+1 2 2
03.04.26.0079.01
1 1-vy v 1
2 m2esol; v+ D)n L1-t 23-2), ;@v+D)
Kv(Z)oFl[;W —] =27 Tz - it )Gijézz PP 1
4 NE3 1-%,5,738-20,1- V, 5 3@2v+D
/e () Ve
——<ag2 =< —
2 =9 2
03.04.26.0080.01
K,(2) oF 1 z
V(Z) WL —|=
o1 4
72 csofn (v - 2 vt tso2y), tev-1 x x
272r(v-1) 2(v—1)zv+MGiézz 2 . 24 . 4 ) [i-—<ag@ s —
V2 2-2 % 26-2v,2-2, -2 2@v-1)| 2 2
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03.04.26.0081.01

32 1 _ vil w2 1 1
A T o 050(471(1 4v)) 22 = 5 3 (1=2v), 7@2v+3)
Ky(@oFi|; —v; — =277t T(-v) |2 - Gis|Z| | .5 4 s
4 V2 —5 57 1=2v), 5, 5+1, 7@2v+3)
n ( n
-—<ag2= -
2 9 2
03.04.26.0082.01
zZ
Ki@oFyf; -y =1 — |= 272 r(-v-1)
2 CSC(iT(V+ %)) ”s %, ?, %(—21/—1), %(2V+5) n n
—— G ?| , Lo s L —2Z2 0+ |/ ——<ag) < -
V2 — % T’Z(_Zv_l)’ E,?+211(2V+5) 2 2

03.04.26.0032.01

2\ 27°T0+D o(Z ] 5y vy a) T n
K, (2 oF1 1V+1,—Z ::77[(304 a 7 T "7 /.—5<arg(2)55
03.04.26.0033.01
Z 2§_ZF(1—V) z b s
K, @oFy|; 1-v;——|= ————Gog| — | 22, -2, L, &)~ cag) < —
ot 4 Vr ega| 4 4 a ) 2
03.04.26.0083.01
221(b) hy-0
K2VZ)oFiG i = ———Gilaz| |, 2] 2 |fi-b-veNA-brveN
\/; —E, E,—b—§+1,—b+§+l

g ol arfens |2 ) a3, o

3 v
Kv(zx/?)OFl(;v—n; 2=2"2+vr Z2I(v-n) «/?csc(vn)z -
— KIT(k—v+1)T(K—n+v)

1 Z(-v+1), Z2(-v+2), 7 (-2n+2v+1), ; (2n-2v+3)
2V7er/2cs{—n(4v+(—1)”))c;§;§4z . L . /ineN
4 n-2+1 2, 7(=2n+2v+1), ;2n-2v+3), -7, n- T +1

03.04.26.0085.01

3
K, (2 ﬁ) oF1G —n—v:2=2""271 22T(-n-v)
_Y 1 292
27z 2 cs{znmv—(—l)")J Gyg|4z

o ol Flarzren+ g« ) a-kel3), o

v
151

SM+v+D), Z(+v+2), 2(-2n-2v+1), ; (2n+2v+3) ]

n+2+1,-2, %(—2n—2v+1), %(2n+2v+3) n+3‘2—v+1

x/?csc(wr)z L nen
= KIT(k+v+1)T(k=n-v)
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03.04.26.0086.01
1-v vy 1 1
1 v 1 1 —,1--,>238-2v),=(2v+1])
KV(Z\/Z)OFl(; Vi) = -TW)|z2-2"2 713/21250(—(4v+ 1);1] Gial4z 2 2 4 4
2 4 ' _v v 1o _% _v1
1-4, % 2@-2v,1-2, -2, 2@v+

03.04.26.0087.01

Ki(2VZ ) oFi(v-1;2) =

rv-1 v 5
oD [2\/?(1/—1)2_2+2V713/2cs{7r V- Z)] Gi:é[4z

4V2

03.04.26.0088.01
v+l v+2 1 1
1 ! 1 o= Es, 7 (1-2y), 7 (2v+3)
KV(Z\/?)OFl(; v, = —T(=) |22+ 2772 732 csc(n[v— —)) Giel4z 22 12 4 . 4 .
2 4 — 5 S5 7 (=2v), 2, T +1, 3 (2v+3)
03.04.26.0089.01
Ko(2VZ )oFiG v =12 =
v+2 v+3 1 1
5 3 5 - 5 7 (=2v=1),2@2v+5)
27 T (—v -2 2 v+ D 2R+ 2P n | v + — || G224z 20 204
4 ’ A N A, SR LA LA S e, SV
L Loy, L T2 vy
03.04.26.0090.01
1
227w+ 1 2 e P
Ko(2VZ )oFiG v +1 -2 = 768;2[— 2oy —%(Sw] fi-=<ag@ s -
Jr 4 2 2
03.04.26.0091.01
v—4
ZTF(l—V) 3,0 22 v v v+2 3v g g
KV(Z\/?)OFl(x 1-v; —Z): TGO’A‘ Z 11 a4 /, —5 <arg(Z)S 5

T

Classical casesinvolving oF

03.04.26.0034.01
b1t s s
]/; —b—v$N/\v—b¢N/\—5<arg(z)s£

b-2
22 == —2 Gg'izz 2’ 2
Pl -zn1b-21-be2

K, (Z)olil[; b; —
4 - :

TR

03.04.26.0092.01
. 2
Kv(2 oF4|: —n-v; 7

ZM+v+D), ZJ(+v+2), 7(-2n-2v+1), ; (2n+2v+3)
1% v 1 1 v 3y -
N+ >+1 -3, 7(-2n-2v+1), 7(2n+2v+3), ;,n+ - +1

Z

1
o™ |V csc[zn(4V—(—l)n)) G

n

1% sz+Vr(k—n+ [gJ + %)(1—k+ LEJ)n,H - P
- /:neN/\—E<al’9(Z)5 3

2 5] =D
| = CSC(WT)Z
n o KIT(k—n—v)T(k+v+1)
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03.04.26.0093.01
22]

K@ oF4|;v—n; —
0 1[ 4

2] 052 r{k-n+ 2]+ +3)(a=ke 3] 1
: _ﬁcsc(_nmw(—l)”))
4

3 2
2™ | [ = CSC(WT)Z
P e KIT(k=n+v)Tk=v+1)

|

Sin-v+1), tn-v+2), 2-2n+2v+1), 2@2n-2v+3) p p
Gi:ézz 12 ) 1 * 3 /;neN/\——<arg(z)s—
N-2+1 2, 7(=2n+2v+1), ;(2n-2v+3), -5, n- S +1 2 2
03.04.26.0094.01
1 1-v v 1
i 2 a2esdz (4v+ D =X 1-% =2(3-2v), (2v+1)
Kv(Z)OFl[; v —] ol v _ 50(4 )Gié Z , 2V . 274 vy o1 /;
4 \/? 1—5 5 2(3 2V) 1—_, (2V+1)
by b
—-—<ag2 = —
9 2
03.04.26.0095.01
5 3-v v 1
) 2 aPesn(v-2 —,1--,>(5-2v), —(2V 1)
V(Z)OFl[;V_l; _]:zvz Z(V_1)27v+ ( ( )) Gijgzz v 2v 1 2 ‘ 3v v 1
4 V2 2—5, 5;2(5—2"),2—7,—— —(2" 1
by by
——<ag2 =< —
2 2

e E 1(1 2), (2v+3)

03.04.26.0096.01

|

2 RS/ZCSCI(%H(1—4V)) ,
KV(Z)Olil[; -V _]=2—V—l 7 - Gig 22 v v+22 1 v 3v 1
4 \/7 —5 —,=(1-2v), 5,7+1:Z(2V+3)
s Vg
-—<ag2 = —
2 2
03.04.26.0097.01
32 1 v+2 v+3 1
. (. .22 s T CSC(n(v+4)) 2o - T'Z(_ZV 1), (2v+5) y .
V(Z)OF]. ’_V_llz =2 —G4v5 v v+4 1 v 3V -2z (V+l) /,
ﬁ —3 Z(—Zv—l), > +2, = (2v+5)
T Vg
-—<ag2 = —
2
03.04.26.0035.01
K ( [E 1 22 2_5_2 G3O 24 2-v vV v 3v / n () 4
v (2) VL == ol — | T | <ag?) = -
o1 4 \/7 0,4 64 4 4’ 4 4 2 g 2

:|

03.04.26.0036.01
v+2 v v 3v
it T]/ —E<arg(z) >

K, @oF;1-v; ——|= —
4) n
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03.04.26.0098.01
ob-2 b4 b
(2‘/—)0F1( b;2) = —(3244 T [i-b-v&ENA-b+ve&N
N —, 2 -b-2+1,-b+2+1
03.04.26.0099.01
1 n
o o) ol e rk-n+ (2] + + )@=k 13D,
KV(Z\/?)Olil(;v—n; =2""2vVr 72 \/?csc(vn)z o
e KIT(K—v+1DTK-n+v)
1 - 1(n—v+1),l(n—v+2),1(—2n+2v+1),1(2n—2v+3)
zvnzv/zcsc(—n(4v+(—1)”))e4;6 4z . /ineN
4 n—%+ ,2 4( 2n+2v+1), —(2n 2v+3), - —YV+1

03.04.26.0100.01

Ky(2 \/?) oF1G-n-v;2)

Y] P 1 | ~22
2127z zcsc(znmv—(—l) ))64'6[42

3
=221

SM+v+D), Z2M+v+2), 7(-2n-2v+1), ; (2n+2v+3)
T(-2n-2v+1), 7 @2n+2v+3), L n+ 241

4
n+5+1,——

2] -0l %) a2 r{k-n+ 2]+ 22k 15D g

ng 3 1
_2V*§713/21:s:(—(4v+ 1)71)Gij§ 4z , 2v ) L
4 1—5, 5,‘—1(3—21’),1—7,—5,2(2)/4‘1)

K,(2 ‘/;)Olil(; V)= —

V2 CSC(V?T)Z /ineN
s KITK+v+DT(K-n-v)
03.04.26.0101.01
1-v v 1
1-L, 262, ;@v+]) ]

%(5 2v), (2v 1) ]

3v v (2V l)

b2
G-2v,2-%, -2 2

03.04.26.0102.01
5)

~ l v 5
K (2 «/?) FiGv-12= 5 v-1z2+2727% &{ﬂ[

03.04.26.0103.01
~ zv/2 3 1
KV(Z \/;) OFl(; -V, Z) = 7 + 2_]/_E 7'(3/2 C&:{ﬂ' (V - Z]) Gi:g

03.04.26.0104.01

Ky(2 \/7)()!51(; —v-1-2=
1 5 5
-= (v+ 1)z27?-27"7 7% &(ﬂ[v+ 4_1]] Gi:é

03.04.26.0105.01

LAE s ,%(1—2v),3(2v+3) ]

2
22 l(1-2v), 5, 241, 1 2v+3)

2
v v+4 1 v 3v
— % T’Z(_ZV_ ),2, 2 +21—(2V+5)

2 E 1( 2y - 1), (2v+5)
4z

N

Z

70 30
Goa| —

Ea O VY e
4 4" 4 4 2 2

A

Ko2VZ )oF1Gv+1 -2 =

/e
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03.04.26.0106.01

v—4

5 22

K,(2 ‘/;)OFl(; 1-vi-9= —
I

T

Generalized casesfor thedirect function itself

03.04.26.0037.01

Generalized casesinvolving cosh

03.04.26.0038.01

1
Gyilz =
2,4[ >

cosh(9K, (9 =

2vV2

Generalized casesinvolving sinh

3

4
1-v v v
202722

03.04.26.0039.01

. 1 2,2 1
snth(2K, (2= ——G;j|z =
2vV2 2

Generalized casesinvolving Al

03.04.26.0040.01

3 2/3
[5) 22/3) KV(Z) ==

03.04.26.0107.01

. [2z3/2] 1
Ai(2 K, =
2V2 V3 Vr

Generalized casesinvolving Ai’

1
. 4,0
Ai Gyu| 23, 3

22 V3 Vr

2/3
G20 (3) -
"I\3 3

03.04.26.0067.01

v+2 3v | . 4
T T]/’_E<arg(z)g_

T

N

%(2—31/) r 1a@v+2)

2n

1
-=@m<ay2=
v 1 v 1

—5.6(2—31/), 5,5(31/4'2) 3

Ai’ (—) 22/3] K, (2) = — G 22, = o .
2 2223\ 3|5 -5 5B@v+4), 2 (4-3v)
03.04.26.0041.01
3 2/3
Al (5) 22/3] K, (2 =
6 15 15
V3 csc(nv) 1 3% 1 3%
2,2 2,2
- 24 Z E y 1 v _62!4 % 5 v 1 v 1
4228\ 7 —575(4—3"), 7 6(3V+4) 5;5(3"4'4),—5,5(4—3")
03.04.26.0108.01
2792 V3 [ 1 32 27
Ai'(DK, =- G- z - i-—Q2nm<ag2 < —
24 v v 1 1
3 223+\n 3 3 2~ g Bv+4), 5(4-3v) 3
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Generalized casesinvolving Bi

03.04.26.0042.01
2
i3 26 g TS oo 1 52 3(1-3%), 543
2 i " 2 L2-3y), L(1-3v), L4-3v), L, L@v+2
v2 V3 5(2=3v), 5 (1-3v), 5 (4=3v), 5, ; Bv+2)

1 2 1 1
5 3 g(3V+l), —(3Y+4)

v
Eu

22
Gis| 2

NI P

L, 2(Bv+2),-%,2(2-3y), : @v+1), Bv+4)

03.04.26.0109.01

(223/2] 72 csc(nv) ”s 2\ 1 % % %(1—31/), %(4—31/)
Bi (2 K, = Gis (—) z, — -
SPNEY 3/ 3| -1,22-3), % 2Bv+2), c(1-37), c(4-3v)
2
L2 1 5 2 2@v+D), s Bv+ 2n 2n
Giell3) 23], 1 v o1 1 1 f-— a9 = —
3|2, 5B@v+2, -2, £(2-3%), Bv+1), zBv+4) 3 3

Generalized casesinvolving Bi’

03.04.26.0043.01

| e

o a 151 v 5 v 15,1 v,5
V3 m¥°csc(mv) 22| 25 1 3'8'3 2'6 2 22| 23 1 36273276
5213 17 T _r2_ v i _ys_voyov 2l T gty oy 2 v2 vy 1v.5
2’ 3 2’3 2’ 6 2’2’2 3 2’ 2 3’ 2’3 2’ 2 3’2 6
03.04.26.0110.01
6 1 5 1 v 5 v
B K 272\ V3 1¥csc(nv) 22 2?1 383 268 2
F@K - 2213 a6ll3) 3| vz v 1 vs vy, 2|
2'3°2'3 26 2'2°2 3
1 5 v 1 v 5
23 15y,1v,5
22 2 1 3’6’2+3’2+6 ] 2n 2n
G4v6 g Z’g v v 2 v 2 v v 1y 5 /,—?<arg(z)s?
22 3 23 227327

Generalized casesfor powers of Bessel K

03.04.26.0044.01

1 1 1
o vrefal] 2 )

0, -v,v

Generalized casesfor products of Bessel K

03.04.26.0045.01

1 1
K1 @K, @ = >V Gi;g[z, 5

_L,_1 1_V]
2’ 2' 2

03.04.26.0046.01

1 1
K, @K, (2= 5\/7 ngg[z, >
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03.04.26.0047.01

cos(v ) 1 1
K, (2K, (2) = Gig[\/ 2,2 2 ]
2vr 210 -v,v
03.04.26.0048.01
1 4,0 @_T! z 1 1 v v 4
Ki@Ky(-iz)== ——=Gpy| —— — | 0. 5, -5, 5 |-z <ag@ =x
8vr  |2v2 4 2

Generalized casesinvolving Bessel J

03.04.26.0049.01

N

1 z
J @K, (2= —— Gg;g( 0, % %, _g]

avr ﬁ

03.04.26.0111.01

1 30
L@ K@= ——Gog
4\ n

z 1
1 vV oy
03 -2 5]

2NZ

Ny

03.04.26.0050.01

v

cos(%) z 1
2 v
Q@+, @)K, (@ = GS’:Z[ e o]
2Vn 2v2 4
03.04.26.0051.01
Sn(ﬂ) Z 1
O @-3 @)K, @)= —— GS;Z[ ~lo-%12, g]
2Vn 22 4
Generalized casesinvolving Bessdl |
03.04.26.0052.01
1 21 1 1
Iv (2 Kv (2= —— Gl:3 Z, — 2
2Vn 2|0,v,-v
03.04.26.0112.01
1, 1] %
I—v (2 K, (2= —— Gl’g Z, — 2
2vz U 2[0,-v,v
03.04.26.0053.01
1 2,2 1 0’ %
. (DK, (2= ?62’4 z, — p_— i(_ ) v i—-u—-v—-1¢eNAv—u-1¢N
2V 7 33 (TH —

03.04.26.0113.01

1
zZ, —
2

1 1
1,2 Ky 1(2) = — [(—1)” 732 csc(— x4y + (—1)”))) Gis
vz 4 |

2 ety v+

2 2

0]
n+l n+l 3
4

g ol nag)e a2,
(-1)“\/7CSC(V7T)Z 2 Snen
k=0 KITk—n-v)T(K+v+1)
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03.04.26.0114.01

1 3/2 1 2,2 1 O
Ixame4aﬁ=——{@4fn/a%ZnMV+04Wﬂyabza N ]
v2 Z0 2 TVt

g ol Tl 2erminene )+ 3) ke 3, 10
2 /ineN

D"Vr escvm) )
k=0

KIT(k-n-v)T(K+v+1)

03.04.26.0115.01

o (1 01 v+3 1 .
MAOKu@=————CGiglZ 21 1 1 g1 1 1|t
COgﬂV)"'Sn(ﬂ.V) E’V+E'V+Z’ Z,—E,—V—E
03.04.26.0116.01
20+ xPesotry) L 1 0,5 v+3, 7
(2 Kv+2(z) = + 4:6 Z, — 3 1
2 cot(rv) -1 2| Lv+lv+g, 50— —v-1
03.04.26.0054.01
cos(rv) L, 1 1
(I—v (Z) + IV(Z)) Kv (2) = 61:3 Z, — 2
T 2| -v,v,0
03.04.26.0117.01
sn(rv) Lo 1 1
(I—v(z) - IV(Z)) Kv(z) = Gljg zZ, — 2
p 2(0v,-v
03.04.26.0055.01
cos( m(u— v)) o 1 % 0
LK, @2+1,2K, (2 -?6214 Z,E Wy vea e
T 2 2 2 2
03.04.26.0056.01
sm(—n(,u—v)) " o,%
L @K, @2-1,@2K, (2= I G4l Z [y v ey
0 2 2 2 2

03.04.26.0118.01

1
—Sec(ﬂv)\/?Gg:g[z, E

1
L(@? - —K,(2?=
7T2

11 1
2 Z(l-zl’), —(3—2V)
0, -v,

}1(1 2v), —(3 2v)

Generalized casesinvolving Bessel Y

03.04.26.0057.01

Kv (Z) Yv (Z) = 61:5 y 1y v o1ey
4\/7 2\/? 410, 32732 5
03.04.26.0119.01
z 1 jass
Kv(z) Y,,,(Z) = G]_:5 y y vy
avrn 2v2 4]0 %, 5,—5,%1

1
2V
1
3’

~Lm
2

.3
T
(n+

1
4

+1), -5 (+1)-
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03.04.26.0058.01

T T z 1
Ko (2 — — Yo (2) == —GZ‘O[—, ~lo02, l)
° 2 ° 2 "4’ 4 22

03.04.26.0059.01

b8 T z 1 -
Kn@+=Ya(@=-GY -, = )
2 2 \4

03.04.26.0060.01

b s PN [ 2 —;n
Kn(z)—_Yn(Z)::_Gljs =y = . ineN
2 2 4 4

Generalized casesinvolving gF

03.04.26.0062.01

2\ 25 rw+1) z 1
Kv(z)oFl[;wl;—— GS;E{[ S g,—%]
4 b8 2\/? 4
03.04.26.0063.01
2\ 2:2r(1-v) z 1
Ko @ oFf 1 v~ | = eg;g[ e R 3_]
4 Vr 2v2 4
03.04.26.0061.01
b—2 1-b b
2 2221 L[ 1 13
K @oFalib = ———Gilz | , n-b-veNAv-ben
Nrs ~%, 2 1-b-2,1-b+2
03.04.26.0120.01
) (-l 26 r(k-n [ 2]+ 1) (- ke[ 2
2 3 2 3] =D +2+2( +2)n—[2J
K, oFi|;v-n —|=2"""22rv-n|.[ - cso(m)z -
4 n e KITk—v+1)T(K-n+v)
1 f 1] FO-v+D, 30-v+2), 7 (-2n+2v+1), 7(2n-2v+3)
\/76&:(—71(4v+(—1)”))G4:6 zZ, — 1 1 3 /ineN
4 2| n-2+1 7, 7(=2n+2v+1), ;(2n-2v+3), -7, n- > +1
03.04.26.0121.01
Z) a2
K, (2 oF41|; —n—-; Z =2 2al(-n-v)

1 1
Vr csc(Z T4y —(- 1)“)) Gﬁ;é[z, 5

%(n+v+1), %(n+v+2), %(—2n—2v+1), %(2n+2v+3) ]

n+2+1,-%, %(—2n—2v+1), %(2n+2v+3), 2 n+%+1

n+1
5 12 (—1){2J22k+vr(k_n+bj+%)(1—k+[zj)n
- CSC(VH)Z ineN
7 v KITk+v+21)T(k-n-v)
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03.04.26.0122.01

32 1 1-v 1 1
. 22 v—1 —~V g CSC(4(4V+1)7T) 2,2, 7’1_2’2(3_2V)’Z(2V+1)
KV(Z)OFl vy — =2 F(V) z - G416 Z - v v 1 3v v 1
4 V2 2 1-2, 512(3_21/)11_7!_512(2‘/"’_1)
03.04.26.0123.01
Z
Kv@oF|iv-1 i
3/2 _5 3y v 1 1
2T nl2 P /g CSC(”(V 4)) G2’2 1 - 1- 51 Z(S—ZV), Z(Zv—l)
v-blev-Hz"r+ ———— 46 Z’E v v 1 3v v 1
\/7 2—5, 5,2(5—21/),2 7,—5,2(21/—1)

03.04.26.0124.01

2’ 274

- R 2A-2v), 5, 241, T @2v+3)

7r3/2csc(%7r(l—4v)) [ 1

22

Gug|2
2" 2 122

2 vl ve2 1(1—2v),%(2v+3)
K. (2) oF4; -V, —] =2"1r(-n) |2 -
4 VZ

03.04.26.0125.01

K Fql; 1'22
v(D oFa|; —v— 717

il f | e e
2—)/721-(_‘/_1) - GYilz - _ZZV(V+1)
4.6 "o v ovid 1 v 3v 1
V2 —35 T'Z(‘z"‘l)’ 5,?+21—(2V+5)

Generalized casesinvolving oF 1

03.04.26.0065.01

2\ 23° [z 1

KV (Z) Ol’il sV + 1, —Z == GO’4

03.04.26.0066.01

~ z 272 aof 2 1
Ky (2 oF1 :1—v;—z = Gy

03.04.26.0064.01

22] 2h-2 [1 b P
2

Ky @ oF4|; b —|= —
o1 4 -

v)/; -b-veNAv-beN
2
03.04.26.0126.01

{n+1

n - —v n 1 n

) 2 s 2 5] =D ars F(""”[EJJ“E)(l‘kﬂEJ)n_EJ
K,(2) oFl[; v-n —] =2""27|.] - cscva) Z _
4 n = KITk—v+1)T(k—n+v)

SM-v+1), 2(-v+2), 7 (-2n+2v+1), ;2n-2v+3)

zZ, — /ineN

1
Vr tsc(z T(dv+ (—1)”)) Gie

v v 1 1 v 3v
n—§+1, 2 Z(—2n+2V+1), Z(Zn—2V+3), 3 n—7+1



http: //functions.wolfram.com

60

03.04.26.0127.01

K,(2) oF4l; z
(2o 1,—n—V:Z =

1
Z_

o \/—csc{ n(4v—(-1) >)G§;g 3

1(n+v+1),1(n+v+2) l(—2n—2v+1) 1(2n+2v+3)]

n+2+1,-2 -( 2n-2v+1), —(2n+2v+3), 2,n+32—v+1

n+1J

~ 5] = ol 2 r(k—n+[3]+ %)(1—k+[gJ)n_[nJ
CSC(WT)Z 2 /ineN
=0 KITk+v+DT'(k-n-v)

03.04.26.0128.01

) 2 nS/zcsc(%(4v+1)7r) o 1 %’1_5’%(3_2]/) l(2y+1)
Ku@oF4|;v; —| =2 z7 - Gae|2 5|, v v 1 v
4 V2 211-7,2,33-2y), 1—— -2 —(2v+1)
03.04.26.0129.01
3/2 _3 3-v vy 1
) 2 b CSC(ﬂ(V 4)) o 1 T’ — 5 Z(S 2v), —(2v 1)
KV(Z)OF]_ v=1;, — :2‘/72 Z(V_l)ziv'*_ —G4:6 Z v v 1 3v v 1
4 V2 2-35,5.706-2v),2-5,-5,7@2v-1

03.04.26.0130.01

2 71'3/2CSC(%7T(1—4V)) 1
Kv(z)olfl[; -y —] =21z - Gﬁjé z, —
4 NS

N

v+l v+2 1
sz L2y, t@v+3) J]

—L 2 l@-2v), 5 241 2 @2v D)

03.04.26.0131.01
zz) 2 [ﬂS/z Cg;(ﬂ' (v + %)) Gijg[ | 1

K, (2 0'51[; -v-1 —
4 NeS

v+2 v+3 1

B2 2 (-2v-1), ; (2v+5)
27 24 ]—22"()/+1)]

v v+4 1 v 3v
— M r2v-1, 5 242 22+ 5)

N
N |

Representations through equivalent functions

With related functions

03.04.27.0001.01

K\(2) = g escav) (1,2 -1,@) /;ve Z
03.04.27.0002.01

L@ K@+ 111D KD = -

03.04.27.0003.01

7 ((i2) co(nv) 7
K\ (2 = - ( - )csc(n v) 3, (i2) -
z’ (i2)”

n(i2)”

VWi /,veZ

03.04.27.0006.01

1
K, (2 =1 ((Iog(i 2)-log(2) J,(i2) - 5 7Y, (i z)) [ive”Z
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03.04.27.0007.01

n [(i 2)%¥ cos( v)
K@= —7——
2 27

03.04.27.0008.01

i2)”

—1]csc(nv)lv(z)— VWi /iveZ

ZV
1
K, (2 = —5 7’ Y,(i2)+(-1"(logi2) - log2) 1,2 /;veZ
03.04.27.0004.01
_ 7? B 2
K,(2)=2"tnz" esc(nv) of4|; 1-v; s 27 12 esc(nv) oF | v + 1; " LveZ
03.04.27.0005.01

2 2
K2 =2"rmz" OFl[; 1-v; Z] +277r (- 2 oF1[§ v+1; Z) liveZ

03.04.27.0009.01

3iny

1 v
K,(2) = 37 csc(r v) (@T 7" (-(-1**2) (ibei_,(-(-1)¥* 2) + ber_,(-(-1)¥* 2)) -
ex Dinv (-(=1%*2)”" (i bei, (- (~1)¥* 2) + ber,(—(-1)¥* z))) LveZz

03.04.27.0010.01

4 1 iy 4 -y 1 A 4 v
KV(\/—l z): 5 oY) (eT ZV( 1 z) (ibei_,(2) + ber_,(2) — e 3)””z—V( 1 z) (i beiv(z)+berv(z))) [veZ

03.04.27.0011.01
Ky (2 = i" (ker,(-(-1)¥* 2) + i kei,(-(-1)¥* 2)) -

1
2 i* (bei,(-(-1)¥* 2) - i ber,(-(-1)** 2)) (4ilog(d) - 4ilog(-(-1)¥* 2) + ) ,ve Z

03.04.27.0012.01

4 1 4
KV(\/ 1 z) =i’ (ikei,(2) + ker, (2)) — . i¥ (bdi,(2) — i ber,(2)) (—4i log(2) + 4i Iog(\/ —1 z) + n) LiveZ

Zeros

The function K, (2) has no zerosin theregion |Arg(2)| < g for any real v.

Theorems

Kontorovich-Lebedev transformation

. (e 2 oo/\ -
fy) ==ff(X)Kﬁy(X)dxc> f(x) ==z—ff(y)ysnh(ny)Kiy(X)dy-
=X
0 0

Meijer transformation

For Re(v) = — 21 the following identity holds:
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y+i 0o

1

fuly ::ff(X)\/xy Ky oy dx & 100 = — f f,yxy I, xy)dy
0 y—i co

The Green's function of the time independent Schrodinger equation

The Green's function G(x’, x; &) of the time—independent Schrodinger equation for a free particle in d dimensions
—AGX, X; &) —eG(X, X; €) = —i (X’ — X) isgiven by

i (\/:) Kaj2-1 (\/:
R

d-2

X' —x|)

G(X/, X; &) = — R

X' —x|)

The Newton-Wigner wave function

The Newton-Wigner wave function ynwit, X) is related to the covariant wave function y(t, x) by

5
nw(t, X) = f NE (|>2</—1§|)4 K;('Xh;y')w(t, y)dy, where ¢ isthe Compton wavelength.

Green's function of the Helmholtz operator

Green's function of the Helmholtz operator in the xy-plane (axx+0yy+k2)G(x,y =d0(X) 6(Y) :

G(X, y) = —% Kl(—u‘ K/ X2+ y? )

History
—H. M. MacDonald (1899)
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