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Notations

Traditional name

Bernoulli polynomia

Traditional notation

Bn(2

Mathematica StandardForm notation

Bernoul I'i B[n, z]

Primary definition

05.14.02.0001.01
teZt

Bn(2) =n! [[tn ] :

et -1

]/;neN

Specific values

Specialized values

For fixed n

05.14.03.0001.01
Bn(0) = By

05.14.03.0002.01

2n! nx
Bn(0) == — cos(—)g“(n) /in—-leN*
@m" 2

05.14.03.0003.01

1y 1
BZn[—) = (1-2"2M(1-32") B /sneN

05.14.03.0004.01

1
Bn(Z] =-NE, 1 4"-2"(1-2"")B,/;neN*

05.14.03.0005.01

1 1
BZn(—) == (1-3"2")B,,/ineN
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05.14.03.0006.01
1
Bn(—) =-(1-2""B,
2
05.14.03.0007.01

2 1
BZn(—) == (1-3"2")B,,/ineN

05.14.03.0008.01

3
Bn(z) =D (2" (1-2"")By+4"nEr,) /ineN

05.14.03.0009.01

5 1
BZ,{E) = (1-222")(1-32"B,, /;neN

05.14.03.0010.01
Bn(1)==B,/;n-1eN*

05.14.03.0012.01

m-1
Br(M) == Bn — 61 651 — OmOn_1 + 6p_g + N Z K1/ meN
k=1

05.14.03.0013.01

p ni" ok 2nipk
o) 2o )
a) @rg"& g q

d"log(sin(r 2))
N\

6n(0) = ~28amoazo (M (- D! An-1en A\ peNAgen A\ p=q

05.14.03.0014.01

2n! 4 k 2k
Bn(E]:: n Zg(n, —]cos{ pn—ﬂ]/;n—leNJ’/\peN/\quJ’/\psq
q 2

q @ra "7\ ¢q
For fixed z
05.14.03.0015.01
Bo(2) =
05.14.03.0016.01
Bi(2=2z- -
' 2

05.14.03.0017.01

1
BD =7 -z+ —
6

05.14.03.0018.01

32
Eag(z)==z3——+E
2 2

05.14.03.0019.01

1
Bi2=2-2F+72- —
30
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05.14.03.0020.01
52 572 z

B =2 — + — — —
2 3 6

05.14.03.0021.01
52 2 1
Be2=2-32+— - —+ —
2 2 42

05.14.03.0022.01

72 12 12 2
Bi(=72 - —+———+—
2 2 6 6

05.14.03.0023.01

145 72 22 1

Bg9=2-472 + — - —+ — - —
3 3 3 30

05.14.03.0024.01
97 2172 3z
By =2 - — +67 - —— +27° - —
2 5 10

05.14.03.0025.01

1558 32 5
Bio@=7-5"+— -7A+5/ - — + —
2 2 66

General characteristics

Domain and analyticity

Bn(2) isapolynomial of zand as such an analytical function of z. By(2) is defined in the whole complex z-plane and
forneN.

05.14.04.0001.01
(Nx2—By2::(ZxC)—C

Symmetries and periodicities

Mirror symmetry

05.14.04.0002.01
Bn(2 == Bn(2)

Periodicity

No periodicity

Poles and essential singularities
With respect to z
The function B,(2) hasapole of order nat z== .

05.14.04.0003.01
Sing (Bn(2)) = {{, n}}
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Branch points
With respect to z

The function B,,(2) does not have branch points.

05.14.04.0004.01
BP,(Bn(2) = {}

Branch cuts

With respect to z
The function By,(2) does not have branch cuts.

05.14.04.0005.01
BCy(Bn(2) = {}

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself
05.14.06.0012.01
Bn(2) o Bn(Zp) + NBn_1(20) (- 2) + % (N=DNBy 2(2) 22/ +... [ (2~ %)
05.14.06.0013.01
Bn(2) o< Bn(Zo) + N B_1(20) (- 2) + % (= 1) nBy_2(2) (z— 20)* + O((Z - 20)°)
05.14.06.0014.01
N (n=K+ 1) By(Z)

Bn(2) = (z- )
o k!

05.14.06.0015.01
Bn(2) o Bn(20) (1+ O (z- 7))

Expansionsat z==0

For the function itself

05.14.06.0016.01
(n-1n

Bn(2) o« Bn+NBpq z+ By2Z+.../:(z>0)

05.14.06.0005.01
n

n
Bn(2) o Z( k) By« Z/; (z> 0)

k=0
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05.14.06.0006.01
Bn(@ «Bn (1+0(2) /; (z— 0)

Exponential Fourier series

05.14.06.0002.01
n! oo eZikﬂx
Bn(X) = — Z /;i0<x<1AneN*
@t Ak

k+0

05.14.06.0001.01

2n! = 1 n
Bn(X) = — —cos(2;rkx——)/;O<x<1/\neN+
ot &K 2
05.14.06.0003.01
=D"22n-1)! &= sin(2rxkXx)
Bon-1(¥) == Z Li-l<x<1An-1eN*
(2 ﬂ.)z n-1 o1 k2 n-1
05.14.06.0004.01
-D"12@2n)! &, cos2rkx)
Bon(¥) = i-1<x<1AneN"

(2 71')2 n o1 k2n

Asymptotic series expansions

05.14.06.0007.02

(N
Bn(2) o« Z“Z( k) BxZ ™ /; (12 - o)
k=0

05.14.06.0008.02

1
i 71+
z

05.14.06.0009.02

n 1
Bn(2) o 2" [1 -—+ O[—)) /; (12 - o0)
2z ia

05.14.06.0010.02

n (-1Ln 1
Bn(2) o< 2 (1— —+ + O(—]] /: (12 = o0)
2z 127 z

05.14.06.0017.01
Bn(@ o« 2" /; (12 > )

Other series representations

05.14.06.0011.01
n

Bn(2) == Z( E) By &

k=0

Integral representations

On the real axis
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Of thedirect function

05.14.07.0001.01

Y ) o ™" "
Bh(2==(-1)! 2 nf ((—1) 2 cos(—+27rz)—(2l—J—n+1)e‘2”‘)dt/;O< Re(z) <1AneN*
0 cosh(2nt)—cos(2n2) 2 2

05.14.07.0002.01

2n 1 1 n n a1
Bn(X) == — nf (cos(Zx;r——)—tcos(—))log (—)alt/;0<x< 1AneN*t
2m"Jo t2-2cos2xm)t+1 2 2 t

05.14.07.0003.01

-1D"2n@2n-1) plog’" A log(t? - 2cos27x)t+ 1)
Ban(X) = f dt/;0=x<1AneN*
2m?2" 0 t
05.14.07.0004.01
D™ 2@2n+1)sn@Rax) L log®"(t)
Bon1(X) == f dt/;0=x<1AneN
(2m?mt 0 2-2cos2aX)t+1

Generating functions

05.14.11.0001.01
zt

]/;neN
1

@t—

Bn(2) ==n! [[t” 1

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
05.14.16.0001.01
Bi(l+2 =nZ"1+B,(2)

05.14.16.0002.01
n

Bn(1+2) == Z( E ) Bv(2

k=0

05.14.16.0003.01
Bn(1-2 == (-1)"By(2

05.14.16.0004.01
Ba(-2) == (-1)" (Ba(@ +nZ"?)

05.14.16.0005.01
Bn(z-1) =By -n(z- )"

05.14.16.0006.01
m-1
By(z+ M) == By(2) + N Z k+2" /i meNt
k=0
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05.14.16.0007.01
m-1

Bn(z—m) ==B,(2 —n Z k-m+2"t/;meN*
k=0

Addition formulas

05.14.16.0008.01
n

Bn(W+ 2) = Z( E) By (2) WK

k=0

Multiple arguments

05.14.16.0009.01
1
B,(22) == 2" (Bn(z) + Bn(z+ E))
05.14.16.0010.01
1
BAZD==2mi(&{D+(—D"B{E-—))
05.14.16.0011.01

m-1 k
B,(m2) == m"* Z Br{— + z] /imeN*
m

k=0

Identities

Recurrence identities

Consecutive neighbors

05.14.17.0001.01
Bn(2) == Bn(z+ 1) —nZ*?

05.14.17.0002.01
Bn(2) == Bn(z— 1) + n(z— H)™?

Distant neighbors

05.14.17.0003.01
m-1
Bny(2) = By(m+2)—n Z k+2"/; meN*
k=0

05.14.17.0004.01
m-1

Bn(2) == Bp(z—m) +n Z k-m+2"t/meN*
k=0

Functional identities

Relations of special kind

05.14.17.0005.01
Bn(z+1) - By(2) ==nZ*"?
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05.14.17.0006.01
m-1

Bn(m) == Bn(0)+nZ:k”’1 /imeNAn-1leN*
k=1

05.14.17.0007.01
n

n
Buz+ 1= (1B
k=0

Complex characteristics

Real part

05.14.19.0001.01

, 1 / Y / %
Re(By(X+iYy)) = —|By| X=X [ —— [+By|X+Xx [ ——
2 X2 X2

Imaginary part

05.14.19.0002.01

x| Y ¥ ¥
IMBy(X+iy)=— | —— [Bn|X—X | —— |=-Bp|X+X | ——
2y X2 X2 X2

Absolute value

05.14.19.0003.01

‘ Y ¥
IBa(X+iy)| == [Bn|x—x [ —— |Bp[x+ | —-— X
X2 X2

Argument

05.14.19.0004.01

1 X
arg(Bn(x+iy)) == tan™ | — | By| x - x —i + By X+ X —ﬁ , —
2 X2 X2 || 2y

Conjugate value

05.14.19.0005.01

1 ¥ Yol ix [y
Ba(X+iy)=—|Bny|X=-X_| =—— |+By|X+X | -—— ||-— | ——
2 X2 X2 2y X2

Signum value
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05.14.19.0006.01

y

ol E eodoafon )

SYNBn(x +iy)) =

2 o2 a2

Differentiation

Low-order differentiation

05.14.20.0001.01

dBn(2
=n Bn—l(z)
0z
05.14.20.0002.01
0°Bn(2)
=nn-1)B, 22
07

Symbolic differentiation

05.14.20.0003.02
"B (2)

oz"

=M-m+1),Brm@/;meN

Fractional integro-differentiation

05.14.20.0004.01

9 Bn(Z) n Zk—a/
=n)’ B«
oz S n-KITk-a+1)
Integration

Indefinite integration

Involving only one direct function

05.14.21.0001.01

Bn+l(az)
f Bn@a2)dz=
an+1

05.14.21.0002.01
B1(2
an(z) dz=

n+1

Definite integration

For thedirect function itself
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05.14.21.0003.01
(- min!

1
f Bh(t) Bn(t) dt = ————— Bpun /; me Nt AneN*
0 (m+n)!

05.14.21.0004.01

ab t (-D"tm!n!
f Bm( ) Bn( ] =———————gcd@ ™" Byin /;
0 a b (m+n)!a™ip+t

Ba(¥) == Ba(xmod1) /\a-1eN* Ab-1enN Am-1en An-1en

Integral transforms

Fourier exp transforms

05.14.22.0001.01

FlBn(] (0 == V27 Z(E)Bn—k(—ﬂk 500
k=0

Inverse Fourier exp transforms

05.14.22.0002.01

T HBa(D] 00 = V27 Z( Bt
k=0

Fourier cos transforms

05.14.22.0003.01

3] 3]
. k(N K 2 =D*2k+ 1! n
FelBa®] (0 = V27 é(_l) (Zk)Bn_2k 87900~ || = (2k+1)Bn_2k_1

XZ k+2

k=0

Fourier sin transforms

05.14.22.0004.01

2 H =Dk 2k!
— _ k
9?st[Bn(t)](x)--1/7r 3 e (ZK) N §:< 1 (2k .

k=0

Laplace transforms

05.14.22.0005.01

L(Bu0] @ = Yk | Bz L s R > 0
k=0

Summation

Finite summation

) Bn_2k1 0%KP(%)
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05.14.23.0001.01
n

>4 )B@=Buzs D

=0

F3

05.14.23.0002.01

( E) Bi(2) WK = w" Bn(z+ E)

n

k=0 W
05.14.23.0003.01
m
ZBn[Z+ ):: M+ D" Byzm+m)/; meN
<o m+1
05.14.23.0004.01
m k n m+1
Z(—l)k Bu|z+ = En1(MZ+2)/; e N
=0 m+1 2(m+1)+? 2

05.14.23.0005.01
n

Z( E) By(2) By (W) == N(W+Z— 1) B, ;(W+2) — (N— 1) Ba(W+ 2)
k=0

Infinite summation

05.14.23.0006.01

00 W@ZW
D, B@= /1wl < 27
— n! e"-1

Representations through more general functions

Through other functions

I nvolving some hyper geometric-type functions

05.14.26.0001.01
Bn(N) — By(0) == mH ™ m-1eN* AneN*

Involving polylog

05.14.26.0002.01
|

Bn(2) = - -
@i

(D" Lin(e72'7%) + Lin(®"%)) /; Re(2) > 0

Involving Stirling numbers

05.14.26.0003.01

n (-1¥(-2)
Bn(@~By=n) L TR gkeD
k=1 k

I nvolving zeta functions

05.14.26.0004.01
Bn(2=-n(1-n2/;neN*
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Representations through equivalent functions

With related functions

05.14.27.0001.01
n

Bn(Z) == Z( :) Bkz”_k

k=0

05.14.27.0002.01
n

n
B2 =2") 1 )8 E@2

k=0

05.14.27.0003.01

Yn
B2 = a2+ Y| BB i@
k=2

Inequalities

05.14.29.0001.01
[Bon(X)| < |Banl /;neN* AO<x<1

05.14.29.0002.01

22n+1)! 1
0< (_l)n+1 Boyi(¥) < —m8¥ — /; n€N+/\0< X< —
2 7'()2 n+1 (1 _ 2—2n) 2

Zeros

For each n € N* the equation By(2) == 0 has exactly n different real roots. If (n—1)/2 € N*,
the set of rootsinclude O, 1/2, and 1.

For each n e N the equation B, ,1(2) == O hasin theinterval (0, 1) only thezeroz=1/2.

Other identities

Congruence properties

05.14.32.0001.01

q"[Bn(E]—Bn(O))eZ/;neN*/\peZ/\qu/\qth
q

05.14.32.0002.01

p
q2n+lBZn+l(_]€Z/;n€N+/\peN/\q€N+/\qu
q

Theorems

Eigenfunctions of the Frobenius-Perron operator



http: //functions.wolfram.com

13

Bernoulli polynomials are the right eigenfunctions of the Frébenius-Perron operator of the r -adic map
Xne1 == I Xq mod 1.

History

—Jac. Bernoulli (1705, 1713)

—T. Seki (1712)

—L. Euler (1738, 1755)

—.L. Raabe (1848, 1851) used the name "Bernoulli polynomials"
—C. Hermite (1875); C. J. Mamstén (1884)

—G. Peano (1903) introduced modern notations
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