
BernoulliB2

Notations

Traditional name

Bernoulli polynomial

Traditional notation

BnHzL
Mathematica StandardForm notation

BernoulliB@n, zD

Primary definition
05.14.02.0001.01

BnHzL � n! @tn D 
t ãz t

ãt - 1
�; n Î N

Specific values

Specialized values

For fixed n

05.14.03.0001.01

BnH0L � Bn

05.14.03.0002.01

BnH0L � -
2 n!

H2 ΠLn
cos

n Π

2
ΖHnL �; n - 1 Î N+

05.14.03.0003.01

B2 n

1

6
�

1

2
I1 - 21-2 nM I1 - 31-2 nM B2 n �; n Î N

05.14.03.0004.01

Bn

1

4
� -n En-1 4-n - 2-n I1 - 21-nM Bn �; n Î N+

05.14.03.0005.01

B2 n

1

3
� -

1

2
I1 - 31-2 nM B2 n �; n Î N



05.14.03.0006.01

Bn

1

2
� -I1 - 21-nM Bn

05.14.03.0007.01

B2 n

2

3
� -

1

2
I1 - 31-2 nM B2 n �; n Î N

05.14.03.0008.01

Bn

3

4
� H-1Ln-1 I2-n I1 - 21-nM Bn + 4-n n En-1M �; n Î N+

05.14.03.0009.01

B2 n

5

6
�

1

2
I1 - 21-2 nM I1 - 31-2 nM B2 n �; n Î N

05.14.03.0010.01

BnH1L � Bn �; n - 1 Î N+

05.14.03.0012.01

BnHmL � Bn - ∆m-1 ∆n-1 - ∆m ∆n-1 + ∆n-1 + n â
k=1

m-1

kn-1 �; m Î N

05.14.03.0013.01

Bn

p

q
�

n än

H2 Π qLn
 â
k=0

q-1

cn

k

q
exp

2 Π ä p k

q
�;

cnHzL �
¶n logHsinHΠ zLL

¶zn
í cnH0L � -2 ∆n mod 2,0 ΖHnL Hn - 1L ! í n - 1 Î N+ í p Î N í q Î N+ í p £ q

05.14.03.0014.01

Bn

p

q
� -

2 n!

H2 Π qLn
 â
k=1

q

Ζ n,
k

q
cos

2 k p Π

q
-

Π n

2
�; n - 1 Î N+ ì p Î N ì q Î N+ ì p £ q

For fixed z

05.14.03.0015.01

B0HzL � 1

05.14.03.0016.01

B1HzL � z -
1

2

05.14.03.0017.01

B2HzL � z2 - z +
1

6

05.14.03.0018.01

B3HzL � z3 -
3 z2

2
+

z

2

05.14.03.0019.01

B4HzL � z4 - 2 z3 + z2 -
1

30
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05.14.03.0020.01

B5HzL � z5 -
5 z4

2
+

5 z3

3
-

z

6

05.14.03.0021.01

B6HzL � z6 - 3 z5 +
5 z4

2
-

z2

2
+

1

42

05.14.03.0022.01

B7HzL � z7 -
7 z6

2
+

7 z5

2
-

7 z3

6
+

z

6

05.14.03.0023.01

B8HzL � z8 - 4 z7 +
14 z6

3
-

7 z4

3
+

2 z2

3
-

1

30

05.14.03.0024.01

B9HzL � z9 -
9 z8

2
+ 6 z7 -

21 z5

5
+ 2 z3 -

3 z

10

05.14.03.0025.01

B10HzL � z10 - 5 z9 +
15 z8

2
- 7 z6 + 5 z4 -

3 z2

2
+

5

66

General characteristics

Domain and analyticity

BnHzL is a polynomial of z and as such an analytical function of z. BnHzL is defined in the whole complex z -plane and

for n Î N.

05.14.04.0001.01Hn * zL �BnHzL � HZ Ä CL �C

Symmetries and periodicities

Mirror symmetry

05.14.04.0002.01

BnHz�L � BnHzL
Periodicity

No periodicity

Poles and essential singularities

With respect to z

The function BnHzL has a pole of order n at z � ¥� .

05.14.04.0003.01

SingzHBnHzLL � 88¥� , n<<
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Branch points

With respect to z

The function BnHzL does not have branch points.

05.14.04.0004.01

BPzHBnHzLL � 8<
Branch cuts

With respect to z

The function BnHzL does not have branch cuts.

05.14.04.0005.01

BCzHBnHzLL � 8<
Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

05.14.06.0012.01

BnHzL µ BnHz0L + n Bn-1Hz0L Hz - z0L +
1

2
Hn - 1L n Bn-2Hz0L Hz - z0L2 + ¼ �; Hz ® z0L

05.14.06.0013.01

BnHzL µ BnHz0L + n Bn-1Hz0L Hz - z0L +
1

2
Hn - 1L n Bn-2Hz0L Hz - z0L2 + OIHz - z0L3M

05.14.06.0014.01

BnHzL � â
k=0

n Hn - k + 1Lk Bn-kHz0L
k !

 Hz - z0Lk

05.14.06.0015.01

BnHzL µ BnHz0L H1 + O Hz - z0LL
Expansions at z � 0

For the function itself

05.14.06.0016.01

BnHzL µ Bn + n Bn-1 z +
Hn - 1L n

2
Bn-2 z2 + ¼ �; Hz ® 0L

05.14.06.0005.01

BnHzL µ â
k=0

n n

k
Bn-k zk �; Hz ® 0L
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05.14.06.0006.01

BnHzL µ Bn H1 + OHzLL �; Hz ® 0L
Exponential Fourier series

05.14.06.0002.01

BnHxL � -
n!

H2 Π äLn
 â
k=-¥

k¹0

¥ ã2 ä k Π x

kn
�; 0 < x < 1 ì n Î N+

05.14.06.0001.01

BnHxL � -
2 n!

H2 ΠLn
 â
k=1

¥ 1

kn
 cos 2 Π k x -

Π n

2
�; 0 < x < 1 ì n Î N+

05.14.06.0003.01

B2 n-1HxL �
H-1Ln 2 H2 n - 1L !

H2 ΠL2 n-1
 â
k=1

¥ sinH2 Π k xL
k2 n-1

�; -1 £ x £ 1 ì n - 1 Î N+

05.14.06.0004.01

B2 nHxL �
H-1Ln-1 2 H2 nL !

H2 ΠL2 n
 â
k=1

¥ cosH2 Π k xL
k2 n

�; -1 £ x £ 1 ì n Î N+

Asymptotic series expansions

05.14.06.0007.02

BnHzL µ zn â
k=0

n n

k
Bk z-k �; H z¤ ® ¥L

05.14.06.0008.02

BnHzL µ zn 1 + O
1

z

05.14.06.0009.02

BnHzL µ zn 1 -
n

2 z
+ O

1

z2
�; H z¤ ® ¥L

05.14.06.0010.02

BnHzL µ zn 1 -
n

2 z
+

Hn - 1L n

12 z2
+ O

1

z3
�; H z¤ ® ¥L

05.14.06.0017.01

BnHzL µ zn �; H z¤ ® ¥L
Other series representations

05.14.06.0011.01

BnHzL � â
k=0

n n

k
Bn-k zk

Integral representations

On the real axis

http://functions.wolfram.com 5



Of the direct function

05.14.07.0001.01

BnHzL � H-1Lf n-1

2
v n à

0

¥ tn-1

coshH2 Π tL - cosH2 Π zL  H-1Lf n

2
v cos

Π n

2
+ 2 Π z - K2 g n

2
w - n + 1O ã-2 Π t  â t �; 0 < ReHzL < 1 ì n Î N+

05.14.07.0002.01

BnHxL � -
2 n

H2 ΠLn
 à

0

1 1

t2 - 2 cosH2 x ΠL t + 1
 cos 2 x Π -

Π n

2
- t cos

Π n

2
logn-1

1

t
 â t �; 0 < x < 1 ì n Î N+

05.14.07.0003.01

B2 nHxL �
H-1Ln 2 n H2 n - 1L

H2 ΠL2 n
 à

0

1 log2 n-2HtL logIt2 - 2 cosH2 Π xL t + 1M
t

 â t �; 0 £ x £ 1 ì n Î N+

05.14.07.0004.01

B2 n+1HxL �
H-1Ln+1 2 H2 n + 1L sinH2 Π xL

H2 ΠL2 n+1
 à

0

1 log2 nHtL
t2 - 2 cosH2 Π xL t + 1

 â t �; 0 £ x £ 1 ß n Î N

Generating functions
05.14.11.0001.01

BnHzL � n! @tn D 
t ãz t

ãt - 1
�; n Î N

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.14.16.0001.01

BnH1 + zL � n zn-1 + BnHzL
05.14.16.0002.01

BnH1 + zL � â
k=0

n n

k
BkHzL

05.14.16.0003.01

BnH1 - zL � H-1Ln BnHzL
05.14.16.0004.01

BnH-zL � H-1Ln IBnHzL + n zn-1M
05.14.16.0005.01

BnHz - 1L � BnHzL - n Hz - 1Ln-1

05.14.16.0006.01

BnHz + mL � BnHzL + n â
k=0

m-1 Hk + zLn-1 �; m Î N+
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05.14.16.0007.01

BnHz - mL � BnHzL - n â
k=0

m-1 Hk - m + zLn-1 �; m Î N+

Addition formulas

05.14.16.0008.01

BnHw + zL � â
k=0

n n

k
BkHzL wn-k

Multiple arguments

05.14.16.0009.01

BnH2 zL � 2n-1 BnHzL + Bn z +
1

2

05.14.16.0010.01

BnH2 zL � 2n-1 BnHzL + H-1Ln Bn

1

2
- z

05.14.16.0011.01

BnHm zL � mn-1 â
k=0

m-1

Bn

k

m
+ z �; m Î N+

Identities

Recurrence identities

Consecutive neighbors

05.14.17.0001.01

BnHzL � BnHz + 1L - n zn-1

05.14.17.0002.01

BnHzL � BnHz - 1L + n Hz - 1Ln-1

Distant neighbors

05.14.17.0003.01

BnHzL � BnHm + zL - n â
k=0

m-1 Hk + zLn-1 �; m Î N+

05.14.17.0004.01

BnHzL � BnHz - mL + n â
k=0

m-1 Hk - m + zLn-1 �; m Î N+

Functional identities

Relations of special kind

05.14.17.0005.01

BnHz + 1L - BnHzL � n zn-1
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05.14.17.0006.01

BnHmL � BnH0L + n â
k=1

m-1

kn-1 �; m Î N ì n - 1 Î N+

05.14.17.0007.01

BnHz + 1L � â
k=0

n n

k
BkHzL

Complex characteristics

Real part

05.14.19.0001.01

ReHBnHx + ä yLL �
1

2
Bn x - x -

y2

x2
+ Bn x + x -

y2

x2

Imaginary part

05.14.19.0002.01

ImHBnHx + ä yLL �
x

2 y
 -

y2

x2
Bn x - x -

y2

x2
- Bn x + x -

y2

x2

Absolute value

05.14.19.0003.01

 BnHx + ä yL¤ � Bn x - x -
y2

x2
Bn x + -

y2

x2
x

Argument

05.14.19.0004.01

argHBnHx + ä yLL � tan-1
1

2
Bn x - x -

y2

x2
+ Bn x + x -

y2

x2
,

x

2 y
 -

y2

x2
Bn x - x -

y2

x2
- Bn x + x -

y2

x2

Conjugate value

05.14.19.0005.01

BnHx + ä yL �
1

2
Bn x - x -

y2

x2
+ Bn x + x -

y2

x2
-

ä x

2 y
 -

y2

x2
Bn x - x -

y2

x2
- Bn x + x -

y2

x2

Signum value
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05.14.19.0006.01

sgnHBnHx + ä yLL �

ä x -
y2

x2
Bn x-x -

y2

x2
-Bn -

y2

x2
x+x

y
+ Bn -

y2

x2
x + x + Bn x - x -

y2

x2

2 Bn x - x -
y2

x2
Bn -

y2

x2
x + x

Differentiation

Low-order differentiation

05.14.20.0001.01

¶BnHzL
¶z

� n Bn-1HzL
05.14.20.0002.01

¶2 BnHzL
¶z2

� n Hn - 1L Bn-2HzL
Symbolic differentiation 

05.14.20.0003.02

¶m BnHzL
¶zm

� Hn - m + 1Lm Bn-mHzL �; m Î N

Fractional integro-differentiation

05.14.20.0004.01

¶Α BnHzL
¶zΑ

� n! â
k=0

n zk-Α

Hn - kL ! GHk - Α + 1L  Bn-k

Integration

Indefinite integration

Involving only one direct function

05.14.21.0001.01

à BnHa zL â z �
Bn+1Ha zL
aHn + 1L

05.14.21.0002.01

à BnHzL â z �
Bn+1 HzL
n + 1

Definite integration

For the direct function itself
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05.14.21.0003.01

à
0

1

BnHtL BmHtL â t �
H-1Ln-1 m! n!

Hm + nL !
 Bm+n �; m Î N+ ì n Î N+

05.14.21.0004.01

à
0

a b

B
�

m

t

a
B
�

n

t

b
 â t �

H-1Ln-1 m! n!

Hm + nL ! am-1 bn-1
 gcdHa, bLm+n Bm+n �;

B
�

nHxL � BnHx mod 1L í a - 1 Î N+ í b - 1 Î N+ í m - 1 Î N+ í n - 1 Î N+

Integral transforms

Fourier exp transforms

05.14.22.0001.01

Ft@BnHtLD HxL � 2 Π â
k=0

n n

k
Bn-k H-äLk ∆HkLHxL

Inverse Fourier exp transforms

05.14.22.0002.01

Ft
-1@BnHtLD HxL � 2 Π â

k=0

n n

k
Bn-k äk ∆HkLHxL

Fourier cos transforms

05.14.22.0003.01

Fct@BnHtLD HxL � 2 Π â
k=0

f n

2
v H-1Lk  

n

2 k
Bn-2 k ∆H2 kLHxL -

2

Π
â
k=0

f n

2
v H-1Lk H2 k + 1L !

x2 k+2
 

n

2 k + 1
 Bn-2 k-1

Fourier sin transforms

05.14.22.0004.01

Fst@BnHtLD HxL �
2

Π
â
k=0

f n

2
v H-1Lk H2 kL !

x2 k+1
 

n

2 k
Bn-2 k - 2 Π â

k=0

f n

2
v H-1Lk n

2 k + 1
Bn-2 k-1 ∆H2 k+1LHxL

Laplace transforms

05.14.22.0005.01

Lt@BnHtLD HzL � â
k=0

n

k !
n

k
Bn-k z-k-1 �; ReHzL > 0

Summation

Finite summation
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05.14.23.0001.01

â
k=0

n n

k
BkHzL � BnHz + 1L
05.14.23.0002.01

â
k=0

n n

k
BkHzL wk � wn Bn z +

1

w

05.14.23.0003.01

â
k=0

m

Bn z +
k

m + 1
� Hm + 1L1-n BnHz m + mL �; m Î N

05.14.23.0004.01

â
k=0

m H-1Lk Bn z +
k

m + 1
� -

n

2 Hm + 1Ln-1
En-1Hm z + zL �; m + 1

2
Î N+

05.14.23.0005.01

â
k=0

n n

k
BkHzL Bn-kHwL � n Hw + z - 1L Bn-1Hw + zL - Hn - 1L BnHw + zL

Infinite summation

05.14.23.0006.01

â
n=0

¥ wn

n!
 BnHzL �

w ãz w

ãw - 1
�;  w¤ < 2 Π

Representations through more general functions

Through other functions

Involving some hypergeometric-type functions

05.14.26.0001.01

BmHnL - BmH0L � m Hn-1
H1-mL �; m - 1 Î N+ ì n Î N+

Involving polylog

05.14.26.0002.01

BnHzL � -
n!

H2 Π äLn
 IH-1Ln LinIã-2 ä Π zM + LinIã2 ä Π zMM �; ReHzL > 0

Involving Stirling numbers

05.14.26.0003.01

BnHzL - Bn � n â
k=1

n H-1Lk H-zLk

k
Sn-1

Hk-1L

Involving zeta functions

05.14.26.0004.01

BnHzL � -n Ζ H1 - n, zL �; n Î N+
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Representations through equivalent functions

With related functions

05.14.27.0001.01

BnHzL � â
k=0

n n

k
Bk zn-k

05.14.27.0002.01

BnHzL � 2-n â
k=0

n n

k
Bn-k EkH2 zL

05.14.27.0003.01

BnHzL � EnHzL + â
k=2

n n

k
Bk En-kHzL

Inequalities
05.14.29.0001.01 B2 nHxL¤ <  B2 n¤ �; n Î N+ ì 0 < x < 1

05.14.29.0002.01

0 < H-1Ln+1 B2 n+1HxL <
2 H2 n + 1L !

H2 ΠL2 n+1 I1 - 2-2 nM �; n Î N+ í 0 < x <
1

2

Zeros

For each n Î N+ the equation BnHzL � 0 has exactly n different real roots. If Hn - 1L � 2 Î N+, 

the set of roots include 0, 1 � 2, and 1.

For each n Î N the equation B2 n+1HzL � 0 has in the interval H0, 1L only the zero z = 1 � 2.

Other identities

Congruence properties

05.14.32.0001.01

qn Bn

p

q
- BnH0L Î Z �; n Î N+ ì p Î Z ì q Î Z ì q ¹ 0

05.14.32.0002.01

q2 n+1 B2 n+1

p

q
Î Z �; n Î N+ ì p Î N ì q Î N+ ì p £ q

Theorems

Eigenfunctions of the Fröbenius-Perron operator
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Bernoulli  polynomials  are  the  right  eigenfunctions  of  the  Fröbenius-Perron  operator  of  the  r  -adic  map

xn+1 � r xn mod 1.

History

– Jac. Bernoulli (1705, 1713)

– T. Seki (1712)

– L. Euler (1738, 1755)

– .L. Raabe (1848, 1851) used the name "Bernoulli polynomials"

– C. Hermite (1875); C. J. Malmstén (1884)

– G. Peano (1903) introduced modern notations
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