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Notations

Traditional name

Bernoulli number

Traditional notation

Bn

Mathematica StandardForm notation

Ber noul | i B[n]

Primary definition
04.13.02.0001.01

t
Bn==n!([t”] )/;neN
et-1

Specific values

Specialized values

04.13.03.0001.01
BZn+1 == 0/, ne N+

Values at fixed points

04.13.03.0002.01
BO =1
04.13.03.0003.01
1
Bl == — —
04.13.03.0004.01
1
BZ = —

04.13.03.0005.01
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04.13.03.0006.01

1
g == — —
30
04.13.03.0007.01
BS - 0
04.13.03.0008.01
BG == —
42
04.13.03.0009.01
B;=0
04.13.03.0010.01
1
BS = - —
30
04.13.03.0011.01
Bg == 0
04.13.03.0012.01
5
BlO =

General characteristics

Domain and analyticity
B, isanonanalytical function which is defined only for nonnegative integer n.
04.13.04.0001.01
n—B,::Z—Q
Symmetries and periodicities
Symmetry
No symmetry
Periodicity

No periodicity

Series representations

Generalized power series

04.13.06.0006.01
k

n==zi2(—1ﬂ('}.‘)1”/;new+
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04.13.06.0008.01
( l)m m-1
=5

04.13.06.0007.01

. o (m
(- 1)'(m—l)”( i )/;neN

i=0

(n+1

By ==—ZZ( i jn e hew
()

k—l] 1
k

04.13.06.0001.01
2n! &1 n

= Z s(—)/;n—leN+
(27r)n K" 2
04.13.06.0002.01
D™t2en! &

BZH--iz—/;neW

(2 7[)2 n =y k2 n

04.13.06.0009.01

1 .
By == Ay — Z — /i Ave Z A py = prime(k)

(Pe-1)[2n) Px

von Staudt—Clausentheorem

04.13.06.0010.01
2"n n-1

B, == — Z( 1)k+1 okin=1 1y S(k)l/ nenN*

Victor Adamchik

Asymptotic series expansions

04.13.06.0003.01

n \2n 1
By x4V rn (—1)”*1(—) (1+o(—))/; (N> o0)
ne n

Residue representations

04.13.06.0005.01

rn
Bn == n! resz[z—l) (0)

Integral representations

On the real axis

Of thedirect function

04.13.07.0009.01

2n any 1 1
B,= - cos(—)f ——log™ ( ]dt/;n—leN*
@m" 2/Jo 1-t
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04.13.07.0014.01

nin-1) fl .
=—— 1 E,oXdx/;n-1eN
"Tae-ndo "
04.13.07.0001.01
0o th—l
By, = (_1)”‘14nf dt/;neN*
0 eZnt -1
04.13.07.0002.01
(_1)n—14n . t2n—1
BZn:: f d/t/,neN+
1_21—2n 0 62”t+1

04.13.07.0003.01

Bon = (—l)”‘12nf 2" e esch(r t) dt /; n e N*
0

04.13.07.0004.01

(-D™t2n pe
Bon == —f 2" e sech(nt) dt /; ne N*
1— 21—2n 0
04.13.07.0005.01
D"2n pe
Bon == 7f t?"Lesch(nt)dt /; neN*
22n—1 Jo

04.13.07.0006.01

By = (—1)”-17rf 2" csch’(nt) dt /; n e N
0

04.13.07.0007.01

(_1)n—1ﬂ, .
Bon = 7f 2" sech’(nt)dt /; n e N*
1— 21—2n 0

04.13.07.0008.01

=1)"2n2n-1) pe
By, = —f t?"2log(1- e 2"")dt/;neN*
T 0
04.13.07.0010.01
2n—2(t)

dt/;neN*

on ==

-D"4n@2n-1) fl log(1-1)log
(2m)2" 0 t

04.13.07.0011.01
n-1

n+1 00 t n n n
n == —n(—1)l7J f _ ((—1){EJ cos(ﬂ—) - (—n +2 [—J + 1) e‘z’”) dt/;neN*
0o cosh2xt)-1 2 2

04.13.07.0012.01
2-)"t@2n+1(2n+2) fl log®"(t) log(1 - t)
(2 ﬂ)2n+2 0 t

Bonio == dt/;neN*

Contour integral representations

04.13.07.0013.01
1 z"

2niJz=1€-1

dz/;neN*

n ==
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Limit representations

04.13.09.0001.01
n z
e?-1

Bn=1Ilim
-0 97"

Continued fraction representations

04.13.10.0001.01

z
2% = Z /;Re(2) >0
1+
1\? z
4
21 grea
1 z
=0
30
04.13.10.0002.01
o0 Z
2?=K — /;Re(2>0
e}

Generating functions

04.13.11.0001.01

Bn==n!([t”] )/;neN
et-1
04.13.11.0004.01
n!
By = [[t”] ]/;neN
2n—1 eZt -1

04.13.11.0005.01

n=—([t"]tecsch(t)) s neN

Pl
04.13.11.0006.01

n! t t
By = — ([t“]te‘i csch(—)) fineN
2 2

04.13.11.0002.01

o1t € 1 1
BZnZZ(Zn)![[t n- ][t—l—a—?])/,neN
et —

04.13.11.0003.01

S
h==2n2n)! o -—l/in
2 Vo1 2 <

ﬁt—

Identities

Functional identities
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04.13.17.0001.01
n-1 m-1

1 n
By== — m“( )B "/ m-1eN* AneN*
m(l—m”)é K kZJ / eN*Ane

=1

04.13.17.0006.01
n

n
Bn=—21‘”2(2k‘1—1)(k)5k/; nezZAn>1
k=0
G.Huvent (2006)

04.13.17.0002.01

By, == — Z(k+n+1)( +1)B /ineN*
T 2n+ )+ 1) k )t

04.13.17.0003.01
m n

m+1 n+1
Z(k+n+l)( . )Bk+n::(—1)”*”-lz(k+m+1)( ¥ )Bk+m/;meN/\neN/\m+n>O
k=0 k=0

04.13.17.0005.01

-2 B, By B« B nk
Z Z( ) Hn—/ neNAn=3
o kin=-k i3 k(n- k)
Miki's identity
Miki_1978
H. Miki

A relation between Bernoulli numbers
Journal of Number Theory

10

297-302

1978

Identities involving determinants
04.13.17.0004.01

1 Mh R+ 1)1 (k+2)!

(1)[ ]H—

1 (2k+2)! (2k+3)!

k=1

(Bk+l+2)Osksn
O=<l=<n

Complex characteristics

Real part

04.13.19.0001.01
Re(Bn) = B

Imaginary part
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04.13.19.0002.01
Im(Bn) =0

Absolute value

04.13.19.0003.01

Bol = VB2

Argument

04.13.19.0004.01
arg(By) = tan™*(By, 0)

Conjugate value

04.13.19.0005.01
B7r1:: Bn

Signum value

04.13.19.0006.01
n n
sgn(Bn) = (=12 * (1 -n+2 EJ) —n1+26n

Summation

Finite summation

04.13.23.0001.01

[uN

n—

n
(k)Bk:O/;n—leN*

=
I
o

04.13.23.0002.01

n+1

ZZK(Zk—l)(nE1)Bk==—(n+1)En/;neN
k=0

04.13.23.0003.01
n (2 _ 2n—k+2) zk En(Z)

n—k+1 ==

o KH(n—k+1)! n!

04.13.23.0004.01
n

DWEEEELE

k=0

04.13.23.0005.01

n+1
Z(k+n+1)( . )Bkm =-2n+1)(N+1) By,
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04.13.23.0006.01

04.13.23.0020.01

2n+1
Z [ )Bgi(=0/;neN+

k=0

G.Huvent (2006)

04.13.23.0007.01
n-1 n
ZH;‘;‘ID(I()Bkmk::m(l-rrf‘) B./m-1leN* AneN
k=0

04.13.23.0008.01
21 k) (l _ 2k—n+1) Bn K Bk (l _ n) Bn

n |
Z “Rrk!

k=0

04.13.23.0009.01
n

( : ; 2) (22 -1)(1- 2" By k2 Be=-2"2(n+ D (n+ 2 E,

gl

04.13.23.0010.01

m D(n
( K ) Biin == (_1)m+nZ( k) Byim

k=0

M=

=
I
o

04.13.23.0011.01

n+1

n+1
Z( K ](k+n+ 1)B,=0
k=0
04.13.23.0012.01
n+1 n+1 -1
DUk n+ 1)( ‘ )Bkm =M+D Y (@n+Dk-+D DK k=)™ / je
k=0 k=1

04.13.23.0013.01

n

k Bk 3

( +n)—== 2/ kmod12=1
=\ 2k Jk+n 4

04.13.23.0014.01

n B 1
Z(k”)—k:——/; kmod12 =3\ kmod 12 == 5
0 k+n 4

K

04.13.23.0015.01

n 1
Z(k”‘)—:-—/; kmod 12 == 7\/ kmod 12 == 9
o k+n 4

=~

04.13.23.0016.01

B, -3
(k”')—:: 2 fkmod12 = 11
=\ 2k Jk+n 4

n
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04.13.23.0019.01

ml kyz
ZB,{ ]::ml“Bn(z)/;meN/\neN
k=0 m

Infinite summation

04.13.23.0017.01

V4
> =—— /14 <2x
Z_1

n! e’ —

04.13.23.0018.01
BZk z V4

Z K= — coth(—) /12 <2n
2K)! 2 T \2

k=0

04.13.23.0021.01

i (- 1)k52k
krk- a)

k=1

Z \a+l 2
21//(”’(2 ](—) - (—2Iog(2:r)+Iog(—z)+Iog(z)—2w(—a)—2y)—2(
T

2n I'-a)

Operations

Limit operation

04.13.25.0001.01

1
2n+-

. Te 2

lim |an|(—) =4nVe

N—oo n

Representations through more general functions

Through other functions

I nvolving some hyper geometric-type functions

04.13.26.0001.01
B 1(n + 1) -B 1
H™ = —— ™ meN"AneN
m+1

Involving polylog

04.13.26.0002.01
(=)™ 2@2n)!

Bzn= ——————Li2n(D)/ineN
(Zn)Zn
04.13.26.0003.01
~D"2@2n)!
Bon= —————Lign(-D/ineN
(4n _ 2) ﬂ.Zn

Involving Stirling numbers
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04.13.26.0004.01
n m
=DH"m!
_ }‘ T
Bn = 1 Sh /ineN

m=0

Involving zeta functions

04.13.26.0005.01
Bh=-n{(1-n)/;n-1eN*

04.13.26.0006.01
Br=(-D"In{A-n)/;neN*

04.13.26.0007.01
Bn=(-1)"tn{(1-n,0)/;neN*

04.13.26.0008.01
Bon= (D™t @2m2"22m!12n) /;neN

Representations through equivalent functions

With related functions

04.13.27.0001.01
Bh==Bn(0)/;neN

04.13.27.0002.01
Bn=By1)/;n-1eN"

04.13.27.0003.01

Bn==(-1"Bn(1)/;ineN
04.13.27.0004.01
n
By=—-———E,1(0)/;neN"
" 2@-p P
04.13.27.0005.01
nn
Bh=2" Z( K ) By« Ex(0) /;neN
k=0
04.13.27.0006.01
n n-1 n-1
Bpo=m—— (_1)k( )E/;n—leN+
" ona—2n é kK )«
Inequalities
04.13.29.0001.01
2(2n)! 22n)!
<(-D)™'Byy < ————— /;neN*
(27()2n (27()2n (1_ 21—2n)

B > B — yhe \|
2n ( ) 2n-2
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04.13.29.0003.01
[Bonl > [Ban(¥I /s neN* AD<x<1

04.13.29.0004.01
(-)™1B,,>0/ineN*An=1

Zeros

04.13.30.0001.01
Bon1=0/;ne N*

Other identities

Congruence properties

04.13.32.0002.01
2n+l

2n
den(B,,,) = ]_[ boole(k P, 1) boole(— eN, 1]k/ neN*

von Staudt—Clausentheorem

04.13.32.0003.01
(1 — pn—l) Bn r (r‘b(pe) ) #(p%)

modp®= ——~ Zrk(” 1)l J/ pe[P/\p>5/\neZ/\n>0/\—$Z/\eez/\e>1

n rn1

Herer isaprimitive root of pe.

04.13.32.0004.01
(1-p"1) By (1-p™) Bn

n

Divisibility properties of denominators
04.13.32.0001.01

=[]@+Dxpd+D; BZn==EnEN+/\nzl
di2n q

Theorems

The Euler-Maclaurin formula

a+mhf p hf(a) m—lf ‘H f (a+mh)
fa (X)d X~ T+; a+i )+72

N (1) |Byyl h2k

k=1

History

Z 201 (f@&D @+ mh) - 2D @) /;

k=1,2, ...

modp®== ——————modp®/; pecPAp=5AneZAn>0AmeZ Am>0Anmod p®==mmod p®
m
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—J. Faulhaber (1631) gave thefirst 8 Bernoulli numbers

—Jac. Bernoulli (1705, 1713); T. Seki (1712)

—A. de Moivre (1730) found the recursion relation

—L. Euler (1755, 1769, 1781) employed name Bernoullian numbers

—G.SKliigel (1823) and K.G.C. von Staudt (1840) employed the notation B™

—J. L. Raabe (1848,1851) used the name "Bernoulli polynomials"

—J. Binet (1839), Martin Ohm (1840), J.L. Raabe (1851), C. Hermite (1876),
M.A. Stern (1878), J.C. Adams (1878) and G. Peano (1903) introduced modern
notations

—C. Hermite (1875); C.J. Malmstén (1884)
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