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Notations

Traditional name

Absolute value function

Traditional notation

1z

Mathematica StandardForm notation

Abs [z]

Primary definition

12.01.02.0001.01
[X|=x/; xeRAXx=0

12.01.02.0002.01
[X|==-x/; xeRAXx<O0

12.01.02.0003.01

12 = \ Re(2)? + Im(2)2

|| is the absolute value of z. The absolute value (or modulus) of a complex number zis the Euclidean distance from
ztotheorigin.

Specific values

Specialized values

12.01.03.0001.01
[X| =sgn(x) X /; xe R

12.01.03.0002.01
[ixX=x/;xeRAXx=0

12.01.03.0003.01
[ixX==-Xx/;xeRAX<0

12.01.03.0004.01

X+iyl=y*X*+y* ;xeRAYyeR
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Values at fixed points
12.01.03.0005.01
|0| == O
12.01.03.0006.01

|1 =

12.01.03.0007.01
-1 =1

12.01.03.0008.01
|y'| =1

12.01.03.0009.01
|-il ==

12.01.03.0021.01
1+ =2

12.01.03.0022.01
-1+ =2

12.01.03.0023.01

-1-il=vV2

12.01.03.0024.01

12.01.03.0025.01
|\/§ +i|=2
12.01.03.0026.01
[1+iV3]=
12.01.03.0027.01
|-1+iV3|=2
12.01.03.0028.01
|—\/§ +i] =
12.01.03.0029.01
|-V3 -i|=
12.01.03.0030.01
|-1-iV3]|=
12.01.03.0031.01
[1-iV3]|=
12.01.03.0032.01

V3 —i|=2

12.01.03.0010.01
|2| == 2

12.01.03.0011.01
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12.01.03.0012.01
nl =n

12.01.03.0013.01
|3i] ==

12.01.03.0014.01
|-2i| =

12.01.03.0015.01

2+il=+/5

Values at infinities

12.01.03.0016.01

Iool = 0

12.01.03.0017.01

|—col == oo

12.01.03.0018.01

|i co] == 00

12.01.03.0019.01

|—7 00| == o0

12.01.03.0020.01

|60] = oo

General characteristics

Domain and analyticity

|Z| is nonanalytical function; it is areal-analytic function of the variable zfor z £ 0.
12.01.04.0001.01
z—|7::C—R
Symmetries and periodicities
Parity
|Z| is an even function.

12.01.04.0002.01

Mirror symmetry

12.01.04.0003.01
1z =12

Periodicity

No periodicity
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Homogeneity
12.01.04.0004.01

lazl==lallZ

Scale symmetry

12.01.04.0005.01
|7 ==12%/;aeR

Sets of discontinuity

The function |2 is continuous function in C.

12.01.04.0006.01
DS,(12) =1}

Series representations

Other series representations

12.01.06.0001.01
4 = (- 1)k—l

M==>"

T —

2
T+ —/;xeRA-1<x<1
n

12.01.06.0002.01

® (-1 1y 1
[X] ==Z b (2k+—)(——) Pok®¥) /; xeRA-1<x<1
o (k+ 1! 2 2)k

12.01.06.0003.01
1 & D1
M=—> (——) Hok(®) /; xeRA-1<x<1
V7 o 2K! 2k

Limit representations

12.01.09.0001.01

Pn(X) = pn(=X) ”_l[ _L]
X =limX——— /ineN/\ -1<x<1/\ pn(X) = X+e Vn
n=ee Pr(=X) + Pn(X) /\ /\ Q

Differential equations

Ordinary linear differential equations and wronskians

In adistributional sense:

12.01.13.0001.01
W (X) == O(X) — B(=X) /; W(X) == |X]

Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations

12.01.16.0001.01

12.01.16.0002.01
laz==alz/;acRAa>0

12.01.16.0003.01
liZ =17

12.01.16.0004.01
|-iZ =12

12.01.16.0005.01

12.01.16.0006.01
1

1z

z

Addition formulas
12.01.16.0007.01
IX+iyl=vV*x*+y* ;xeRAyeR

12.01.16.0008.01
1z + 2| = ||lza| = |l + |22] + 22| = |22 — 22
Multiple arguments

12.01.16.0010.01
lazl==alZ/;aeRAa>0

12.01.16.0011.01
lizl =2

12.01.16.0012.01
|-iz =17

12.01.16.0013.01
n
=[]
k=1

12.01.16.0014.01
|21 2| == |z1] |25

n

[ [

k=1

12.01.16.0015.01
|1

12|

Z

Power of arguments

12.01.16.0016.01
) == xRe@ /' x e R AX>0
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12.01.16.0017.01
|7 =12%/;aeR

12.01.16.0018.01
|Z| == exp(i alm(log(2))) /;iae R

12.01.16.0019.01
|7 = expiaarg(2) /;iaeR

12.01.16.0020.01
|7 == exp(Re(alog(2)))

12.01.16.0021.01
|7 == exp(Re(a) log(|2)) - Im(a) arg(2))

12.01.16.0022.01
17| = |2I%® exp(-Im(a) tan"'(Re(2), IM(2)))
12.01.16.0023.01

| = |2R%® exp(~1m(a) arg(2))

Exponent of arguments

12.01.16.0027.01

|ex+x'y| == &%
12.01.16.0028.01
|€Z| — eRe(z)
12.01.16.0029.01
|£iz| —— e—lm(z)

Products, sums, and powers of the direct function

Products of the direct function

12.01.16.0024.01
[z1]120] == 121 25|

Power s of the direct function

12.01.16.0025.01
1Z2*==17%/;aeR

Sums of power s of the direct function

12.01.16.0026.01

1
2 2 2 2
1% + |zo] ::5(|21—22| +121+ %)

Complex characteristics

Real part

12.01.19.0001.01

Re(x+iyl) =y X2 + Y
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12.01.19.0002.01
Re(|z) == |2
Imaginary part

12.01.19.0003.01
Im(x+iy])==0

12.01.19.0004.01
Im(|z]) == 0
Absolute value
12.01.19.0005.01

lIX+ iyl =V X +y?

12.01.19.0006.01
12l =12

Argument

12.01.19.0007.01
ag(Ix+iy)==0

12.01.19.0008.01

ag(z)=0

Conjugate value

12.01.19.0009.01

X+iyl=Vx+y

12.01.19.0010.01

Signum value

12.01.19.0011.01
sgn(Ix+iy)=1/;x+iy+0

12.01.19.0012.01
sgn(z)==1/,z#0

Differentiation

Low-order differentiation

In adistributional sense, for xe R :

12.01.20.0001.01

dIx|
— == 5gn(X)
ox B
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12.01.20.0002.01

Fractional integro-differentiation

12.01.20.0003.01

oM XX
oxt  T(2-a)
Integration

Indefinite integration
Involving only one direct function

For x e R:

12.01.21.0001.01
X|X|
f|x|dx=: —
2

Definite integration

For thedirect function itself

12.01.21.0002.01

1
f [t|dt ==
-1

12.01.21.0003.01

f It dt = ay Im(@)? + Re(a)?
-a

12.01.21.0004.01

a (1+(-1k)ak2
f |t It = T/;aeﬂ%/\a>0/\Re(k)>—2
-a +

Involving the direct function

12.01.21.0005.01

f e Mdt=2

12.01.21.0006.01

00 t
f cosm t==vV2n
At

12.01.21.0007.01
o §in(t)

Vit

Contour integration
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12.01.21.0008.01

Zn-1
f -
C |Z— W|2(n+1)

SN ol ) )
(0% = Iw?)

k=0 )Wm(|w|2_p2) k=0
neNAmMeNAw+0A W #p

2 (k+m)
o
2ni

Inthe last formula C is a positively oriented circle around the origin with radius p.

Integral transforms

Fourier exp transforms

12.01.22.0001.01

2 1
A0 =] = —
T X2

12.01.22.0006.01

Joo= !
Vix

12.01.22.0007.01

2 (T«
FelltI“1 (x) = —,/ — X M@+ 1)sm(7) /s Re(a) > -1
T

12.01.22.0008.01

1
Vit

7|

2 Ta
Flltl* sgn(®)] () =i | [ - It COS(?) [(a +1)sgn(x) /; Re(a) > —1
b

Inverse Fourier exp transforms

12.01.22.0002.01

2 1
F@=-/ - —
n 2

Fourier cos transforms

12.01.22.0003.01

2 1
Falltl@ =-,/ - —
T 2

Fourier sin transforms

12.01.22.0004.01

b
Fsillt] (@ = -,/ > '@

Laplace transforms
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12.01.22.0005.01

1
L[t (@)= —
zZ

Representations through more general functions

Through Meijer G

Classical casesinvolving cosh

12.01.26.0001.01

L(2Vx) v 1 L [venved
|1 - x]” cosh| v tanh = r (v+ —) G55 x /ix>0
Xx+1 [(-v) 2) ° , %
12.01.26.0002.01
(14X v 1y o [v+lv+3
|[1-x" cosh|vecoth ™ | — || = C F(v+ E)szz X . /ix>0
Vx ) T .
Classical casesinvolving sinh
12.01.26.0003.01
. 1 2vVx Vr 1 ., v+%,v+1
|1 - X" sinh|vtanh =- F(v+—)G2'2x /i x>0
X+ 1 T (-v) 2) © 1y
>
12.01.26.0004.01
. Lf1+x Vr 1y oo [v+3v+l
|1-x"sinh|vcoth ™| —— [] = - l‘(v+5)6212 X 1 /i x>0
Vx ) Tew L
Generalized casesfor powersof Abs
12.01.26.0005.01
i3 vay 4o (VL %
[1- XY = sec(—) G5 x /ix>0
I'(-v) 2 ' , %1

Representations through equivalent functions

With related functions

With Re

12.01.27.0008.01
|zl==V 2zRe(2) - 2

With Im

12.01.27.0009.01

4=V Z2-2izIm2
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12.01.27.0007.01

12 == V Re(2)? + Im(2)?

With Arg
12.01.27.0001.01
|2 = 2" @9

12.01.27.0002.01
|z == z(cos(arg(2)) - i sin(arg(2)))

12.01.27.0003.01

|| Re(2)
== —m8M8M8—
cosarg(2)
12.01.27.0004.01
Im(2)
|Z| == S
sin(arg(2))

With Conjugate

12.01.27.0005.01

2=V zz
With Sign
12.01.27.0006.01
z
|7 = ;z#0
syn(2)
Inequalities

12.01.29.0001.01
|1 + 2] < |z4] + |25

12.01.29.0002.01
|z = 2| = [|z1] = |22l

12.01.29.0003.01
IRe(2)l < 17

12.01.29.0004.01
Im@| =<2

12.01.29.0005.01
larg(2)l <7

12.01.29.0006.01
Isgn(z)l <1

12.01.29.0007.01
[zl = 12| = |z1 + 2| = |z4] + |25

Triangle inequality
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12.01.29.0008.01
n n
>a= 3l
k=1 k=1

Triangle inequality

Zeros
12.01.30.0001.01
|IZ2=0/,z=0
History

—J. R. Argand (1806, 1814) introduced the word "modul€" for absolute value
—K. Weierstrass (1841) introduced the notation ||

Abs is encountered in mathematics and the natural sciences.
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